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Abstract

Full Text
MATHEMATICS
N. M. LEONTOVICH

ASYMPTOTIC EXPANSION OF BOUNDARY-
VALUE PROBLEMS FOR PARTIAL DIFFER-
ENTIAL EQUATIONS

(Presented by Academician S. L. Sobolev, 12 XII 1959)

Consider, in a bounded domain @ of n-dimensional space with boundary T, the
equation

Lou=e*’AAu+ Lyu=nh (1)

under the boundary conditions

ulp = 0; (2)

Aulp =0, (3)

where L, is an elliptic operator of the 2nd order,

Ly==> ai- (aw(“”)ai > +Zbi($)ai. el o=@ 2,

c— = %>a2>0. (4)

The coefficients of the equation and the boundary of the domain have N deriva-
tives, h(zx) € WV*2,

We seck an approximate solution of the problem A, (equation (1) under bound-
ary conditions (2), (3)) for small € in the form of a segment of a series in powers
of €.

We shall use the method developed by M. I. Vishik and L. A. Lyusternik (%).
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For the boundary-value problem under consideration it is necessary, along with
the expansion described below of the operator L., to carry out the same ex-
pansion of the boundary operators (2), (3). Near the boundary we introduce
a local coordinate system (p, @1, ..., ¢,,_1), where (¢q,...,¢,,_;) are coordinates
of a point of the boundary, and p is the distance along the normal. In equation
(1) and in the boundary conditions (2), (3) we pass to the variables t = p/e,
©15--- s Pn_1, and expand the coeflicients by Taylor’ s formula with respect to
the variable t. Then

1
LEUE ? I:R0+5R1 +"‘+€NRN+€N+1R] u, (5)
where

4 2
RO = 87 _ ao(w>87 Y= (S@l ey @ 71) ao(sp) > 0'
ott a2’ e

It is obvious that among the characteristic roots of the equation Ryu = 0 there is
a negative one, —A(y), i.e. the degeneration of the problem A, into the problem
A, is regular (1). The R, are differential operators whose coefficients depend
on t only polynomially.

The boundary operators (in the variables (¢, ¢)) are written as follows:

= u|

ul

r t=0’

2
Aul, = ! <8 +ely + 5212> ul

€2 \ ot2 =0’
where [; and [, are differential operators of order 2.
Problem A, i.e. the equation
Lyw=nh (6)
with the boundary condition
w| =C, (7)

has a unique solution by virtue of (4).

We construct an approximate solution %, of problem A_ in the form 4, = @i+&%9,
where 7 satisfies (1), and €27 satisfies the corresponding homogeneous equation,
ie.

L. =e?AAT+ Lyt = by (8)
L.e?0 = [Ry+eR, + - +eNTIR]o =0. (9)

Fulfillment of the boundary conditions requires for % + £27:
ﬂ|r + 5217|t20 = 0; (10)
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2

~ 0 ~
Au’r + <3t2 +ely + 5212> v|t:0 = 0. (11)

We seek 4 and 9 in the form
U =wuy+eu; + - +eNuy + 5 Uy = ug +euy + - +eNuy; (12)
b=vy+evy + - +eNvy + g Uy =vg+evy + - +eNuy.  (13)
Substituting (12) and (13) into (8) and (9) and, respectively, into (10) and (11),

and collecting terms with equal powers of £, we obtain equations and boundary
conditions for the successive determination of u,; and v;,.

Terms for £°;
Loug = h, ug| . = 0.

r
Ug is determined uniquely: vy = w,
Oty 0%y 0
Ryvy = T (¢) 2 = 0; (147)
0%,
52 = —Au0|r. (159)

t=0
We take that solution of this equation which has the character of a boundary
layer (1):
Au
vo = co()e M colp) =~
o 0 (A(p))?

Terms for &'

Lou; = —AAu,_,, ui|r = —vi_2|t:0.

Since vi72’ does not depend on ¢, u; also does not depend on ¢,
t=0 v

Rov; = =Ryv;y — Ryv; g — - — Rjvp; (14%)
0, ,
at; = —Aui‘r — ll”ifl‘tzo — l2vi*2‘t:o' (15%)
=0
Since —R,v; 1 —Ryv;_g—---—R,v, is a polynomial of degree 2i—1 in ¢, multiplied

by e M®)? equation (14°) has a solution of the form

Ui = [tsmfl(t’ )+ ci(go)]e*/\(w)t,

where the coefficients of the polynomial Sy, ; are found by the method of selec-
tion, ¢;(¢) from the conditions of satisfaction of the boundary condition (15%),
and v; is defined in the boundary strip along I'.

sovietrxiv.org/items/ru-196001.78985 Machine Translation


https://sovietrxiv.org/items/ru-196001.78985

We now multiply 05 by a smoothing function (t), having derivatives of all
orders, equal to 1 in some strip along I' and to 0 outside some other, wider strip.
We obtain vy, defined in the whole domain.

From the method of constructing the functions @, and ¥, it follows that @, +

e2vy satisfies the following equation and boundary conditions:

L_(iy + €2vy) = h + NGy ; (16)
(i + 2oy, = ¥ 1gy; (1)
Aty +e®vy)|, =eNtlgs, (18)

r

where the functions G4, g1, g» are of order O(1) with respect to e.

Let o be a function of order eV *1 satisfying (17) and (18). Then the function 2
z=u, — (iy + %0y — )
satisfies the equation
L.z = NG, G=0(1) (19)

and the homogeneous boundary conditions (2), (3).

Consider the quadratic form:

(L.2,2) = e2(AAz, 2) + (Lyz, 2) =

e[S e f] S o e .

The integrals over the boundary of the domain I" are equal to 0, since z satisfies
the homogeneous boundary conditions (2), (3).

1 Ob; 1 22 dS).
2

€T,

(20)

From the last equality (20) we obtain:
n 2
2dQ <
/[Q <3MI) dQ+//Z(ax> dQ+//zd97
i,j= Q i=1 Q
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1/2 1/2
< M|(eNHG, 2)| < MeN+ {// G2 dQ} {//z2d9} .
Q Q

In deriving this inequality we have used the ellipticity of the operator L,, in-
equality (4), and the inequality

2
92z \° "L 9%z
< -

// <8x Ox; ) < Cl//Q (i—l 83;?) d<

(see (2), Ch. II).

Thus we obtain estimates in £2 for z, its first and second derivatives:

1/2

{//Q 22 dQ} < CeNtL (21)

(15 (%) m) ze o

We obtain estimates of the third and fourth derivatives from Lemma 1, (?) Ch.
II:

2
4 9 )
S (5 ) mec

Since

e2AAz = —Lyz + eNTIG, (25)

it follows that

52//(AA2)2 dQ < Cf/(LZ’Z)Q dQ—i—szNJrQ//G2 dQ,
Q Q Q
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// (AA2)2dQ < Ce2N-2,
Q

We obtain the estimate for the last integral in (24) by multiplying (25) by Az
and taking into account that Az|p =0,

n 9 2
// > (—(Az)) dQ < Ce2N-2,
Q=i \0%
From (24) we obtain the estimates

1/2

{// Z": < 0%z )2 } N-1
92 ) gl <N (26)
Qi 0z,0x;0x),

= 0tz ? N1
E —FF | dQ < CeV. 27
//Q i e <8xi8xj8xk8xl> (27)

Remark. For the equation

L.ou=e*AAu+ Lyu = h,
where

L2u = —Au + Zbi(xh 7xn)gu

-1 Zi

+c(zy,y ., ,)U

under the boundary conditions

du
on

0
=0, —(Au)| =0
r an( )I‘

there is an analogous representation of the solution u = @ + 39, where
G=uy+eu; +...+eNuy +
0 1 e N ey

D=vy+evy + ... +eNvy + ..

For the residual z and its derivatives we obtain the same estimates (21), (22),
(23), (26), (27).
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