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HYDROMECHANICS
N. P. DZHORBENADZE and D. V. SHARIKADZE

ON THE FLOW OF A CONDUCTING VIS-
COUS FLUID BETWEEN TWO POROUS
PLANES

(Presented by Academician N. N. Bogolyubov, 15 III 1960)

In the present paper we consider the problem of the flow of a viscous incom-
pressible electrically conducting fluid in the space between two parallel porous
planes, when a homogeneous constant external magnetic field H,, is applied per-
pendicular to the planes. The flow between porous planes without the influence
of a magnetic field has been studied in works (173).

Let the principal flow of the fluid take place parallel to the planes. The fluid
simultaneously enters through one plane and leaves through the other, so that
the amount of fluid entering and leaving through the pores remains unchanged
along the flow.

We direct the axis Ox along the planes, and the axis Oz perpendicular to them.
If the corresponding velocity components are denoted by v, and v,, then in
the case under consideration one may assume that they depend only on z and
t. Then from the continuity equation divv = 0 it immediately follows that
v, = vy(t), where vy (¢) is the value of the velocity at the boundary of the plane.
The same also applies to the longitudinal field H_, arising as a result of the
motion of the fluid.

4,6)

The fundamental equations of magnetohydrodynamics ( in the case under

consideration have exact solutions:

Vg = ’U(Z,t), v, = UO(t)v H

z x

= H(z,t), H, = H, = const,

where v and H satisfy the equations

ov 0*v  H, OH ov
o VaE " ampan oWy, AW,
oOH 0?H ov OH
Bt Moz = Hog w2 (1)
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where A(t) = fa—p is prescribed; A is the coefficient of magnetic viscosity; v is
x

the kinematic coefficient of viscosity; p is the ordinary pressure; p is the density.
In this case the functions v and H satisfy the boundary conditions

v(z,0) = v°(2), H(z,0) = H(2),
v(z, t)|z:ia =0, H(z,1)| =0, (2)

z=+a

where 2a is the distance between the porous planes, and the plane z = 0 is lo-
cated midway between them. The condition for H follows from the invariability
of the external magnetic field H,, while the tangential component of H at the
boundary must be continuous.

The solution of this problem reduces to a system of integro-differential equations

()

¢
_ H, 0H Bu
v(z,t) = ®(2,1) +/O dT/ (47rp an — vy(7) 877) G(z,m,t—71)dn,

OH
H(z,1) = F(z,1) /dT/a HO8 0(T>a7> Glzmt—1)dy,  (3)
where ®(z,t) and F(z,t) satisfy the heat-conduction equations:

P 0% OF 0%F
o Vo — AW G AGE =0 )

and the boundary conditions (2), while G(z,7,t) is the Green’ s function of the
heat-conduction equation

G(’Za 77»t> =

[

t
g ]Jrg(z,n, )s

1
ex
2Vt P

where g(z,n,t) is the solution of the heat-conduction equation

which vanishes at the initial instant and satisfies the boundary conditions

gla,n,t) = 2Fe p[ m]
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1 (—a—n)*

—a,n,t) = - .
g(—a,n,t) 2\/%eXp[ o }

Hence it is clear that the determination of F,®, g is reduced to a system of
Volterra integral equations of the second kind with a regular kernel.

If instead of (3) we consider the system with parameter § and differentiate it
once with respect to z, then for determining dv/0z and 0H /Jz we obtain

v b K “rH, 9H vl oG
az—az”/o dT/a FEr Ik

OH OF K 1. v OH1 0G
9 0s +5/0 dT/_a [Hoaj7 —00(7)8777} gdn (5)

We shall seek the functions dv/0z and OH /0z in the form of a series

v OH &
a% =YW, =D 8, (6)

To determine the terms of the series we obtain the recurrence formulas

0o U oF

07 9z N P

t a
H G
Wm = /0‘ dr /a I:ﬁUmfl - ’UO(T)Wmfl E dna

t a
oG
Um:/ dT/ [HOWmfl_UO(T)Umfl]Edn'
0 —a

It is easy to show that the inequalities

rm(1/2)
mym/2
Ul [W,,| < M(2NK)™t Tm/2+ 1)’

hold, where M, N, K are constants satisfying the conditions

oF
0z

0d

a aG
R A AN TG /_a\/t—T &‘dn<K,
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and T is Euler’s gamma-function. From (7) it is clear that the series (6) converge
absolutely and uniformly when ¢ < co. For § = 1, the series (6) gives the solution
of our problem.

If vy(t) = 0, then from (3) we obtain the solution of the nonstationary problem
of flow in the space between two plane-parallel solid planes

“ H, 0H

t
v(z,t) = ®(z,1) +/ dr Tmp on (z,m,t —7)dn,
0 —a

t a
H(z,t) = F(z,t) —|—/ dT/ Hog:;G(z,n,t—T) dn.
0 —a

The solution of the stationary problem could have been obtained from the corre-
sponding nonstationary problem considered above by passing to the limit ¢ — oo,
but this limiting transition involves considerable mathematical difficulties; there-
fore we shall consider the stationary problem directly.

In this case the magnetohydrodynamic parameters v, H, p do not depend explic-
itly on time, and (1), (2) take the form:

d*>v  H, dH dv

R — —_— —_— O
o dmp dz Yz ’
d’H dH dv
I ey 8
a2 04z Ydz ’ ®)
U(z)‘z:ia =0, H(z)‘zzia =0. (9)

The solution of equation (8) under the conditions (9) can be written in the form

Av, A chkz+shk;z
=—2+———9By|cthkja— ——— | —
! B ot v(ky — ki) { ? <C 1 shk,a

chky,z +shk,z
- B h o ves T e
1 (ct kya shhya >},

ArA ( (V2 a chk,z+shk,z
H=———<(2+1 ——— |B hk.q— =TI~
Hy {(5 - >Z+ v(ky — ky) [ 261 (Ct b shk,a >

chky,z+shk,z
—Blcz <Cthk2a— 2Shk2a2>:|},
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where

H2
Cy = (vg — vky), Cy = (vg — vky), 5:@%13,
V@ v V@ v
312_701+ E-’-l 5 BQZ—FCQ—F ﬁ—Fl 5
VoA +v) F i (A —v)? + 22 HE
k12 _— .

2= 2 v

If one considers steady flow between two solid planes, then v, = 0, and we

obtain the known solution found by Hartmann (57):
z
chka—chkz o aydryey o Shha—shhs
YT ke —1 B c chka—1
where
A shka

k=k, =—k Vg = — ————.
1 2 T U hka—1

For vy =0 and

one obtains the value

2
’U:’EO (1_;)7

which coincides with the result of ordinary hydrodynamics (8).

In conclusion, we express our deep gratitude to Prof. K. P. Stanyukovich and
Prof. D. E. Dolidze for discussion of the results and valuable suggestions.
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