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MATHEMATICS
S. G. MIKHLIN
ON THE STABILITY OF THE RITZ METHOD

(Presented by Academician V. I. Smirnov on 23 V 1960)

In the present note we shall use, without reservations or explanations, the ter-
minology, notation, and results of the monograph (1).

1°. Let the equation be given

Au = f,

where A is a positive-definite operator acting in some Hilbert space H. In
approximately solving this equation by the Ritz method, one chooses a system of
coordinate elements (below we shall call it a coordinate system) ¢, € H,, k=
1,2,..., subject to two conditions: 1) the coordinate elements, taken in any
finite number, are linearly independent; 2) the coordinate system is complete
in H,. The Ritz method gave satisfactory results as long as computers were
restricted to a small number of coordinate elements. The transition to the
use of a large number of coordinate elements (which is necessary for increasing
the accuracy of the approximate solution) revealed a certain “instability” of
the Ritz method: as the number of coordinate elements used increased, the
accuracy of determining the coefficients of the approximate solution began to
decrease sharply. The author, who investigated this phenomenon in the article
(?), discovered a certain class of coordinate systems for which the Ritz method
remains stable. The author called these systems “reliable” ; M. G. Krein (3),
who had studied these systems earlier and from another point of view, called
them “Bari bases.”

In the present note some additional considerations concerning reliable systems
will be given, and a new, considerably broader class of coordinate systems will
be indicated for which the Ritz method preserves stability.

2°. Theorem 1. Let A and B be two positive-definite operators with a common
domain of definition, and let the operator T = A~Y(B — A) have finite absolute
norm in H,. Then a system orthonormalized in Hpg is reliable in H 4.

The proof is based on Heinz’ s theorem (*) on inequalities between fractional
powers of operators.

The conditions of Theorem 1 are satisfied if, for example: 1) A and B are
positive-definite differential operators of some order 2I, defined on functions
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given in some finite domain of m-dimensional space and satisfying one and the
same boundary conditions; 2) the order of growth of the Green’ s functions
of both operators and of the derivatives of these functions coincides with the
order of growth of the fundamental solution of the equation Alu = 0 and of
the derivatives of this solution; 3) B — A is a differential operator of order
s, s <2l—m/2.

3°. If the coordinate system {¢, } is reliable in H 4, then the infinite Ritz system

Z[‘pka(pj}Aak = (fv@j)a j=12,.., (1)

00
k=1

is an equation of the Riesz-Schauder type* in l,. It is uniquely solvable, and

Z app, = A7 f.
k=1

If aﬁ") , a<2”>, ...,a!™ is the solution of the Ritz system of order n, and we put
a= <a17 Ao veey Uy Ay 15 )v a(n) = (a(1n>7 a(Qn)v 7a$74n)1 0,0, )7
then

la™ — a||l2 — 0.

4°. Let us pass to the consideration of a class of coordinate systems more general
than the class of reliable systems.

Let the coordinate system be minimal (°,%) in H,. In this case the limits

_ 1 (n)
%= 0, @
exist, where agcm, k=1,2,...,n, is the solution of the Ritz system of the n-th

order. The convergence to the limit in formula (2) is uniform with respect to k, if
the coordinate system is strongly minimal (7) in H 4. Strong minimality means
the following: the coordinate system is minimal in H,, and, if ¢, k =1,2, ...,
are the coordinate elements, then the least eigenvalue of the Ritz matrix of order
n

=y 3)

is bounded below by a positive constant independent of n.
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We note that if the system {p,} is strongly minimal, then the elements of the
biorthogonal system to it are bounded in the aggregate in norm. A proof of this
assertion is essentially contained in (¥).

5°. Theorem 2. A system reliable in the space H 4 is strongly minimal in this
space.

Theorem 3. Let A and B be positive-definite operators and Hy C Hg. Let
vr € Hy, k=1,2,.... If the system {p,} is minimal (strongly minimal) in Hg,
then it is minimal (strongly minimal) also in H 4.

In particular, a system {¢,} C H,, orthonormalized in H g, is strongly minimal
in H,. Taking B = I (I is the identity operator), we obtain from Theorem 3
that a system minimal (strongly minimal) in H is minimal (strongly minimal)
also in H,. If ¢, € H, and the system {¢,} is orthonormalized in H, then it
is strongly minimal in H 4.

Theorem 4. Let the coordinate system be strongly minimal in H 4, and let a,,
be the limits (2). The sequence

a=(Aq,09, ..., 0p, Qpiqs--)
is an element of the space ly; if we put
al™ = (a(1n>,a<2n), a0 o)y

then

lim |a — a(")“l =0.
n—00 2

* Thus we call an equation of the form x + tx = y, where ¢ is a completely
continuous operator in the space under consideration, y is a given element and
x the sought element of the same space.

Let us give the proof of Theorem 4. Let )\<1n) be the smallest eigenvalue of the
Ritz matrix of order n, R,. The coordinate system is strongly minimal in H 4;
therefore )\(1”) > 5\, where \ is a positive constant. If w,, is the approximate
solution of the Ritz problem, and u, its exact solution, then

lualh = 37 lows el aaiay” > A0 312 >33 lay"P
J,k=1 k=1 =

and, since (see (1), p. 94) |u, |4 < |ugl 4, it follows that
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ST a2 < A g3 (4)
k=1

All the more,

P

STla P <A uplh,  p<on.
k=1

Putting here n — oo, and then p — oo, we find that

0 ~
D lagl? <X Mgl ()
k=1

and, consequently, a € l,. Replacing v, in inequality (5) by u, — u,,, we obtain
Ja— ™I, < X ug — | —— 0. (6)

Theorem 5. Let the coordinate system be strongly minimal in H,, and let
the quantities [¢y, ;4 and (f,¢;) be computed, respectively, with small errors

Vij = Vjr and &;. Let a® = (agn),aén), . aS{”) and o™’ = (a(lny7 a(2n>/7 vy ailn)/)

be, respectively, the solutions of the exact and approximate Ritz systems. Then

AP ugla + X710

fur — oo Xl
1—A1ly

where

n

n
7=l 07 = 16
j=1

7,k=1

Theorem 5 may be interpreted as a theorem on the stability of the Ritz method
under the condition of strong minimality of the coordinate system, since esti-
mate (6) does not depend on n.

Let us also note that if the coordinate system is strongly minimal in H 4, then

STl E <A, (7)

k=1

where 5,&7;) are the elements of the matrix R,,!.
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From the theorems given above it follows that, in addition to conditions 1) and
2) mentioned at the beginning of this note, it is expedient to impose on the co-
ordinate system the following further additional condition: 3) the coordinate
system is strongly minimal in H,. We remark that condition 1) is a conse-
quence of condition 3). This latter condition is, of course, not necessary if one
intends to construct a crude approximation using a small number of coordinate
elements.

Example. In solving the first boundary-value problem for an ordinary nonde-
generate differential equation of the second order, one often uses the coordinate
system ¢, (z) = 2%(1 — ). From the well-known theorem of G. Miintz (see, for
example, (%)), it follows that this system is nonminimal in H = L,(0,1). We
shall show that it is not strongly minimal in the corresponding space H 4; for
this it suffices to show that it does not satisfy an inequality of the form (7). It
is also sufficient to restrict ourselves to the simplest case, when

d*u

Av ==

0<z<1, u(0) = u(1) = 0.
In this case

) 24
P eila = = GERG+ R =TT

The elements O'g;) of the matrix R,! satisfy the relation

Z": 2jk o) ,
Hence
()2
Z ‘okj | > cn; ¢ = const > 0,

k=1

and an inequality of the form (7) does not hold.
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