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Abstract
Full Text
MATHEMATICS

N. M. LEONTOVICH

ASYMPTOTIC EXPANSION OF BOUNDARY-
VALUE PROBLEMS FOR PARTIAL DIFFER-
ENTIAL EQUATIONS
(Presented by Academician S. L. Sobolev, 12 XII 1959)

Consider, in a bounded domain 𝑄 of 𝑛-dimensional space with boundary Γ, the
equation

𝐿𝜀𝑢 = 𝜀2ΔΔ𝑢 + 𝐿2𝑢 = ℎ (1)

under the boundary conditions

𝑢|Γ = 0; (2)

Δ𝑢|Γ = 0, (3)

where 𝐿2 is an elliptic operator of the 2nd order,

𝐿2 = −
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥) 𝜕
𝜕𝑥𝑗

) +
𝑛

∑
𝑖=1

𝑏𝑖(𝑥) 𝜕
𝜕𝑥𝑖

+ 𝑐(𝑥), 𝑥 = (𝑥1, … , 𝑥𝑛),

𝑐 − 1
2

𝑛
∑
𝑖=1

𝜕𝑏𝑖
𝜕𝑥𝑖

≥ 𝛼2 > 0. (4)

The coefficients of the equation and the boundary of the domain have 𝑁 deriva-
tives, ℎ(𝑥) ∈ 𝑊 2𝑁+2

2 .

We seek an approximate solution of the problem 𝐴𝜀 (equation (1) under bound-
ary conditions (2), (3)) for small 𝜀 in the form of a segment of a series in powers
of 𝜀.

We shall use the method developed by M. I. Vishik and L. A. Lyusternik (1).
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For the boundary-value problem under consideration it is necessary, along with
the expansion described below of the operator 𝐿𝜀, to carry out the same ex-
pansion of the boundary operators (2), (3). Near the boundary we introduce
a local coordinate system (𝜌, 𝜑1, … , 𝜑𝑛−1), where (𝜑1, … , 𝜑𝑛−1) are coordinates
of a point of the boundary, and 𝜌 is the distance along the normal. In equation
(1) and in the boundary conditions (2), (3) we pass to the variables 𝑡 = 𝜌/𝜀,
𝜑1, … , 𝜑𝑛−1, and expand the coefficients by Taylor’s formula with respect to
the variable 𝑡. Then

𝐿𝜀𝑢 ≡ 1
𝜀2 [𝑅0 + 𝜀𝑅1 + ⋯ + 𝜀𝑁𝑅𝑁 + 𝜀𝑁+1𝑅] 𝑢, (5)

where

𝑅0 ≡ 𝜕4

𝜕𝑡4 − 𝑎0(𝜑) 𝜕2

𝜕𝑡2 , 𝜑 = (𝜑1, … , 𝜑𝑛−1), 𝑎0(𝜑) > 0.

It is obvious that among the characteristic roots of the equation 𝑅0𝑢 = 0 there is
a negative one, −𝜆(𝜑), i.e. the degeneration of the problem 𝐴𝜀 into the problem
𝐴0 is regular (1). The 𝑅𝑘 are differential operators whose coefficients depend
on 𝑡 only polynomially.

The boundary operators (in the variables (𝑡, 𝜑)) are written as follows:

𝑢∣Γ = 𝑢∣𝑡=0,

Δ𝑢∣Γ = 1
𝜀2 ( 𝜕2

𝜕𝑡2 + 𝜀𝑙1 + 𝜀2𝑙2) 𝑢∣𝑡=0,

where 𝑙1 and 𝑙2 are differential operators of order 2.

Problem 𝐴0, i.e. the equation
𝐿2𝑤 = ℎ (6)

with the boundary condition
𝑤∣Γ = 𝐶, (7)

has a unique solution by virtue of (4).

We construct an approximate solution 𝑢̃𝜀 of problem 𝐴𝜀 in the form 𝑢̃𝜀 = 𝑢̃+𝜀2 ̃𝑣,
where 𝑢̃ satisfies (1), and 𝜀2 ̃𝑣 satisfies the corresponding homogeneous equation,
i.e.

𝐿𝜀𝑢̃ ≡ 𝜀2ΔΔ𝑢̃ + 𝐿2𝑢̃ = ℎ; (8)

𝐿𝜀𝜀2 ̃𝑣 ≡ [𝑅0 + 𝜀𝑅1 + ⋯ + 𝜀𝑁+1𝑅] ̃𝑣 = 0. (9)

Fulfillment of the boundary conditions requires for 𝑢̃ + 𝜀2 ̃𝑣:

𝑢̃∣Γ + 𝜀2 ̃𝑣∣𝑡=0 = 0; (10)
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Δ𝑢̃∣Γ + ( 𝜕2

𝜕𝑡2 + 𝜀𝑙1 + 𝜀2𝑙2) ̃𝑣∣𝑡=0 = 0. (11)

We seek 𝑢̃ and ̃𝑣 in the form

𝑢̃ = 𝑢0 + 𝜀𝑢1 + ⋯ + 𝜀𝑁𝑢𝑁 + ⋯ ; 𝑢̃𝑁 = 𝑢0 + 𝜀𝑢1 + ⋯ + 𝜀𝑁𝑢𝑁 ; (12)

̃𝑣 = 𝑣0 + 𝜀𝑣1 + ⋯ + 𝜀𝑁𝑣𝑁 + ⋯ ; ̃𝑣𝑁 = 𝑣0 + 𝜀𝑣1 + ⋯ + 𝜀𝑁𝑣𝑁 . (13)

Substituting (12) and (13) into (8) and (9) and, respectively, into (10) and (11),
and collecting terms with equal powers of 𝜀, we obtain equations and boundary
conditions for the successive determination of 𝑢𝑖 and 𝑣𝑖.

Terms for 𝜀0:
𝐿2𝑢0 = ℎ, 𝑢0∣Γ = 0.

𝑢0 is determined uniquely: 𝑢0 ≡ 𝑤,

𝑅0𝑣0 ≡ 𝜕4𝑣0
𝜕𝑡4 − 𝑎0(𝜑)𝜕2𝑣0

𝜕𝑡2 = 0; (140)

𝜕2𝑣0
𝜕𝑡2 ∣

𝑡=0
= −Δ𝑢0∣Γ. (150)

We take that solution of this equation which has the character of a boundary
layer (1):

𝑣0 = 𝑐0(𝜑)𝑒−𝜆(𝜑)𝑡, 𝑐0(𝜑) = − Δ𝑢0
(𝜆(𝜑))2 .

Terms for 𝜀𝑖:
𝐿2𝑢𝑖 = −ΔΔ𝑢𝑖−2, 𝑢𝑖∣Γ = −𝑣𝑖−2∣𝑡=0.

Since 𝑣𝑖−2∣𝑡=0 does not depend on 𝜀, 𝑢𝑖 also does not depend on 𝜀,

𝑅0𝑣𝑖 = −𝑅1𝑣𝑖−1 − 𝑅2𝑣𝑖−2 − ⋯ − 𝑅𝑖𝑣0; (14𝑖)

𝜕2𝑣𝑖
𝜕𝑡2 ∣

𝑡=0
= −Δ𝑢𝑖∣Γ − 𝑙1𝑣𝑖−1∣𝑡=0 − 𝑙2𝑣𝑖−2∣𝑡=0. (15𝑖)

Since −𝑅1𝑣𝑖−1−𝑅2𝑣𝑖−2−⋯−𝑅𝑖𝑣0 is a polynomial of degree 2𝑖−1 in 𝑡, multiplied
by 𝑒−𝜆(𝜑)𝑡, equation (14𝑖) has a solution of the form

𝑣𝑖 = [𝑡𝑆2𝑖−1(𝑡, 𝜑) + 𝑐𝑖(𝜑)]𝑒−𝜆(𝜑)𝑡,

where the coefficients of the polynomial 𝑆2𝑖−1 are found by the method of selec-
tion, 𝑐𝑖(𝜑) from the conditions of satisfaction of the boundary condition (15𝑖),
and 𝑣𝑖 is defined in the boundary strip along Γ.
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We now multiply ̃𝑣𝑁 by a smoothing function 𝜓(𝑡), having derivatives of all
orders, equal to 1 in some strip along Γ and to 0 outside some other, wider strip.
We obtain 𝑣𝑁 , defined in the whole domain.

From the method of constructing the functions 𝑢̃𝑁 and ̃𝑣𝑁 it follows that 𝑢̃𝑁 +
𝜀2𝑣𝑁 satisfies the following equation and boundary conditions:

𝐿𝜀(𝑢̃𝑁 + 𝜀2𝑣𝑁) = ℎ + 𝜀𝑁+1𝐺1; (16)

(𝑢̃𝑁 + 𝜀2𝑣𝑁)∣Γ = 𝜀𝑁+1𝑔1; (17)

Δ(𝑢̃𝑁 + 𝜀2𝑣𝑁)∣Γ = 𝜀𝑁+1𝑔2, (18)

where the functions 𝐺1, 𝑔1, 𝑔2 are of order 𝑂(1) with respect to 𝜀.

Let 𝛼 be a function of order 𝜀𝑁+1 satisfying (17) and (18). Then the function 𝑧

𝑧 = 𝑢𝜀 − (𝑢̃𝑁 + 𝜀2𝑣𝑁 − 𝛼)

satisfies the equation

𝐿𝜀𝑧 = 𝜀𝑁+1𝐺; 𝐺 = 𝑂(1) (19)

and the homogeneous boundary conditions (2), (3).

Consider the quadratic form:

(𝐿𝜀𝑧, 𝑧) = 𝜀2(ΔΔ𝑧, 𝑧) + (𝐿2𝑧, 𝑧) =

= 𝜀2 ∬
𝑄

[
𝑛

∑
𝑖=1

𝜕2𝑧
𝜕𝑥2

𝑖
]

2

𝑑Ω + ∬
𝑄

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗
𝜕𝑧
𝜕𝑥𝑖

𝜕𝑧
𝜕𝑥𝑗

𝑑Ω + ∬
𝑄

[𝑐 − 1
2

𝑛
∑
𝑖=1

𝜕𝑏𝑖
𝜕𝑥𝑖

] 𝑧2 𝑑Ω.

(20)

The integrals over the boundary of the domain Γ are equal to 0, since 𝑧 satisfies
the homogeneous boundary conditions (2), (3).

From the last equality (20) we obtain:

𝜀2 ∬
𝑄

𝑛
∑
𝑖,𝑗=1

( 𝜕2𝑧
𝜕𝑥𝑖𝜕𝑥𝑗

)
2

𝑑Ω + ∬
𝑄

𝑛
∑
𝑖=1

( 𝜕𝑧
𝜕𝑥𝑖

)
2

𝑑Ω + ∬
𝑄

𝑧2 𝑑Ω ≤
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≤ 𝑀 ∣(𝜀𝑁+1𝐺, 𝑧)∣ ≤ 𝑀𝜀𝑁+1 {∬
𝑄

𝐺2 𝑑Ω}
1/2

{∬
𝑄

𝑧2 𝑑Ω}
1/2

.

In deriving this inequality we have used the ellipticity of the operator 𝐿2, in-
equality (4), and the inequality

∬
𝑄

𝑛
∑
𝑖,𝑗=1

( 𝜕2𝑧
𝜕𝑥𝑖𝜕𝑥𝑗

)
2

𝑑Ω ≤ 𝐶1 ∬
𝑄

(
𝑛

∑
𝑖=1

𝜕2𝑧
𝜕𝑥2

𝑖
)

2

𝑑Ω

(see (2), Ch. II).

Thus we obtain estimates in ℒ2 for 𝑧, its first and second derivatives:

{∬
𝑄

𝑧2 𝑑Ω}
1/2

≤ 𝐶𝜀𝑁+1; (21)

{∬
𝑄

𝑛
∑
𝑖=1

( 𝜕𝑧
𝜕𝑥𝑖

)
2

𝑑Ω}
1/2

≤ 𝐶𝜀𝑁+1; (22)

{∬
𝑄

𝑛
∑
𝑖,𝑗=1

( 𝜕2𝑧
𝜕𝑥𝑖𝜕𝑥𝑗

)
2

𝑑Ω}
1/2

≤ 𝐶𝜀𝑁 . (23)

We obtain estimates of the third and fourth derivatives from Lemma 1, (2) Ch.
II:

4
∑
𝑠=0

∬
𝑄

⎛⎜
⎝

∑
𝛼1,…,𝛼𝑗

𝜕𝑠𝑧
𝜕𝑥𝛼1

⋯ 𝜕𝑥𝛼𝑗

⎞⎟
⎠

2

𝑑Ω ≤ 𝐶′ ⎡⎢
⎣

∬
𝑄

𝑧2 𝑑Ω + ∬
𝑄

(Δ𝑧)2 𝑑Ω + ∬
𝑄

(ΔΔ𝑧)2 𝑑Ω + ∬
𝑄

𝑛
∑
𝑖=1

( 𝜕𝑧
𝜕𝑥𝑖

)
2

𝑑Ω + ∬
𝑄

(
𝑛

∑
𝑖=1

𝜕Δ𝑧
𝜕𝑥𝑖

)
2

𝑑Ω⎤⎥
⎦

.

(24)

Since

𝜀2ΔΔ𝑧 = −𝐿2𝑧 + 𝜀𝑁+1𝐺, (25)

it follows that

𝜀2 ∬
𝑄

(ΔΔ𝑧)2 𝑑Ω ≤ 𝐶 ∬
𝑄

(𝐿2, 𝑧)2 𝑑Ω + 𝜀2𝑁+2 ∬
𝑄

𝐺2 𝑑Ω,
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∬
𝑄

(ΔΔ𝑧)2 𝑑Ω ≤ 𝐶𝜀2𝑁−2.

We obtain the estimate for the last integral in (24) by multiplying (25) by Δ𝑧
and taking into account that Δ𝑧|Γ = 0,

∬
𝑄

𝑛
∑
𝑖=1

( 𝜕
𝜕𝑧 (Δ𝑧))

2
𝑑Ω ≤ 𝐶𝜀2𝑁−2.

From (24) we obtain the estimates

{∬
𝑄

𝑛
∑

𝑖,𝑗,𝑘=1
( 𝜕3𝑧

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑘
)

2
𝑑Ω}

1/2

≤ 𝐶𝜀𝑁−1; (26)

{∬
𝑄

𝑛
∑

𝑖,𝑗,𝑘,𝑙=1
( 𝜕4𝑧

𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑘𝜕𝑥𝑙
)

2
𝑑Ω}

1/2

≤ 𝐶𝜀𝑁−1. (27)

Remark. For the equation

𝐿𝜀𝑢 = 𝜀2ΔΔ𝑢 + 𝐿2𝑢 = ℎ,

where

𝐿2𝑢 = −Δ𝑢 +
𝑛

∑
𝑖=1

𝑏𝑖(𝑥1, … , 𝑥𝑛) 𝜕𝑢
𝜕𝑥𝑖

+ 𝑐(𝑥1, … , 𝑥𝑛)𝑢

under the boundary conditions

𝜕𝑢
𝜕𝑛∣

Γ
= 0, 𝜕

𝜕𝑛(Δ𝑢)∣
Γ

= 0

there is an analogous representation of the solution 𝑢 = 𝑢̃ + 𝜀3 ̃𝑣, where

𝑢̃ = 𝑢0 + 𝜀𝑢1 + … + 𝜀𝑁𝑢𝑁 + … ,

̃𝑣 = 𝑣0 + 𝜀𝑣1 + … + 𝜀𝑁𝑣𝑁 + …

For the residual 𝑧 and its derivatives we obtain the same estimates (21), (22),
(23), (26), (27).
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