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ON THE DISTRIBUTION OF SINGULARI-
TIES OF ONE CLASS OF FUNCTIONS

(Presented by Academician I. M. Vinogradov on 23 V 1960)

The theorem on the distribution of singularities of one class of Dirichlet series
of the form

$) =Y a,exp(—A,s),  0< A <Ay <o, (1)
with the condition on the exponents

proved by Agmon (), is generalized in the present paper to a broader class of
functions. In addition, a certain refinement of this theorem is given.

Definition. We shall say that a function f(s) belongs to the class B(r, h) if
f(s) is representable for o > 0 (s = o +it) as the limit (uniformly convergent
in any bounded closed domain belonging to the half-plane o > 0) of a sequence
of “Dirichlet polynomials”

ny o,—1

ap, ;87 €XP(—7y,5), (3)
n=1 j5=0

where the sequence of exponents {\,, }, in which each ~,, occurs «,, times, satisfies
the condition

lim(\, ., —A,) > h > 0. (4)

n+r

We shall denote by [e~*%, ¢, d1, ..., 0,,] the finite divided difference of the function

rn

~%5 at the points dy, 0y, ...,d,,. From the results of V. Bernstein (*) and A. F.

Leont ev (8) it follows that a function f(s) of class B(r,h) is representable for
o > 0 by an absolutely convergent series
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where

Pk
Ak<8) = Z ak,y[e_xs’ )‘mk’)‘mk+1’ ) )‘mk+u]7 (6)
v=0

and the following properties hold: «) p, < r; 5) the sequence {A,} satisfies
condition (4); 7) there is a number h; > 0 such that A, .y — A, 4, > hy for
all k; 6) there is a number H such that for all k, A, .1 — A, < H;¢) denote

o) = max,, [ay |, then oy = O(e"*mi) for every & > 0.

m

A function f(s) of class B(r,h) we shall also call a series of class B(r,h),
meaning the series (5).

Let lim; , . «; = oco. From properties a)—e) and geometric considerations it
follows that there exists the least nonconvex (downward) envelope C(x) of the
points Pk()\mk,log ay,) (the possibility is not excluded that loga;, = —o00), and
C(x) is a broken line with an infinite number of vertices at points of the form
P (A, slogay ). Denote g, = expC(A,, ). Then for all k, oy, < gy, and for

my,
an infinite set of indices k,,

A, = Q- (7)

i

Theorem 1. Let D be a simply connected domain in which the function f(s)
of class B(r,h) is regular.

Then the family of functions {fi.(s)}, where

k—1
frls) = lf(S) =D Au) | gt exp(A, 5), (8)

n=1

is uniformly bounded in every closed bounded domain belonging to D.
The proof scheme is the same as for Theorem 1 in (!), using a)—e) and the easily

derived estimates:

7%, G 01, 8,)| < s exp(—dp0) for o > 03 )

€75, 80181, e, 8,)| < || exp(—3,0) for & < 0. (10)
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Theorem 2. Suppose that, under the conditions of Theorem 1, the imaginary
azis is not a natural boundary of f(s).

Then every limit function g(s) of the family { f.(s)} has the following properties:

a) ¢g(s) is analytic and single-valued in the domain consisting of the half-
planes 0 > 0, 0 < 0, and the regular points of f(s) on the imaginary
axis.

b) For o > 0, g(s) is represented by a series

o(5) =3 By(s)

n=1

of the same class B(r,h) as f(s), with bounded coefficients f3j, ,,.

¢) A convergent expansion holds for o < 0:

o(5)= S BL(5)

n=1

where

U_p
B—k(s) = Z 6—k,y[emsv K05 7/14@”]7 and
v=1

Bl €L ppapr S Bopsi B0 Hoku, =1 > 05 pig, =Ry >0

d) Every isolated singularity of f(s) on the imaginary axis is a simple pole
of g(s) or a regular point of g(s).

The proof scheme is the same as for the corresponding theorems in (1), using
(9) and (10).

Theorem 3. If, under the conditions of Theorem 2, g(s) is a limit function of
the family {fy, (s)}, where {k;} satisfies (7), then g(s) has singular points on
the imaginary axis.

Proof scheme. Suppose, on the contrary, that the theorem is false. Then g(s)
is an entire function. From b), c¢) of Theorem 2 and (9), (10) it follows that
lg(s)] < A(]s| + 1)" for 0 > 1 and o < —1, and |g(s)| < A;(Js| + 1)" x |1 —
exp(h,0)|~! for |o| < 1. Considering the function F(s) = g(s){1 — exp[h,(s —
ity — 20)]H{1 — exp[hy (s — ity + 26)]}, with § < m(8hy) ™!, first

in the rectangle (Jo| < 1, |t —t,| < 24), and then in the rectangle (o] <
1, |t —ty] < 9), it can be shown that [g(s)] < A,(]s| + 1)", and in the strip
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|o| <1, and therefore g(s) is a polynomial. After this, from b), taking (7) into
account, one obtains:

g(s) = Cys™ + -, Cy, #0, m >0,
and from c), as ¢ — —o0,
9(0)| < Cylo|" exp(hyo) — 0.

The contradiction obtained proves Theorem 3.
Definition. We shall say that f(s) has at the point s, a singularity of type
k (k>0),if

f(s) = ay(s —50) "+ 4 ay(s —50) 7" +p(s) log(s — s) + f1(s),
where a;, # 0, p(s) is a polynomial, and f,(s) is regular at the point s,,.

Theorem 4. If the sum of the series (5) of class B(r,h) has on a segment of
the imaginary axis of length greater than 2mrh™' only isolated singularities of
types 1 and 0, then the coefficients ay, ,, are bounded.

The theorem is proved in the same way as the corresponding theorem in (2),
using, instead of Pélya’ s theorem, Leont” ev’ s more general result ((8), pp. 48,
49), and also Theorem 3 of the present paper.

For a series f(s) of class B(r,h) with bounded coefficients, let us define the
family of functions {f,(s)} (z > 0):

fuls) = lf(S) = Au(s) | explas).
n=1
where k(z) is such that
A < T <A .
k(x) k(x)

For the family {f,(s)} and its limit functions g(s), Theorem 1, Theorem 2 (with
minor changes in c)), and also the following theorem hold.

Theorem 5. If g(s) = lim fwj(s), then every isolated singularity ic of type 1

of f(s) on the imaginary axis is a simple pole of g(s), and

Res (i) = Res;(iar) - lim exp(iaz;). (11)

x;—00 J

Sketch of the proof. First the theorem is proved for the case of a simple pole
of f(s)—in the same way as in (3). In the general case, consider the function

P(s) = f(s) —p(s),
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where the series

o(5) = 3 dy exp(—ns)

is chosen so that (s) has at the point s = ia a simple pole with the same
residue as f(s), and d,, — 0 as n — oo. Then ¢(s) coincides with a certain limit
function h(s) of the family {wxj (s)}, which has at the point ia a simple pole.

Theorem 6. Let a function f(s) of class B(r,h), with exponents X, have on a
segment of the imaginary axis of length greater than 2w (D, +rh™1) only simple
poles at the points icy,iay, ... ia, (D, denotes the mawimal density of {\,},

see (4)).
Then:

a) For some § >0, f(s) is reqular and single-valued in the half-plane o > —§
from which the set R of all singular points of f(s) on the imaginary axis
has been removed.

b) Ewvery isolated point R is a simple pole of f(s).
c¢) For every such isolated point ic, the relation
Q= M0y +m2a2+---—|—mqaq (12)

holds, where my,my, ..., m, are integers.

d) The numbers m,, in (12) can be chosen so that

my +my 4+ m, = 1. (13)

Proof. a), b), c¢) are proved in general outline in the same way as in 3

instead of Bernstein’ s theorem the result of Leont’ev mentioned above.

, using

Let us prove d). Let 8 be a real number which is not a linear combination of
ay, ..., o, with rational coefficients. Applying c), already proved, to f(s —if),
we obtain:

a+B=mni(a; + B) +ny(ay + B) + -+ nyla, + B). (14)
Subtracting (12) from (14), we obtain ny + ngy + - +n, = 1 and
(nl - ml)al +oet (nq - mq)aq =0,

which together with (12) gives

QO =MN10q + NgQlg + -+ + N0y,
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Theorem 7. Let a function f(s) of the class B(r, h) have, on the segment L,
of length greater than 2mrh~!, only isolated singularities of type < k, and on
the segment L of the imaginary axis of length greater than 47wrh~! only isolated

singularities tavy, iy, ..., iay.

Then for every isolated singularity i« of f(s) of type k on the imaginary axis,
(12) and (13) hold.

Outline of the proof. Integrating f(s) k — 1 times, we obtain a series ®(s)
of the class B(r, h) which, by Theorem 4, has bounded coefficients. Let g(s) be
an arbitrary limit function of the family {®,(s)}. Every singular point of type
k of f(s) on the imaginary axis is a point of type 1 of ®(s) and, by Theorem 5,
a simple pole of g(s). In addition, on L, ¢g(s) has, by virtue of d) of Theorem 2,
only simple poles. Application of Theorem 6 to g(s) proves Theorem 7.

Remarks. Theorems 6 and 7 (with a certain refinement) make it possible to
generalize Theorem 3 from 7 and the theorem (4) from ® to broader classes of
Dirichlet series. All the theorems from 6 can likewise be generalized.
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