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Abstract
Full Text

MATHEMATICS
M. B. KAPILEVICH

ON TRANSFORMATION OPERATORS AS-
SOCIATED WITH SINGULAR GOURSAT
PROBLEMS

(Presented by Academician I. G. Petrovskii, 16 X 1959)

Let L{(0) (p,q = 0,1,2,...00) be the set of functions f(y), defined on the seg-
ment 0 (0 <y <y,) of the y-axis, p times continuously differentiable on J, and
satisfying at the point y = 0 the conditions

fO)=f(0)=f"(0)=..= f(Q)(O) —=0. (1)
We shall call the first singular Goursat problem G} the problem of finding,

in the domain D (0 < z < z,, 0 <y < y,), those solutions z(z,y,b) of the
equation *

T2y, +az, +bz, =0 (@>0, b>0), (2)

which are continuous in D together with their derivatives of order p, and assume,
for x =0, y = 0, the values

Z(O’y) = f(y), Z(x70) =0, f(y) - Lg(d) (3)

Investigating the dependence of the functions z(x, y,b) on the exponent b of the
singular characteristic x = 0, we arrive at the theorems:

Theorem 1. For by > b, > 0, b =by—by, p > 2, ¢ > 0, the functions
z(z,y,b;) (i =1,2) are connected by the equality

2(z,y,by) = ﬁ (z)b/() (y —t)o e aW=t/2 (g ¢, b)) dt, (4)

to which, in the case p =n, q > 0, there corresponds the expansion

2(z,y,by) = F(lbzn;);'(—Z) (b—l—k y)D z2(z,y,b1) + R,,. (5a)
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Here (o, u) is Euler’ s incomplete gamma-function (?), D’yC = 0% /0y*, and, if
n=y—0t 0<6 <1, then

— (_1)n+1 a\t [* n+b ,—at/x ryn+1
Rn = m (;) A t e .D,,7 Z(m,'rl, bl)dt (5b)

In the case p = n, ¢ > n, equality (5a) takes the simpler form

@b = iy (5) Pheevb) 4R 50

Theorem 2. For any f(y) of the class L{(0) (p > 2, q¢ > 0), when by > by >
0, b=>b, — by, coI'(D)T(by) =T(by), the following connection formulas hold

1 —
Z(‘T7 Y, b2> ) / tb271(1 - t)bilz(‘rta Y, bl) dt? (63‘)
0

= (=2)*T(b)C(k + b) -
z(x,y,bQ)—; ATE (k450 DFz(x,y,b,) + R,,. (6b)

* Equation (2) plays an important role in the theory of confluent hypergeometric
functions of several independent variables ().

In this case, putting ¢ = x — 6t, 0 < 0 < 1, we find

B (—=1)""'¢q “ 1
n — W :El_bl / tb+n<$ — t)b2_1D2+ 2(67 Y, bl) dt. (GC)
: 0

Let v(x,y,b) denote the solution of the same problem (3) (for p = 2, ¢ = 0) for
the parabolic-type equation (3%

T, +bv, —av, =0 (a>0), (7)

whose singular line still coincides with the characteristic = 0.

Theorem 3. Let b, not be a positive integer; 0 < b; < 1;
¢ I'(1 —b))T(1 — by) = —1; and let K(z,y,&, by, by) be the function defined on
the interval 0 < ¢ < y by the expression

a(z? —t2 +yt)

e G

Y
K= e D [ (y= 02— exp |-
3

Then z(z,y,b,) is transformed into v(z,y, by) by the relation
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_ Yy
o2, y, by)ali el = g1+ / Kx(a,6,b,) de. 9)
0

Theorem 4. If ¢,I'(by) = a’»*%2T'(1 — b;), b, > 0, and arbitrary
by #1,2,...,

Aot =y [ 20V olat, b)) dt. (10)
0

As formulas (4)—(10) show, there exist two types of transformation operators
T, and T, acting respectively in the singular and regular variables = and y
(5:6) By forming products of two, three, and a larger number of such operators,
one can obtain a number of composed connection formulas. Let us note, for

example, the multiple transformation

1 1
S(a,y.by) = / / K(61,by,by)2(attoy by) dedt (by>0), (1)
0 0

in which g1 >0, b>v >0, T'(b;) = c3T'(by)T(V)T\(b — 1),

K = ¢t 11— &)v1eb1(1 — t)i’_”_lF(—V7 by —v—p,b—v,1—1).

Let two initial functions f;(y) and f,(y) satisfy the given linear integro-
differential relation.  Considering the corresponding solutions z(x,y,b,)
(k,s = 1,2), we obtain other generalizations of the connection formulas found.
Thus, if f5(y) = P(y)f1(y), where P(y) is an arbitrary function integrable on
0,b=">by;—b; >0,

Q= —exp(aé“/x)DgJ, T'(by))T(1 —by)J = /y P(t)(t— &) b1 (y — t)b>—1 dt,
3

then

a

b Y
) = (2) [ Quupebbnmab)d  (12)

7 Jo

In particular, when P, = (y — ;)" (y — yo) %2, Py = (y — y;) 1", where
the numbers a; and «, are less than unity, J(z,y,&,b;,by) reduce to hyper-
geometric integrals (1), so that here J; = P, F)(by,ay, 9,1 4+ b,Y,,Yy), Jy =
Py®y(by, q, 1 +0,Y1,k(y —¢€)), N1+ b)P, = P,(y — §>b7 (y—v,)Y, =(y—9§
(v = 1,2). If one of the quantities «y,a, or k is equal to zero, then F; and
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®, are replaced by the hypergeometric functions of Gauss and Kummer. For
P, = (y—y) *(y—yy) 2 (y —y,) “ there arise Lauricella functions:

J, = P,pD(by, 1, a9, ...,,,1 +0,Y,,Y,,...,Y,). For (7), in the analogous
case, equality (9) still holds, but the integrand of its kernel (8) now acquires the
factor P(t). By the same method one constructs formulas connecting 3 and a
larger number of integrals z; according to a prescribed relation between their
initial functions f;. In the case f, . ; = fifs... f,, (n = 1,2,...), multiplication

theorems arise for solutions z;, (k=1,2,...,n + 1) of the Goursat problem.

If f(y) is an infinitely differentiable function, then formulas (5a), (6b) (for ¢ > 0)
and (5c¢) (for ¢ = 00), in which the remainder terms R,, tend to zero as n — oo,
may be replaced by infinite series converging absolutely and uniformly in the
domain D. Namely, introducing the notation z;, = z(z,y,b;); A, = 1+(x/a)D,;
zh = (ay/z)y* (b, (ay/x)A,); VP = K, (2 axD,), we obtain zy = Z}z; 2y =

_ 1-b by A D .
Aybzl; vy = Vbey YAy 215 v = Vy? Ayl 2. Moreover, (6b) gives

Z<$’y’ b2) = 1F1(b1 - b2’b1’ _5z)z($7y7bl) (61 = xDz) (13)
For integral negative values of b = by, — b, and b = b, — by, the bi-
nomial series and the confluent hypergeometric function become fi-
nite sums and give recurrence relations: z(z,y,0) = APz(w,y,b + m),
r')m! b1
T'b+m) ™
are Laguerre polynomials. It remains to note two more cases of express-
ing the function ;F}, in which z(z,y,b) = exp(—%dz)fbﬂm(%(sz)z(:ﬂ,y, 2b),
z(z,y,1) = TO)y* (b — 1,,)z(x,y,b). Solving the integral equations (4),
(6a), (9), (10) with respect to z(x,y,b;) and v(z,y,b;), we obtain the inverse
transformation operators T, ' and T, '. Thus, for example, from (4) and (6a),

for 0 <b<1,0<b<1,andI'(by) =c,I(b)I'(1 —b), we find

z(x,y,b+m) = (—d,)z(x,y,b), where m = 0,1,2, ..., and L% (u)

x\? v
Ar0b) = g (3) D, [ ety =9 et g ba)d, (1)
- 0

Z(ZU, Y, bl) = C4x17b2Dx /I gblil(l‘ - €>7?)Z(§’ Y, b2) dg (14b)
0

For T, ! and T, v ! one can also write expansions analogous to those given above
for the operators T, T,,. In particular, z(z,y,0) = f(y); consequently, for b; = 0,
b, = b, formulas (4), (5) and equality (9), in which now
1 ar
K= 7(y—€)b‘2exp<— )
I(1—b) y—¢
give the solution of problem (3) for equations (2) and (7). For example, (4) then
takes the form
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A(z,y,b) = % (;)b/oy(y—t)bl exp[—“(yx_ﬂ £(t) dt. (15)

1
Since the integral of equation (2) z, = m’y (b, %), corresponding to the
x

value f(y) =1, is contained, for 0 < y/x < oo, between zero and one,
then from (15) it follows that at no point of the rectangle D does |z| exceed
the maximum attained by |f(y)| on the segment ¢ of the Oy-axis. Thus, the

maximum principle, established earlier for hyperbolic equations with regular
characteristics ("8), holds in the case of the singular Goursat problem.

Differentiating (15) with respect to z and y, we find that, if f'(y) > 0 on §,
then z, <0, z, > 0 in the domain D. Therefore in formulas (5) and (6), for
n=0, Ry <0and Ry >0, i.e. z(x,y,by) < z(x,9,b,), if by > b, and (z,y) € D.
Thus, in the case of a nondecreasing initial function f(y), the derivative z, <0
everywhere in D.

If f(y) =y™(1 —cy)"e¥ (m > 0), then, by virtue of (15),

L(1+m) +b(a)b ay/ ay
= ey (2) e, (14 m, —n, 1 b ey, =+ ky)
z F(1+m+b)y = e 1(I+m, —n, 1 +m + b, cy . + Ky

On the other hand, for f(y) =y™ (m > 0), for (7) we find

m

v=Yy

L'(b) CT(2-b) \y

Substituting these values for z and v into the corresponding connection formulas,
we obtain a number of integrals with special functions which, in particular cases
(when k,m,n, or ¢ are equal to zero), reduce to known addition theorems for
the functions (v, 2), T'(a, 2), 1 Fy(a, B, 2), I,(2) (?). Of great interest is also
the second singular Goursat problem:

%(0,y) = fly),  2(xz,00=0 (f(y) CLi©)).

Its solution z(z,y,b) for (2) has the form

2z, y,b) = _r(1a+b)/0 5 {a “(yx_ t)] fydt  (=1<b+0).

With the aid of the equality
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a Y
g(l',y,b) = _5/ Z(xvtvb) dt?
0

which connects z with z, the results given above for the functions z(z, y, b) carry
over to the integrals z(x,y,b). Thus, for example, when b = by — by > —2,

_ xz [*
z(xvyv b2) = E / RDE [eaf/ng(xvga bl)] d§7
0

where

b,I'(1 +b)R = by exp(—a&/z)y [1 +b, a(yx—é“)} _

Finally, we note that for solutions z, z, and v of more general linear equations of
hyperbolic and parabolic types with singular characteristics one can construct
analogous transformation operators, whose kernels, after the removal of the same
multiplicative power and exponential singularities, become continuous bounded
or entire holomorphic functions.
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Note: Figure translations are in progress. See original paper for figures.
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