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Abstract
Full Text
HYDROMECHANICS
R. M. ZAIDEL and V. S. LEBEDEV

ON THE STABILITY OF ONE CASE OF A
SPHERICAL CONVERGING SHOCK WAVE
(Presented by Academician A. D. Sakharov on 16 VI 1960)

1. We consider the stability of a strong spherical converging shock wave in
an ideal gas with isentropic exponent 𝛾 = 7. The unperturbed motion is
taken in the form (1)
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where 𝜉 = 𝑟/𝑡2/5; the trajectory of the shock front is 𝑅(𝑡) = 𝜉0𝑡2/5; 𝜉0 is a
certain constant; 𝑅 ≤ 𝑟 ≤ ∞; −∞ ≤ 𝑡 ≤ 0.

A particular solution of the linearized equations of hydrodynamics has the form
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where 𝑌𝑛(𝜃, 𝜑) is a spherical function of order 𝑛; 𝑧 = ln(𝜉/𝜉0); the exponents 𝜇
and 𝜆 are related by the equation
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The coefficients 𝑎𝛼, 𝑏𝛼, 𝑐𝛼 (𝛼 = 1, 2, 3, 4) are the algebraic complements of the
first three elements of the last row of determinant (3), divided by the algebraic
complement of the fourth element; finally, the constants

𝐷𝛼 satisfy the system
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2. Solving the Routh–Hurwitz problem (2) for equation (3), in the plane of the
parameter 𝜆 we find the regions qualitatively depicted in Fig. 1, where the first
and second numbers denote the number of roots of equation (3) with Re 𝜇 < 0
and Re 𝜇 > 0, respectively. The distribution of the roots can be obtained by
knowing the direction in which the curves are traversed (when the imaginary
axis of the 𝜇-plane is traversed from bottom to top) and the number of roots
with Re 𝜇 < 0 in one of the regions, for example at

Fig. 1

Re 𝜆 = ±∞.

All the curves have vertical asymptotes, the abscissae of which do not depend
on the number 𝑛:

Re 𝜆 = 2
5 ± 3
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5. (5)

If bounded initial perturbations are prescribed in the whole region 0 ≤ 𝑧 ≤ ∞
and do not vanish as 𝑧 → ∞, then on the left boundary of the regions 3, 1 and
4, 0 (respectively 2, 1 and 3, 0 for 𝑛 = 0) the solution of the Cauchy problem by
means of the inverse Laplace transform loses its meaning. Expanding the initial
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perturbations in a series in powers of 𝑧, we construct an analytic continuation
of the solution. The function that realizes this continuation has, in the 𝜆-plane,
a pole corresponding to the point of the boundary mentioned for which 𝜇4 = 0.
In the case when the initial perturbations are ∼ exp(−𝛼𝑧), where 𝛼 > 0, the
analytic continuation of the solution will have a pole at the point of the 𝜆-plane
for which 𝜇4 = −𝛼. In this way, for different initial data, the lower boundary
of instability is determined.

If, however, the initial perturbations are localized in a finite region, then the
contour of the inverse Laplace transform can be moved beyond the boundary
of the region 3, 1 arbitrarily far to the right. The behavior of the solutions as
𝑡 → 0 is determined by the zeros of the determinant of system (4), when 𝐷4 = 0.
Among the zeros of this determinant there will also be branch points of the
function 𝜇; however, in the region 3, 1 they should not be taken into account,
since the Laplace transforms are symmetric with respect to permutation of the
branches 𝜇𝑖 (𝑖 = 1, 2, 3). The branch points of the function 𝜇(𝜆) are computed
from the formulas:
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since the dependence 𝜇(𝜆) can be represented in parametric form

(𝜆 − 3
10𝜇) (𝜆 − 3

10𝜇 − 4
5) = 𝑥,

100
3 𝑥2 − [7(𝜇 + 3)2 − (7𝑁 + 3)] 𝑥 + 9
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The equation for determining the poles, after extracting the factor (𝜇1−𝜇2)(𝜇1−
𝜇3)(𝜇2 − 𝜇3), becomes a symmetric function of 𝜇1, 𝜇2, 𝜇3. By virtue of equation
(3), it can be replaced by a rational function of 𝜇4 and, with the aid of formulas
(6), represented in the form
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In the case 𝑛 = 0, the growth of perturbations is determined by the pole

𝜆0 = − 3
70(21 −

√
21) ≃ −0.7036

and as 𝑡 → 0 has the form 𝑡𝜆0 . For 𝑛 ≫ 1 we have the pole

𝜆1 = −234
245 ≃ −0.9551.

3. To the solution found in (2), for which (rot V′)𝑟 = 0, one should add a
vortex wave
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𝜃 = −𝐴(𝑟, 𝑡)
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sin 𝜃
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𝑟 = 𝑝″ = 𝜌″ = 0,

where the quantity 𝐴(𝑟, 𝑡) is conserved along particle trajectories, and div V″ =
0. After this, the system of angular functions in which the vector V′ is expanded
will be complete [3]. The added solution does not affect the shock-wave front,
regardless of whether it arose before or after the passage of the wave front.

4. The stability problem has several trivial solutions, which are obtained by
varying the parameters of the unperturbed solution (1): the focusing point
𝑟𝜙 = 0, the focusing time 𝑡𝜙 = 0, and the front velocity 𝜉0. These solutions

are contained in formulas (2), (4): the first for 𝑛 = 1 and 𝜆 = −2
5 , the

second for 𝑛 = 0 and 𝜆 = −1, and lead to formal instability; finally, the
third—for 𝑛 = 0 and 𝜆 = 0.
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In conclusion we express our deep gratitude to Academician A. D. Sakharov for
suggesting the topic and for his constant interest in the work. We are sincerely
grateful to Academician Ya. B. Zel’dovich, Corresponding Member of the USSR
Academy of Sciences I. M. Gel’fand, N. N. Meiman, M. A. Evgrafov, and K. V.
Brushlinskii for valuable discussions.
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