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Abstract
Full Text
MATHEMATICS
M. Rosenblatt-Rot

ON THE LAW OF LARGE NUMBERS FOR
NON-HOMOGENEOUS MARKOV CHAINS
(Presented by Academician A. N. Kolmogorov, 6 IV 1960)

Let (𝔄𝑖, 𝔖𝑖, 𝜇𝑖) be a measure space, 𝑥𝑖 ∈ 𝔄𝑖, 𝐴𝑖 ∈ 𝔖𝑖, 𝑖 ∈ 𝐼 (the set of
all natural numbers), 𝜃 = {𝑖1, 𝑖2, … , 𝑖𝑟} ⊂ 𝐼 , (𝔄𝜃, 𝔖𝜃, 𝜇𝜃) = 𝑋𝑖∈𝜃(𝔄𝑖, 𝔖𝑖, 𝜇𝑖),
𝑥𝜃 = (𝑥𝑖1

, 𝑥𝑖2
, … , 𝑥𝑖𝑟

) = {𝑥𝑖, 𝑖 ∈ 𝜃} ∈ 𝔄𝜃, 𝐴𝜃 ∈ 𝔖𝜃. Let the transition
probability functions 𝒫𝑖(𝑥𝑖, 𝐴𝑖+1) with domains of definition (𝔄𝑖, 𝔖𝑖, 𝔄𝑖+1, 𝔖𝑖+1)
(𝑖 ∈ 𝐼) define a Markov chain, and let 𝛼𝑖𝑗 = 𝛼(𝑃𝑖𝑗) be the coefficient of ergodicity
of the transition function 𝑃𝑖𝑗(𝑥𝑖, 𝐴𝑗) over the time interval (𝑖, 𝑗) (1 ≤ 𝑖 < 𝑗) (1,2).
Consider random variables 𝑍𝑖 depending on a finite number 𝑚 ≥ 1 of time
instants, i.e., respectively on 𝑥𝜃𝑖 = {𝑥𝑖−𝑚+1, 𝑥𝑖−𝑚+2, … , 𝑥𝑖} = {𝑥𝑘, 𝑘 ∈ 𝜃𝑖},
where 𝜃𝑖 = {𝜏, 𝑖−𝑚+1 ≤ 𝜏 ≤ 𝑖}, with 𝐷𝑍𝑖 < ∞* (𝑖 ∈ 𝐼). Let 1−𝜂𝑛 = 𝑂(𝑛−𝛽)
(0 ≤ 𝛽 < 1); 𝜂𝑛 = max1≤𝑖≤𝑛−1(1 − 𝛼𝑖,𝑖+1).
Theorem 1. In order that the sequence of random variables 𝑍𝑖 (𝑖 ∈ 𝐼), con-
nected into a Markov chain with nonzero coefficients of ergodicity 𝛼𝑖,𝑖+1 > 0,
(𝑖 ∈ 𝐼), and depending on 𝑚 ≥ 1 time instants, should obey the law of large
numbers, it is sufficient that

lim
𝑛→∞

1
𝑛2−𝛽

𝑛
∑
𝑖=1

𝐷𝑍𝑖 = 0.

If 𝛼𝑖,𝑖+1 > 𝜌 > 0 (𝑖 ∈ 𝐼), this condition becomes the condition

lim
𝑛→∞

1
𝑛2

𝑛
∑
𝑖=1

𝐷𝑍𝑖 = 0.

Theorem 2. If, under the conditions of Theorem 1, 𝐷𝑍𝑖 ≤ 𝐶 < ∞ (𝑖 ∈ 𝐼),
then the sequence 𝑍𝑖 (𝑖 ∈ 𝐼) obeys the law of large numbers.

Theorem 3. If, in a discrete Markov chain with nonzero coefficients of ergod-
icity 𝛼𝑖,𝑖+1 > 0 (𝑖 ∈ 𝐼), the probability of occurrence of event 𝑖 in the 𝑘-th trial
is 𝑝(𝑖)

𝑘 , and 𝜇(𝑖) is the number of occurrences of event 𝑖 in the first 𝑛 trials, then
for any 𝜀 > 0
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lim
𝑛→∞

𝑃 {∣𝜇
(𝑖)

𝑛 − 𝑝(𝑖)
1 + ⋯ + 𝑝(𝑖)

𝑛
𝑛 ∣ > 𝜀} = 0.

Let 𝑋𝑘 be equal to 𝑍𝑘 when |𝑍𝑘| < 𝛿𝑛 and equal to zero when |𝑍𝑘| ≥ 𝛿𝑛; let 𝑌𝑘
be equal to 𝑍𝑘 when |𝑍𝑘| ≥ 𝛿𝑛 and equal to zero when |𝑍𝑘| < 𝛿𝑛 (𝑘 = 1, 2, … , 𝑛).
Theorem 4. If the random variables 𝑍𝑖 (𝑖 ∈ 𝐼), connected into a Markov chain
with 𝛼𝑖,𝑖+1 > 𝜌 > 0 (𝑖 ∈ 𝐼) and depending on 𝑚 ≥ 1 time instants, possess finite
mathematical expectations 𝑎𝑖 = 𝑀𝑍𝑖,

* 𝑀 denotes mathematical expectation, 𝐷 denotes variance.

moreover, M|𝑍𝑖| < 𝑏 < ∞ (𝑖 ∈ 𝐼) and M𝑌𝑖 converges uniformly to zero as
𝑛 → ∞, then for any 𝜀 > 0

lim
𝑛→∞

𝑃 {∣ 1
𝑛

𝑛
∑
𝑖=1

𝑍𝑖 − 1
𝑛

𝑛
∑
𝑖=1

𝑎𝑖∣ > 𝜀} = 0.

Theorem 5. If the random variables 𝑍𝑖 (𝑖 ∈ 𝐼) are identically distributed, are
connected in a homogeneous Markov chain with ergodicity coefficient 𝛼 > 0,
depend on 𝑚 ≥ 1 moments of time, and possess a finite expectation 𝑎 = M𝑍𝑖,
then for any 𝜀 > 0

lim
𝑛→∞

𝑃 {∣ 1
𝑛

𝑛
∑
𝑖=1

𝑍𝑖 − 𝑎∣ > 𝜀} = 0.

Theorem 6. Let 𝜇𝑖 be the number of occurrences of event 𝑖 in 𝑛 successive trials
according to the law of a homogeneous Markov chain with ergodicity coefficient
𝛼 > 0, and let 𝑝𝑖 be the probability of occurrence of event 𝑖 in each of the trials.
Then for any 𝜀 > 0

lim
𝑛→∞

𝑃 {∣𝜇𝑖
𝑛 − 𝑝𝑖∣ > 𝜀} = 0.

For the proof of Theorem 1 we need several lemmas.
It is clear that the random variables 𝑍𝑖 are connected in a simple Markov chain
for which a moment of time is an interval containing 𝑚 consecutive ordinary
moments of time; denote by 𝒫∗

𝑖𝑗(𝑥𝜃𝑖 , 𝐴𝜃𝑗) the transition probability function of
this new chain from moment 𝜃𝑖 to moment 𝜃𝑗, and by 𝛼(𝒫∗

𝑖𝑗) = 𝛼∗
𝑖𝑗 its ergodicity

coefficient.

Lemma 1. The random variables 𝑍𝑖 (𝑖 ∈ 𝐼) are connected in a Markov chain
with ergodicity coefficients 𝛼∗

𝑖𝑗 = 𝛼𝑖,𝑗−𝑚+1 for 𝑖 < 𝑗 − 𝑚 + 1, and 𝛼∗
𝑖𝑗 = 0 for

𝑗 − 𝑚 + 1 ≤ 𝑖 < 𝑗.
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Lemma 2. For sufficiently large 𝑛,

D (
𝑛

∑
𝑖=1

𝑍𝑖) ≤ 𝐶𝜂 1−𝑚/2
𝑛 (1 − 𝜂1/2

𝑛 )
−1 𝑛

∑
𝑖=1

D𝑍𝑖,

where 𝐶 = 16(1 +
√

6) for 𝑚 > 1, and 𝐶 = 8(1 +
√

6) for 𝑚 = 1.
Let 𝑍′, 𝑍″ be two random variables connected in a Markov chain with two mo-
ments of time, given by a transition probability function (or stochastic matrix)
with ergodicity coefficient 𝛼, and suppose that M𝑍′ = M𝑍″ = 0, D𝑍′ < ∞,
D𝑍″ < ∞.

Lemma 3. |M𝑍′𝑍″| ≤ 𝐾
√

1 − 𝛼 (D𝑍′ + D𝑍″), 𝐾 = 1 +
√

6.
The proof of the first part of Theorem 1 follows from Markov’s condition for
the law of large numbers, if one observes that when 1 − 𝜂𝑛 = 𝑂(𝑛−𝛽) one has

𝜂 1− 𝑚
2𝑛 (1 − 𝜂1/2

𝑛 )
−1

= 𝑂(𝑛𝛽)∗.

If 𝛼𝑖,𝑖+1 > 0 (𝑖 ∈ 𝐼) and 𝛽 = 0, i.e. 1−𝜂𝑛 = 𝑂(1), then 1−𝛼𝑖,𝑖+1 < 𝜂𝑛 < 1−𝜌 < 1
(𝑛 ∈ 𝐼, 𝜌 > 0), whence 𝛼𝑖,𝑖+1 > 𝜌 > 0 (𝑖 ∈ 𝐼); conversely, if 𝛼𝑖,𝑖+1 > 𝜌 > 0, it
follows that 𝛽 = 0, which completes the proof of Theorem 1. We note that the
case 𝜌 = 1, i.e. 𝛼𝑖,𝑖+1 = 1 (𝑖 ∈ 𝐼), corresponds to the case in which the Markov
chain degenerates into a sequence-

* If 𝛽 ≥ 1, then from the known inequality

D (
𝑛

∑
𝑖=1

𝑍𝑖) ≤ 𝑛
𝑛

∑
𝑖=1

D𝑍𝑖

for arbitrarily dependent 𝑍𝑖 (𝑖 = 1, … , 𝑛), the result is obtained better than
with the aid of Lemma 2.

of independent random variables (see (1), p. 78), i.e., the Markov condition. Let
us also note that the conditions of Theorem 1 do not depend on 𝑚 ⩾ 1.
Theorems 2 and 3 are generalizations of the classical theorems of Chebyshev
and Poisson for independent random variables and are obtained in the usual
way from Theorem 1.

Let us prove Theorem 4. Let

𝑃{𝑍𝑘(𝑥0
ℎ𝑘

) < 𝜔} = 𝐹𝑘(𝜔), M𝑋𝑘 = ∫
|𝜔|<𝛿𝑛

𝜔 𝑑𝐹𝑘(𝜔).
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Consider the random events

𝐴 = {∣
𝑛

∑
𝑘=1

𝑋𝑛 −
𝑛

∑
𝑘=1

M𝑍𝑘∣ ⩾ 𝑛𝜀} , 𝐵 = {∣
𝑛

∑
𝑘=1

𝑋𝑘 −
𝑛

∑
𝑘=1

M𝑋𝑘∣ ⩾ 𝑛𝜀/2} ,

𝐺𝑘 = {𝑌𝑘 ≠ 0}, 𝐺 = {
𝑛

∑
𝑘=1

𝑌𝑘 ≠ 0} ⊂
𝑛

⋃
𝑘=1

𝐺𝑘,

𝐸 = {∣
𝑛

∑
𝑘=1

𝑍𝑘 −
𝑛

∑
𝑘=1

M𝑍𝑘∣ ⩾ 𝑛𝜀} .

If 𝜀 > 0, 𝛿 > 0 are given, then, by the conditions of the theorem, there exists a
number 𝑛(𝜀, 𝛿) such that for 𝑛 > 𝑛(𝜀, 𝛿), M|𝑌𝑘| < min(𝜀, 𝛿2) (𝑘 = 1, 2, … , 𝑛).
From

∣
𝑛

∑
𝑘=1

𝑋𝑘 −
𝑛

∑
𝑘=1

M𝑍𝑘∣ ⩽ ∣
𝑛

∑
𝑘=1

𝑋𝑘 −
𝑛

∑
𝑘=1

M𝑋𝑘∣ +
𝑛

∑
𝑘=1

M|𝑌𝑘|

it is seen that 𝐴 ⊂ 𝐵 for 𝑛 > 𝑛(𝜀, 𝛿); on the other hand,

D𝑋𝑘 < M𝑋2
𝑘 < 𝛿𝑛 M|𝑋𝑘| < 𝛿𝑛𝑏,

and, taking Lemma 2 into account, we obtain

𝑃(𝐴) ⩽ 𝑃(𝐵) < 1
𝑛2 D (

𝑛
∑
𝑘=1

𝑋𝑘) < 𝐶
𝑛2

𝑛
∑
𝑘=1

D𝑋𝑘 < 𝐶𝛿𝑏.

For 𝑛 > 𝑛(𝜀, 𝛿) it is easily obtained that

𝑃(𝐺) ⩽
𝑛

∑
𝑘=1

𝑃(𝐺𝑘) ⩽ 1
𝛿𝑛

𝑛
∑
𝑘=1

M|𝑌𝑘| < 𝛿,

so that from

∣
𝑛

∑
𝑘=1

𝑍𝑘 −
𝑛

∑
𝑘=1

M𝑍𝑘∣ ⩽ ∣
𝑛

∑
𝑘=1

𝑋𝑘 −
𝑛

∑
𝑘=1

𝑍𝑘∣ +
𝑛

∑
𝑘=1

|𝑌𝑘|

it follows that 𝐸 ⊂ 𝐴 ∪ 𝐺, 𝑃(𝐸) ⩽ 𝑃(𝐴) + 𝑃(𝐺) < 𝛿(𝐶𝑏 + 1), which proves
the theorem.
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If the number of states 𝑙 is finite, then from (2), (3.16), p. 371, it is seen that,
in order that 𝛼 = 0, it is necessary and sufficient that there exist at least two
states 𝑖, 𝑗 (𝑖 ≠ 𝑗) such that for any 𝑘 = 1, 2, … , 𝑙 the equality 𝑝𝑖𝑘𝑝𝑗𝑘 = 0 holds,
i.e., that in the matrix formed only by the rows 𝑖, 𝑗, in each column there be at
least one zero.

Consequently, in the Markov case studied in (4,5), when 𝑏𝑟 (𝑟 = 1, 2, … , 𝑙) are
the possible values of the random variable 𝑍𝑖 (𝑖 ∈ 𝐼) and in gen-

transition matrix there exists at least one column 𝑘 without zeros, there is an
𝛼 > 0 such that the result mentioned is contained as a special case in Theorem
4, with 𝛼𝑖,𝑖+1 = 𝛼 (𝑖 ∈ 𝐼), 𝑌𝑘 = 0 for sufficiently large 𝑛,

𝑏 =
𝑙

∑
𝑟=1

|𝑏𝑟|.

(In (4) the existence of the variance 𝑍𝑖 is required, which is not needed here.)

Theorem 5 is a special case of Theorem 4, and both generalize the well-known
theorem of A. Ya. Khinchin (3) for independent random variables. Theorem 6
is a special case of Theorem 5 and generalizes the classical Bernoulli theorem
for independent random variables.

Theorem 1 was obtained by the author earlier in (8) and was used in the proof
of Theorem 6 from (6) and Theorem 4 from (7).
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