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Abstract
Full Text
MATHEMATICS

V. P. CHISTYAKOV

TRANSIENT PHENOMENA IN BRANCHING
PROCESSES WITH 𝑛 TYPES OF PARTICLES
(Presented by Academician A. N. Kolmogorov, December 3, 1959)

§ 1. Consider the branching random process defined in (1), with 𝑛 types of
particles, homogeneous in time. Let, during a time interval Δ𝑡 → 0, a particle
of type 𝑇𝑘 turn into a set of particles 𝜔 = (𝜔1, … , 𝜔𝑛) of types 𝑇1, … , 𝑇𝑛 with
probabilities 𝛿𝜔

𝑘 + 𝑝𝜔
𝑘 Δ𝑡 + 𝑜(Δ𝑡), where 𝛿𝜔

𝑘 = 1 if 𝜔𝑘 = 1, 𝜔𝑖 = 0 (𝑖 ≠ 𝑘);
𝛿𝜔

𝑘 = 0 in all other cases. The densities 𝑝𝜔
𝑘 < 0 if 𝛿𝜔

𝑘 = 1; 𝑝𝜔
𝑘 ≥ 0 if 𝛿𝜔

𝑘 = 0;
∑𝜔 𝑝𝜔

𝑘 = 0. Denote by 𝜇𝑘𝑗(𝑡) the number of particles of type 𝑇𝑗 obtained from
one particle of type 𝑇𝑘 during time 𝑡. The generating functions 𝐹𝑘(𝑡, 𝑥1, … , 𝑥𝑛)
of the probabilities 𝑃 𝜔

𝑘 (𝑡) = P{𝜇𝑘𝑗(𝑡) = 𝜔𝑗, 𝑗 = 1, … , 𝑛} satisfy the system of
equations (1)

𝑑𝐹𝑘
𝑑𝑡 = 𝑓𝑘(𝐹1, … , 𝐹𝑛), 𝑘 = 1, … , 𝑛 (1)

(where 𝑓𝑘(𝑥1, … , 𝑥𝑛) = ∑𝜔 𝑝𝜔
𝑘 𝑥𝜔1

1 ⋯ 𝑥𝜔𝑛𝑛 ) and the boundary conditions

𝐹𝑘(0, 𝑥1, … , 𝑥𝑛) = 𝑥𝑘 (𝑘 = 1, … , 𝑛).

Denote the factorial moments of the functions 𝑓𝑘(𝑥1, … , 𝑥𝑛) by

𝑎𝑖𝑗 = 𝜕𝑓𝑖/𝜕𝑥𝑗∣𝑥=1, 𝑏(𝑘)
𝑖𝑗 = 𝜕2𝑓𝑘/𝜕𝑥𝑖𝜕𝑥𝑗∣𝑥=1, 𝑐(𝑘)

𝑖,𝑗,𝑙 = 𝜕3𝑓𝑘/𝜕𝑥𝑖𝜕𝑥𝑗𝜕𝑥𝑙∣𝑥=1.

For processes with an indecomposable matrix 𝑎 = ‖𝑎𝑖𝑗‖, as 𝑡 → ∞,

𝑀𝜇𝑘𝑗(𝑡) ∼ 𝑢𝑘𝑣𝑗𝑒𝜆𝑡 (𝑘, 𝑗 = 1, … , 𝑛),

where 𝜆 is the characteristic number with largest real part of the matrix 𝑎;
𝑢 = (𝑢1, … , 𝑢𝑛) and 𝑣 = (𝑣1, … , 𝑣𝑛) are eigenvectors of the number 𝜆 for the
matrix 𝑎 and its transpose, respectively, with

𝑛
∑
𝑘=1

𝑣2
𝑘 = 1,

𝑛
∑
𝑘=1

𝑢𝑘𝑣𝑘 = 1,
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𝑢𝑘 > 0, 𝑣𝑘 > 0 (𝑘 = 1, … , 𝑛).

Put
𝑏 =

𝑛
∑

𝑖,𝑗,𝑘=1
𝑏(𝑘)

𝑖𝑗 𝑣𝑘𝑢𝑖𝑢𝑗.

For processes with an indecomposable matrix 𝑎 and 0 < 𝑏 < ∞, the probabilities
of continuation of the process (begun with one particle of type 𝑇𝑖)

𝑄𝑖(𝑡) = P {
𝑛

∑
𝑗=1

𝜇𝑖𝑗(𝑡) > 0}

as 𝑡 → ∞ satisfy the relations (1,2,6)

𝑄𝑖(𝑡) ∼
⎧{
⎨{⎩

𝐾𝑖𝑒𝜆𝑡, if 𝜆 < 0,
2𝑢𝑖/𝑏𝑡, if 𝜆 = 0,
1 − 𝑃𝑖, if 𝜆 > 0.

where 𝐾𝑖 > 0 are constants, 𝑃𝑖 satisfy the equations 𝑓𝑘(𝑃1, … , 𝑃𝑛) = 0 (𝑘 =
1, … , 𝑛), and the conditional distribution laws (2,3 ,6 )

𝑆𝑘(𝑡, 𝜆, 𝑦) = P { 𝜇𝑘𝑗(𝑡)
𝑀{𝜇𝑘𝑗(𝑡) ∣ 𝜇𝑘(𝑡) > 0} < 𝑦𝑗, 𝑗 = 1, … , 𝑛 ∣ 𝜇𝑘(𝑡) > 0} (2)

(where 𝑦 = (𝑦1, … , 𝑦𝑛) and 𝜇𝑘(𝑡) = ∑𝑛
𝑗=1 𝜇𝑘𝑗(𝑡)) converge weakly to the distri-

butions 𝑆𝑘(𝑦).
For 𝜆 < 0, 𝜆 > 0, the distributions 𝑆𝑘(𝑦) depend essentially on the form of the
functions 𝑓𝑘(𝑥) (𝑘 = 1, … , 𝑛); moreover, in the first case the distributions are
discrete, and in the second continuous. For 𝜆 = 0, the distributions 𝑆𝑘(𝑦) are
exponential, with characteristic functions

𝜑𝑘(𝜏1, … , 𝜏𝑛) = 1
1 − 𝑖(𝜏1 + ⋯ + 𝜏𝑛) . (3)

Thus, a branching process with 𝜆 = 0 separates two mutually distinct types of
branching processes. We shall call transition phenomena those phenomena that
arise as 𝜆 → 0.

In the present note we shall give limit theorems for 𝑡 → ∞, 𝜆 → 0, analogous
to the theorems in (4), obtained for processes with one particle type. The
results stated above for processes with 𝜆 = 0 can be obtained as consequences
of Theorems 1 and 2.
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§ 2. Let 𝔄 denote a closed compact set (in the sense of convergence by elements)
of indecomposable matrices of the form 𝑎 with 𝜆 close to 0. We shall consider
branching processes from the class 𝐾(𝔄, 𝛿, 𝐵, 𝑐). A process belongs to 𝐾({𝑓𝑘} ∈
𝐾) if 𝑎 ∈ 𝔄, 0 < 𝛿 < 𝑏 < 𝐵 < ∞, 𝑐(𝑘)

𝑖𝑗𝑙 ≤ 𝑐 < ∞ (𝑐 ≥ 0). Define the function

𝑘(𝑡, 𝑥, 𝜆) =
𝑒𝜆𝑡 ∑𝑛

𝑗=1 𝑣𝑗(1 − 𝑥𝑗)

1 + 𝑏
2 𝑔(𝜆, 𝑡) ∑𝑛

𝑗=1 𝑣𝑗(1 − 𝑥𝑗)
,

where 𝑔(𝜆, 𝑡) = 𝑡 for 𝜆 = 0 and 𝑔(𝜆, 𝑡) = 𝑒𝜆𝑡 − 1
𝜆 for 𝜆 ≠ 0.

Theorem 1.

1 − 𝐹𝑗(𝑡, 𝑥) = 𝑢𝑗𝑘(𝑡, 𝑥, 𝜆)[1 + 𝜂𝑗(𝑡, 𝑥, 𝜆)],

where 𝜂𝑗(𝑡, 𝑥, 𝜆) → 0 as 𝑡 → ∞, 𝜆 → 0, uniformly in {𝑓𝑘} ∈ 𝐾, 0 ≤ 𝑥𝑘 ≤ 1
(𝑘 = 1, … , 𝑛).
Corollary. As 𝑡 → ∞, 𝜆 → 0, uniformly in {𝑓𝑘} ∈ 𝐾,

𝑄𝑗(𝑡) ∼ 2𝑢𝑗𝑒𝜆𝑡

𝑏𝑔(𝜆, 𝑡) .

Theorem 2. As 𝑡 → ∞, 𝜆 → 0, uniformly in {𝑓𝑘} ∈ 𝐾,

max
𝑦

|𝑆𝑘(𝑡, 𝜆, 𝑥) − 𝑆(𝑦)| → 0

(where 𝑆(𝑦) is defined by (3)).

We shall briefly outline the proofs of the formulated theorems.

Proof of Theorem 1. First we establish that

𝑄(𝑡) =
𝑛

∑
𝑘=1

𝑄𝑘(𝑡)𝑣𝑘 → 0

as 𝑡 → ∞, 𝜆 → 0, uniformly in {𝑓𝑘} ∈ 𝐾. Next put

𝑟𝑘(𝑡, 𝑥) =
𝑛

∑
𝑗=1

𝜋𝑘𝑗𝑅𝑗(𝑡, 𝑥),

where 𝑘 = 1, … , 𝑛, 𝑅𝑗(𝑡, 𝑥) = 1−𝐹𝑗(𝑡, 𝑥). Choose the matrix Π = ‖𝜋𝑘𝑗‖ so that:
1) the matrix Π𝑎Π−1 has Jorda-
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new form; 2) the first row of 𝑃 was proportional to 𝑣; 3) the ratios
𝑟𝑘(𝑡, 𝑥)/𝑟1(𝑡, 𝑥) (𝑘 ≠ 1) were sufficiently small uniformly in 𝑡, 0 ≤ 𝑥𝑗 ≤ 1
(𝑗 = 1, … , 𝑛), {𝑓𝑘} ∈ 𝐾 (this is possible, since

|𝑟𝑘| ≤
𝑛

∑
𝑗=1

|𝜋𝑘𝑗|𝑅𝑗(𝑡, 𝑥) ≤ max𝑗 |𝜋𝑘𝑗|
min𝑗 𝑣𝑗

𝑛
∑
𝑗=1

𝑣𝑗𝑅𝑗(𝑡, 𝑥),

and min𝑗 𝑣𝑗 > 𝛿1 > 0 for any 𝑎 ∈ 𝔄).

To prove the theorem it is enough to show that, as 𝑡 → ∞, 𝜆 → 0, uniformly
for 0 ≤ 𝑥𝑘 ≤ 1 (𝑘 = 1, … , 𝑛), {𝑓𝑘} ∈ 𝐾,

𝑟𝑘(𝑡, 𝑥)
𝑟1(𝑡, 𝑥) ⟶ 0 (𝑘 ≠ 1); (4)

𝑟1(𝑡, 𝑥) ∼ 𝑘(𝑡, 𝑥, 𝜆), (5)

since it follows from (4) that 𝑅𝑗(𝑡, 𝑥) ∼ 𝑢𝑗𝑟1(𝑡, 𝑥).
The proof of (5) is carried out analogously to the proof of theorem 1 in (4).
Relations (4) can be proved with the aid of the inequality

𝑑𝜌2/𝑑𝑡 < −𝛿0𝜌2+𝐶𝑄(𝑡) (𝛿0 > 0, 𝐶 > 0 are constants, 𝜌2 =
𝑛

∑
𝑘=2

|𝑟𝑘|2/
𝑛

∑
𝑘=2

|𝑟𝑘|2) ,

which can be obtained from (1) by applying transformations analogous to the
transformations in the proof of theorem 2, p. 121 in (5), if one takes into account
that 𝑟𝑘(𝑡, 𝑥)/𝑟1(𝑡, 𝑥) (𝑘 ≠ 1) are uniformly small.

Proof of theorem 2. If theorem 2 is false, then there exist 𝜀 > 0 and a
sequence 𝑆𝑘(𝑡(𝑚), 𝜆(𝑚), 𝑦) such that

max
𝑦

|𝑆𝑘(𝑡(𝑚), 𝜆(𝑚), 𝑦) − 𝑆(𝑦)| > 𝜀

and 𝑡(𝑚) → ∞, 𝜆(𝑚) → 0 as 𝑚 → ∞. By theorem 1 it is not difficult to compute
that the Laplace transforms of the distributions 𝑆𝑘(𝑡(𝑚), 𝜆(𝑚), 𝑦) as 𝑚 → ∞
converge to

1
1 + 𝑠1 + ⋯ + 𝑠𝑛

(𝑠𝑗 ≥ 0, 𝑗 = 1, … , 𝑛). Since 𝑆(𝑦) is continuous, it follows from this that

max
𝑦

|𝑆𝑘(𝑡(𝑚), 𝜆(𝑚), 𝑦) − 𝑆(𝑦)|𝑚→∞ ⟶ 0.

The contradiction obtained proves the theorem.

§ 3. For processes with 𝑛 types of particles, starting with a set (𝑚1, … , 𝑚𝑛) of
particles of types 𝑇1, … , 𝑇𝑛, as 𝑡 → ∞, 𝜆 → 0, 𝑚𝑗 → ∞ (𝑗 = 1, … , 𝑛), by means
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of theorem 1 and lemma 7 from (4) one can obtain analogues of theorems 3 and
4 from (4). The limiting distributions will be concentrated on a one-dimensional
straight line, and on this line they will coincide with the limiting distributions
of theorems 3 and 4 from (4).
The author expresses gratitude to B. A. Sevastyanov for formulating the problem
and for the suggestions received in the course of its solution.

Moscow State University
named after M. V. Lomonosov
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