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Abstract
Full Text
HYDROMECHANICS

E. I. ANDRIANKIN

A CONVERGING WAVE IN A PLASTIC
MEDIUM
(Presented by Academician N. N. Semenov on XI 13, 1959)

The problem of an explosion in a plastic compressible medium was studied by A.
S. Kompaneets in [1]. In that work a simplified law of compression was adopted,
which made it possible to obtain simple formulas for the law of motion of the
front of a diverging spherical wave.

Using an analogous law of compression (we shall assume that, at any pressure
different from zero, the density of the medium reaches the limiting value 𝜌∗ >
𝜌0), we shall consider the problem of a converging plastic wave, which may be
formulated as follows.

Let, at the time 𝑡 = 𝜏0, on the free boundary of a spherical layer with initial
outer radius 𝑎0, a pressure arise that varies according to a prescribed law 𝑃 =
𝑃0𝐹(𝑡/𝜏0) (in the more general case one may take 𝐹 = 𝐹(𝑡/𝜏0, 𝑥). The pressure
on the inner surface of the spherical layer with initial radius 𝑏0 is equal to
zero. At the moment the pressure is applied, a shock wave begins to propagate
through the material.

We shall assume that behind the front the medium is incompressible, 𝜌𝜙 = 𝜌∗ >
𝜌0, and that the plasticity condition is satisfied

𝜎𝑟 − 𝜎𝜃 = 𝑘 + 𝑚(𝜎𝑟 + 2𝜎𝜃), (1)

in which 𝑘 and 𝑚 are assumed to be known constants, and 𝜎𝑟 and 𝜎𝜃 = 𝜎𝜙 are
the principal stresses. Values of quantities at the wave front are denoted by the
subscript 𝜙. We shall also suppose that the initial density of the material in the
spherical layer depends on the radius, 𝜌0 = 𝜌0(𝑟0).
We shall solve the problem in Lagrangian variables, in which the equations of
continuity and motion are written as follows:

𝜕𝑟
𝜕𝑟0

= 𝑟2
0𝜌0(𝑟0)

𝑟2𝜌 , (2)

sovietrxiv.org/items/ru-196001.74021 Machine Translation

https://sovietrxiv.org/items/ru-196001.74021


𝜌𝜕𝑢
𝜕𝑡 = 𝜕𝑟

𝜕𝑟0

𝜕𝜎𝑟
𝜕𝑟0

− 2(𝜎𝑟 − 𝜎𝜃)
𝑟 . (3)

Here 𝑢 = 𝜕𝑟/𝜕𝑡 = ̇𝑟; 𝑡 is time; 𝑟 and 𝑟0 are the current and initial coordinates
of a particle.

Using (1) and (2), equation (3) can be reduced to the form

𝜕
𝜕𝑟0

[𝑟𝛼 ( 𝑘
3𝑚 − 𝑃)] = 𝜌0(𝑟0)𝑟2

0𝑟𝛼−2 𝜕𝑢
𝜕𝑡 , (4)

𝛼 = − 6𝑚
2𝑚 + 1 ⩽ 0, 𝑃 = −𝜎𝑟.

The boundary conditions for equations (2) and (4) are the conservation laws
at the wave front, equality of pressures on the free surface 𝑟0 = 𝑎0, and the
condition of continuity of the current radius,

𝑃𝜙 = 𝜌0(𝑅)𝜀𝜙𝑅̇2, 𝑢𝜙 = 𝜀𝜙𝑅̇, 𝑟𝜙 = 𝑅 = 𝑟0,

𝑃 (𝑎0, 𝑡) = 𝑃0𝐹(𝑡/𝜏0), 𝜀𝜙 = 1 − 𝜌0/𝜌∗. (5)

Introduce the dimensionless quantities

𝑎 = 𝑎∗/𝑎0, 𝑏 = 𝑏∗/𝑎0, 𝑥 = 𝑅/𝑎0, 𝑠 = 𝑟0/𝑎0, ̄𝑟 = 𝑟/𝑎0,

̄𝜌 = 𝜌/𝜌∗, 𝜘 = 𝑘/3𝑚𝑃0, 𝑘̄ = 𝑘/𝑃0, 𝜏 = 𝑡/𝜏0, 𝑢̄ = 𝜕 ̄𝑟/𝜕𝜏, (6)

𝑑𝑥/𝑑𝜏 = −√𝑦, 𝑦 = 𝜌∗𝑅̇2/𝑃0, 𝜏0 = 𝑎0√𝜌∗/𝑃0,

where 𝑎∗ and 𝑏∗ are the outer and inner radii of the spherical layer at the instant
of time 𝑡.
Integrating (2) with allowance for conditions (5), we find

̄𝑟3 = 𝑥3 + 3 ∫
𝑠

𝑥
̄𝜌0(𝑠)𝑠2𝑑𝑠, 𝑎3 = 𝑥3 + 3 ∫

1

𝑥
̄𝜌0𝑠2𝑑𝑠,

𝑢̄ = −𝜆(𝑥)
̄𝑟2 , 𝜆 = 𝜀𝜙𝑥2√𝑦(𝑥), 𝜀𝜙 = 1 − ̄𝜌0(𝑥). (7)
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Integrating equation (4) with allowance for (7), we obtain

̄𝑟𝛼 ̄𝑝 = 𝜘( ̄𝑟𝛼 − 𝑥𝛼) + 𝑥𝛼 ̄𝑃𝜙 − 𝑑𝜆
𝑑𝑥

√𝑦 ∫
𝑠

𝑥
̄𝜌0(𝑠) ̄𝑟𝛼−4𝑠2𝑑𝑠 + 2𝜆2 ∫

𝑠

𝑥
̄𝜌0 ̄𝑟−𝛼−7𝑠2𝑑𝑠,

̄𝑃𝜙 = ̄𝜌0(𝑥)𝜀𝜙𝑦, 𝛼 ≠ 0. (8)

If the law of motion of the wave front is known, then by formulas (7) and (8)
one can find the distribution of pressure and velocity throughout the region
𝑥 ≤ 𝑠 ≤ 1.

The ordinary differential equation for the velocity of the wave front is obtained
from (8), if the condition on the free surface is used. Assuming also that 𝜌0 =
𝜌1𝑠𝑛, when all the integrals in equalities (7) and (8) are evaluated, we finally
find

𝑑𝑧
𝑑𝑥 = 𝐾(𝑥)𝑧 + 𝑁(𝑥, 𝜏), 𝑑𝜏

𝑑𝑥 = −𝑥2𝜀(𝑥)√𝜀1𝑧 , 𝜏 = 1, 𝑥 = 𝑧 = 1. (9)

Here

𝑧 = 𝑦𝑥4𝜀2

𝜀1
, 𝜀 = 1 − 𝛽𝑥𝑛, 𝜀1 = 1 − 𝛽, 𝜌0(𝑎0) = 𝛽𝜌∗,

𝐾 = 4(𝛼 − 1)𝑥2𝜀 (𝑎𝛼−4 − 𝑥𝛼−4)
(𝛼 − 4)(𝑎𝛼−1 − 𝑥𝛼−1) + 2𝛽(𝛼 − 1)𝑥𝑛+𝛼−2

𝑎𝛼−1 − 𝑥𝛼−1 ,

𝑎 = [𝑥3 + 3𝛽(1 − 𝑥𝑛+3)
𝑛 + 3 ]

1/3
,

𝑁 = 2𝛽(𝛼 − 1)𝑥2𝜀 [𝛿1 − 𝑎𝛼𝐹(𝜏, 𝑥)]
𝜀∗(𝑎𝛼−1 − 𝑥𝛼−1) , 𝛿1 = 𝜘(𝑎𝛼 − 𝑥𝛼).

For integrating equation (9) it is necessary to know its asymptotics as 𝑥 → 0
and the value of the derivative 𝑑𝑧/𝑑𝑥 at the point 𝑥 = 1.

After a number of calculations we find

3 ( 𝑑𝑧
𝑑𝑥)

1
= 4𝜀1+8−2√𝜀1 (𝑑𝐹

𝑑𝜏 )
1
+ 2

𝜀1𝛽 ( 𝑑𝜀
𝑑𝑥)

1
+𝛿2, 𝛿2 = 2𝛼𝛽(𝜘−1); (10)

lim
𝑥→0

𝜏 = 𝐴, 𝑧 = 𝐵1𝑥4(𝛼−1)/(𝛼−4) + ⋯ (𝑥 → 0, 𝑛 > 0); (11)
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Fig. 1

Figure 1: Fig. 1

Fig. 2

Figure 2: Fig. 2

𝑧 = 𝐵2𝑥𝜔 + ⋯ , 𝜔 = 2(𝛼 − 1)[2𝜀1 − 𝛽(𝛼 − 4)]
𝛼 − 4 (𝑛 = 0, 𝛼 ≤ 0). (12)

However, if the external pressure falls very rapidly, the wave may stop before
reaching the center.

Equations (8) and (9) are valid in the case 𝛼 ≠ 0; but if 𝑚 = 0, then the
plasticity condition is transformed to the form 𝜎𝑟 − 𝜎𝜃 = 𝑘, and the solution is
given by the same equations, in which one must set

𝛼 = 0, 𝛿1 = 2𝑘̄ ln(𝑥/𝑎), 𝛿2 = −4𝛽𝑘̄.

Let us also note that equations (9) also describe the solution of the problem of
the collapse of a spherical layer of incompressible plastic material. In this case
one must set

̄𝑟 3 = 𝑠3 + 𝑥3 − 𝑏3
0, 𝑥 = 𝑏, ̄𝑃𝜙 = 0, 𝑧 = 𝑦𝑥4,

𝑘 = 4(𝛼 − 1)𝑥2 (𝑎𝛼−4 − 𝑥𝛼−4)
(𝛼 − 4) (𝑎𝛼−1 − 𝑥𝛼−1) , 𝑁 = 2(𝛼 − 1)𝑥2 [𝛿1 − 𝑎𝛼𝐹]

𝑎𝛼−1 − 𝑥𝛼−1 . (13)

The asymptotic solution in these cases as well is given by formula (11). The
boundary conditions for this problem will be, for 𝜏 = 1, 𝑥 = 𝑏0, 𝑦 = 0 or 𝑦 = 𝑦0,
when the motion of the liquid already exists at the initial moment. The latter
case can be realized, for example, if the spherical layer of the compacted material
had been compressed by an external pressure to the limiting state 𝜌𝜙 = 𝜌∗; then,
after the disappearance of the shock wave (at the boundary with the cavity),
the compressed material continues to collapse as incompressible.

Fig. 1

Fig. 2

Figures 1 and 2 show the results of numerical integration of equations (8). Curve
1 corresponds to the solution of the problem for the parameter values: 𝐹 = 𝑡−1,2,
𝜀∗ = 0, 1, 𝑛 = 0, 𝜒 = −0, 1, 𝛼 = −1; curve 2 for 𝐹 = 𝑡−3, 𝜀∗ = 0, 1, 𝑛 = 0,
𝑘 = −0, 1, 𝛼 = 0; curve 3 for 𝐹 = 1, 𝜀∗ = 0, 2, 𝑛 = 1, 𝛽 = 0, 8, 𝜒 = −0, 01,
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𝛼 = −1. (In the case of constant external pressure, or 𝐹 = 𝐹(𝑥), equations (8)
are integrated in quadratures.)

From the numerical calculation one can determine the values of the coefficients
𝐴 and 𝐵 in the asymptotics (11) and (12). In case 2, 𝐴 ≈ 0, 44, 𝐵 ≈ 1, 195,
𝜔 = 1, 9; in case 3, 𝐴 ≈ 0, 166; 𝐵 ≈ 1, 464; 𝜔 = 1, 6.

Knowing the behavior of the solution as 𝑥 → 0, one can investigate the con-
centration of energy at the center. The energy per unit volume is composed
of the kinetic energy, the energy dissipated at the wave front, and the energy
dissipated due to the work of the forces of plastic deformation; therefore

∫
1

𝑎
𝑎2𝐹 𝑑𝑎 = 1

2 ∫
1

𝑥
̄𝜌0(𝑠) 𝑢̄2𝑠2 𝑑𝑠+1

2 ∫
1

𝑥
𝜀𝜙𝑃𝜙𝑠2 𝑑𝑠+2 ∫

𝜏

1
[∫

1

𝑥

(𝜎̄𝑟 − 𝜎̄𝜃)(1 − 𝜀𝜙)𝑢̄𝑠2 𝑑𝑠
̄𝑟 ] 𝑑𝜏.

(14)

Studying the behavior of these integrals as 𝑥 → 0 and 𝑠 → 0, one can establish
that a finite concentration of energy at the center occurs only in the case

the collapse of a spherical layer of an incompressible fluid (the second integral
in (14) is absent) under the condition 𝑛 = 𝑚𝑘 = 0 (𝑘̄ arbitrary). In all other
cases all the integrals (14) converge, which means a decrease in the cumulation
of energy at the center.

Analogously to what was set forth above, the problem can be solved under the
assumption of a variable compaction of the substance depending on the pressure
amplitude at the wave front (2). However, just as in (3,4), in this case as well
one would have to solve an integro-differential equation for the velocity of the
shock-wave front.
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