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MATHEMATICAL PHYSICS
L. S. MAYANTS

A METHOD FOR THE NUMERICAL SOLU-
TION AND NUMERICAL ANALYSIS OF SO-
LUTIONS OF HOMOGENEOUS SYSTEMS OF
LINEAR ALGEBRAIC EQUATIONS OF GEN-
ERAL FORM

(Presented by Academician I. V. Obreimov, 14 XI 1959)

The numerical solution of homogeneous systems of linear algebraic equations
which, in matrix notation, have the form

(A= AB)X =0, (1)

where A and B are matrices of order n; X is a column matrix with n elements;
A is a number, is especially difficult when both matrices A and B are singular.
The method set forth below is suitable both in the case of nonsingular matrices
A and B, and in cases where one of them, or both simultaneously, are singular.

The method consists in the successive application of the following operations:

1) numerical solution of equation (1) for some one value of the root of the
secular equation

|[A—AB| =0; (2)
2) passage to the equation
(AM —ABMYX’ =0 (3)

with matrices A1) and B of order (n — 1), which has solutions for the same
values of \ as equation (1);

3) passage from the numerical solution of equation (3), corresponding to a
root of the secular equation

|A® — ABW| =0, (4)

to the corresponding solution of equation (1).
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The reduction of the order of the matrices in equation (1) is carried out until
it becomes equal to 2. For the numerical solution of equation (1) for some one
value of the root of equation (2), one may use the author’ s iterative method
(1:2).

The reduction of the order of the matrices in equations of the form (1) is based
on the following considerations. The equation

|PAR — APBR| =0, (5)

where A and B are the matrices of equation (1), and P and R are arbitrary
nonsingular matrices of order n, has the same roots as equation (2). Further,
the solution X®" of the equation

(PAR — APBR)X’ =0 (6)

is related to the corresponding solution X¥ of equation (1) by the relation

X0 = Rx ) (7)
We shall assume, without loss of generality, that X(©) = (1, xéo), ,xﬁ? )) is one
of the solutions of equation (1) corresponding to the root X, of equation (2).
Then, assuming that BX(®) = 0 (this assumption is always fulfilled if |B| # 0)
and choosing the matrices R and P in the form

1 0 0 0 1 0 0 0
2 1 0 .0 —0 1 0
Rl 0r o p_ = 01 ol
A0 0 0 .1 —2Y 00 .1
where z§0) (i = 2,3,...,n) are the elements of the column matrix

Z0) = (1, z(20>, s zﬁ,())), determined by the relation

BX0) = 7(0) . (BX(()))p (8)

(BX©)), being the first element of BX(®) we obtain the system of equations
corresponding to equation (6) in the form
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(Ao = N(BXO), - 2] + (a9 — Abyg)xh + ... + (a1, — Aby,, )z}, =0,
0- 2 + (aby — by )@ + ... + (ahy — AbY ), = 0,

n

0- 2 + (al) — N2 + ...+ (ale) — NbSiD)al, =0,

where

a) = (APR);; = a;; — 2"ay;, b)) = (PBR);; = by; —2"by;  (10)

(i,7=2,3,...,n).

Since the roots of equations (5) and (2) coincide, the remaining roots of equation
(2) are the roots of equation (4), in which the elements of the matrices A1) =

HaE;)H and B = ||b£]1)|\ are determined by relations (10).

If X(()i)/ =( (21‘)” Igiy, ,x$f>') is a solution of equation (3) corresponding to the
root \; of equations (4), (5), and (2), then X" = (x(lz) ,x(;) ezl ), with

n

Z(au - /\ibu)my)

Gy _ =2
— 11
= T ag) (BXO), 1

is the corresponding solution of equation (6). To obtain the solution X (@) of
equation (1) corresponding to the root A; of equation (2), it remains only to use
formula (7), which gives, in expanded form,

) .09

xl' =z ; 2! —x;’—i—xj cxy (1=2,3,...,n). (12)

If )\, is an [-fold root of equation (2) and all m linearly independent solutions
X0 xW X (m=1 of equation (1) corresponding to it are known, then, upon
passing to equation (3) by means of, for example, X(*)| one should also find all
m — 1 linearly independent solutions of equation (3) corresponding to this root,
using the obvious relation

X0 =RAXO  (=1,2,...,m—1) (13)

and discarding the first element in each of the matrices X @'

It follows from the form of the matrix R that
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i) i 0 i . .
2 :x;>—x§-)-x<1> (t=1,2,....m—1; j=2,3,...,n). (14)

With the aid of one of the solutions of equation (3) thus obtained, corresponding
to Ag, one can lower the order of the matrices AW and B and, continuing this
process, ultimately arrive at an equation of the form (1) with matrices A and
B of order n — m.

If m = I, then the resulting equation of the form (2) of degree n—1I no longer has
the root \y. If, however, m < [, then the solutions obtained subsequently of the
“shortened” equations of the form (3), corresponding to the root \,, beginning
with the solution of the equation with matrices of order n—m, must obviously be
discarded after they have been used to lower the degree of the secular equation.

If the rank of A is r < n, but |B| # 0, then \; = 0 is at least an (n — r)-fold
root of equation (2), which makes it possible, by means of the process described
above, to lower the order of the matrices A and B by n — r. If the rank of B is
r < n, but |A| # 0, then by the substitution A = 1/ this case is reduced to the
preceding one.

If |A] = 0 and |B| = 0, then three cases may arise.
1. The matrix X satisfying the equation

AX =0, (15)
does not satisfy the equation

BX = 0. (16)

2. The matrix X(© satisfies equations (15) and (16), but the matrix Y0
satisfying the equation with the transposed matrix

AY =0, (17)

does not satisfy the equation

BY =0. (18)

3. The matrix X(© satisfies equations (15) and (16), and the matrix Y(®
satisfies equations (17) and (18).

In the first case X% satisfies equation (1) for A = 0, and since BX(®) +£ 0, the
order of the matrices A and B can be lowered by the method indicated above.

In the second case Y9 satisfies the equation

(A—=AB)Y =0 (19)
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for A = 0. Since in this case BY(©) = 0, the order of the matrices A and B can
be lowered by using the former method.

In the third case, in order to lower the order of the matrices A and B, it is
necessary only to delete, for example, the first row and the first column of these
matrices. To obtain a solution of equation (1) from the solution of the shortened
equation constructed in this way, it is necessary in this case only to supplement
the latter (solution) with the value z; = 0.

If r is the smaller of the ranks of A and B, then, using the considerations set
forth above, one can without difficulty lower the order of the matrices A and B
by n —r.

The equation determining the derivatives of any k-th order of \; and X sat-
isfying equation (1), with respect to arbitrary parameters ¢y, o, ..., ts,

on which the matrices A and B depend (provided only that these matrices have
all the required derivatives with respect to these parameters), has the form

ok x ) , OF N, ;
A—-\NB)——"  _BXO_ i _ _ ¢l 9
(A= )Btl Oty - Ot Ot, Oty - Oty Jerstgti (20)

where (4) (4) (4) (@)
3 3 1 3
f(t1 ,,,,, ) (f(t1 ..... tk.)l’f(tl )2’ "'7f(1k1 tk)n)

,,,,,,,,,,

is a column matrix determined by the recurrence relations

oy ) N <8A aB) k=1 x0)

(i) _ gr 2y LA
Jitssent) = oty ot, 'Oty ) Ot -0ty
k=100 A, (@ gh-1y,
I ARD SYI2 AR (21)
k—1
9By 9N

atk atl"'atk7

Multiplying (20) on the left by the row matrix Y, transposed to the matrix
Y® = (1, yé”, ,yﬁf)), satisfying equation (19) for A = \,, we obtain the follow-
ing convenient formula for computing only 9*);/dt, ---0t, in the case when X,

is a finite simple root of equation (2):

() £(3)
ak)‘i _ _Y f(tl ----- i) ) (22)
oty - Oty Y@ BX®
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For computing 9%\, /0t, ---dt,, and 9% X /Ot, --- Ot,, in this case, it is more con-
venient to use the formulas

(4) _ /6 1i7(8)—1 £(3)0
N Sn VWG (23)
Oty -+ Oty B, X — V@' We-1B, X
ok X ()0 , ; , L0k,
kG ¢ (O RS WIOH ()1 (6 2 7
oty 0ty w f(tl 77777 tk>+W B, X ot -0t (24)

which are obtained from equation (19) under the assumption that 8k:c(1i) /Ot -+ Ot), =
0.

In formulas (23) and (24), B, is the first row of the matrix B; B, is the rectan-
gular matrix obtained by deleting the first row of the matrix B; fézzo t) is a
column matrix with elements f(<ti3 )i (j=2,...,n); VO =’ —\b is a row
matrix with elements vélj = ap; — \;by (] =2,3,...,n); WO = A, —\,B, is a
matrix of order (n — 1) with elements wg]) = ag; — N\by; (k.7 =2,3,...,n).

When solving equation (1) by the author’ s iteration method (!,2), the com-
putational scheme of the last iteration step that led to the obtaining of A, and

X0 — <$(2i>7x$), wﬁf)) makes it possible without difficulty to compute both
i i) (i i =1 £(6)0 i)— i

Y0 — (yé),y,( ). ,yﬁb)) (%), and W .1f((t3,.‘.,tk) and WW=1B,X® . The com-

putation of the derivatives of A, and X¥) can be carried out on the basis of the

same reduced equation that served to compute ;.

All the formulas written above and the computations based on them are corre-
spondingly simplified if the matrices A and B are symmetric or if B = F.
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