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IZED FUNCTIONS

(Presented by Academician M. A. Lavrent ev on 28 V 1960)

1°. Let the simple smooth closed contour L, divide the plane of the complex

variable z;, (k =1,2,...,n) into two parts: the interior D} and the exterior D .

Put:

Af = Dy x--x D;q x D, x D;ﬁl X e X D;)mel x D, x D;mH X x Db
oy, = (T1s e s Ty 15 Eps Tpigs e T 1 by, s Ty s 2 Tn)s

torp = (s ety 1ty gs sty 1yt iqyeeyty,),  wheret; € Ly, 75 € Ly,

dTp1~~pm =dm ~~~dTp171d7’p1+l dT]DwﬁldTpm+1 edT,

0<m<n, 1<p < <p, <n),

in particular: ¢ = (ty,...,t,), 7 = (1q,...,7,), d7 = dry--dr,, and z =
(215 e s Zn);
L=L;x-xL,;{1,2,....n}\{p1, P9, s D} = {01,492 - s Gy }s 1 <m < n;

1 tr:)dr;
- <p( j) j7 1 S .7 S n, (1)
v L, T; —tj

;= S5p =

s01’1-~~Pm = SP1~~~Pm<p = SP1 Spm§0, me = <‘O(11~~CIn—m7 Y= SSO = SanO

sovietrxiv.org/items/ru-196001.79609 Machine Translation


https://sovietrxiv.org/items/ru-196001.79609

and
Sop = .

If the function ¢(t) on L satisfies a Holder condition with exponents ay, ..., a,,,
then we shall write ¢(t) € H(a); if, moreover, ¢(t) is differentiable k; times
with respect to ¢;, and

ak1+»»-+k” <,0(t)

€ H(a)
%y k., ’
oty* -+ Oty

Dy, g, pt) =

then we shall write ¢(t) € Hy(«). If ¢(t) € H(«), then the limiting values, as

z—te Land z € Ap .p,,» of the Cauchy-type integral

) = 1 p(r)dr
) = s | T iy .

which we shall denote by ®,, ., (1), exist (1) and are computed by the Sokhotski
formulas

e, ){ﬁ(so+s f[ (—So+ 5, }

where the singular operators (1) are multiplied according to the rules:

SOSj:Sj’ Sksj:SjSk:S'ka S?:S(); 1=12..,n

J

2°. Theorem 1. Let p(t) € H(«); then the values of the integral (2) near L
satisfy the condition

n
|B(2) =@, (O] <MD [ty—2%, M>0, 0<py<oy, k=12..n

Theorem 1 is proved in the same way as the analogous theorem in the case of
one variable )

Lemma*. Let ¢(t) € H,(o); then

1Zi£)I%Dl1 A @ [Dl (t)]plmpm = Dll"'l'rL(I);l-"pvn(t)7
WhereZGAp P atGLvoﬁmﬁn,1§p1<~~~<pm§n,0§lj§kj, j =

1,2,...,
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The lemma is proved by mathematical induction, using the fundamental Cauchy
theorem, the Sokhotski formulas, and Theorem 1.

Theorem 2. If p(t) € H.(«), then the equalities
Dll...lnsrl...rkﬁp = Srl...r,chl...ln907

1<k<n, 1<r < <r,<n, 0<1; <k (3)

hold.

Theorem 2 is a consequence of the lemma, since the functions ¢, . (t), by the
Sokhotski formulas, are linear combinations of the functions @, m(t), 0 <
mgn, lgpl <'“<p7n§n'

-p

3°. By H we denote the class of functions satisfying the Holder condition with
arbitrary exponents a;;, 0 < a; <1, j=1,2,...,n. The operators Splmpm map
the class H into itself (), and S, , = S;. Let p(t) € H. We define the
Cauchy transform by the equality S@ = ¢; then $(t) € H, and the inversion
formula has the form S@ = ¢.

If ©(t) € H and 9(t) € H, then

(#p,..p,, (D) 0(1)) = (1) (1), Pp, p,,, (1), (4)

(0,9) = / o ()$(r) dr. (5)

We denote by H’ the class of generalized functions (?) generated by the func-
tional (5) over the basic class H. The operator S, ,, ~on functions of the class
H’ is defined by the equality (4). Let ¢(t) € H and ¢(t) € H; then

(Spl...pm(ppl...pm’w> = <_1)m<(pp1..<pm7 pl...pm> = <(P7 Szl..‘pmw) = (<P»1/1)

Hence for m = n the validity of the inversion formula in H’ follows.

By H,, we denote the class of functions ¢(t) such that D, . ¢(t) € H. The
corresponding class of generalized functions will be denoted by Hj. Using the
formula for differentiating generalized functions in (3), we have

l1!~~ln!/ o(T)dr
L

Dy, S¢= : . (6)
1l (7T2)n n
(T — )t t?
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We shall say that L belongs to the class P, (E), where E C L, if there exists

a neighborhood E C L of the manifold E, differentiable k;+1 times with respect
tot;, j=1,2,...,n. Suppose that on L € P, , ([’
-

- prop,) & surface I')
is given:

Pm

ty, :tpj(tpl...pm)’ i=1,2,...,m, 1<m<n,

on which the delta-function (', _, ) is concentrated, and let 9(t) € Hy; then,
by virtue of (4)—(6), for 1 <1I; <k, we have (%)

L+t . bt T
(samm“pm)w(@) e, (a<r,,1...pm> oo i) ) _

[N ! PN I
oty - 0Ty Aryl - OTy

* The proof of the lemma for n = 1 was communicated to the author by S. Ya.
Al per.

i
:

—

-1
m mim-1) 1. 1) (tg, — Tp, ) 0(t)dt
= (—1)"Lam Uatpa) == L7 m.

k=1
dt .
(7‘(’2)” P1-+Pm m 41
PLpm H[th - fp]- (Tpl...pm)] J
j=
Hence
1o et l
_grtin ) = (1) "ot bl bl
orlr o L (ri)"
n—m
-1
(Tg, —tg,) " ATy, p.
x it - (7)
T
PLopm H[tp]- - fpj (Tplmpm)]lﬁrl
G=1
4°.

Let a(t) € H, ¢(t) € H; then the Poincaré—Bertrand formula (1) holds,
which, using the operators (1), can be written as follows:

Sa® = (—1)"Sap +ap+ Y (Z v D Aryr, w) "
k=1

ri=1 ry=k
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n—1 n

USRS

m=1 p1=1 p

n
Z Spl“‘pnl [@apl“‘pm +
m=m

n—m
+ Z Z Z Pay.q; 1 pmara;
Jj=1

q;=1

q1<<g;
Replacing here a(t) by a(t) and taking into account that S, , a=a, , ,we
obtain
o~ 1 n
Sap = i [(=D)"a(r)e(r) + a(T)p(t)+
2 2 2l Jel, )|+
k=1 ri=1 =k
7y < <Ty,
n—1 n n
TN D Y atelty, | F
m=1 pi=l  pL=m

P1<<Ppm

n—m

+ 3 2;1 Z alr, q] m--pmql--.qj) ———— =al(t) * p(t).
= \ate, Y H —t)
(8)
The expression a * ¢ with respect to the Cauchy transform plays the same role
as convolutions in the theory of integral transforms (), and we shall call it the
convolution for the Cauchy transform.

Theorem 3. If a(t) € H, p(t) € H; a(t), @(t) are their Cauchy transforms,
then

Sap = ax* o, Sa x p = agp. 9)

If a(t) € H, ¢(t) € H', then formulas (9) hold in the class H’.

For a(t) € H, p(t) € H, formulas (9) are obvious. In the case p(t) € H',
a(t) € H, (t) € H, we have

(Sa3,v) = (=1)™(@p, ) = (=1)"(¢,at)) = (¢, Sar)).
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Replacing in the last equality on the right S(E{ﬂ by formula (8) and using (4),
we find that

(5, ¢) = (ax @, v).
Hence Sa@ = a * ¢.

5°. An equation of convolution type

Ap(t) 4+ a(t) * p(t) = f(¢), te L, (10)

where a(t) € H and f(t) € H are known functions, and \ is a parameter, for
A+ a(t) # 0 on L, has in the class H the unique solution:

1 f('r) dr

(i)™ Jp A+ a(r) & '
T, — 1t
g( 5 — 1)

Applying the operator S to both sides of (10) and taking (9) into account, we
find @(t). Applying the operator S to @(t), we obtain (11).

p(t) = (11)

Suppose now that A+a(t) vanishes on surfaces of the form I'),
with its derivatives with respect to ty, of order kpj, and L € P,

C L, together
Ty, p, )"

In this case the solution of [\ + @(t)]@(t) = 0 in the class H’ is ® a linear com-
bination of the delta-function §(I" and its derivatives up to the derivative

m
P kpm

Pl---Pm)

_ k, —1 k, —1
R o T

From the validity of the inversion formula in the class H” and Theorem 3 it
follows that the solution of the equation

Ap(t) + a(t) * o(t) =0

in the class H’ is a linear combination of the functions standing on the right in
(7).
For the solvability of the nonhomogeneous equation in this case it is necessary

and sufficient that the function f (t) vanish together with its derivatives on the

same surfaces I', , ~as the function A + a(t), and moreover the order of the

derivatives of the function f (t) that vanish on these surfaces must be no lower
than that of the corresponding derivatives of the function A + a(t).
Let now L; (j = 1,2,...,n) be the circles |z;| = p;, a; = ﬂ/k};l, l; and k; integers

(k; > 0), tel® = (t e ... ,tffé"), a(t) € H and f(t) € H; then, applying to the
equation

o(t) + a(te!®) * p(te’®) = f(t), telL, (12)
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the operator S, we obtain

(1) + ate@)@(te) = f(t). (13)
Substituting in (13) successively instead of ¢ the values te’®, ...  teth=De where
k is equal to twice the least common multiple of the numbers kq, ..., k,,, and

eliminating from the resulting chain of equalities the functions ¢(te®?®) (p =
1,2,....k—1), we find @(t). If

k
1— [ atte) #0
p=1

on L, then, applying the operator S to @(t), we find the unique solution in the
class H of equation (12)
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* If these surfaces intersect one another along manifolds of analogous structure
(and only such are studied here) of lower dimension, then these manifolds are
regarded as independent.
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