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Abstract
Full Text
MATHEMATICS

V. P. GURARII

A GENERALIZATION OF THE FOURIER
TRANSFORM AND OF THE WIENER—PA-
LEY THEOREM
(Presented by Academician S. N. Bernstein on 21 X 1959)

§ 1. In the present paper we consider the question of extending the Fourier
transform to the Hilbert space 𝐿2

𝜑 of functions, the scalar product in which is
equal to

(𝑓, 𝑔) = ∫
∞

−∞

𝑓(𝑥)𝑔(𝑥)
𝜑(𝑥) 𝑑𝑥,

where the weight 𝜑(𝑥) is a positive function on the real axis. The Fourier
transform in such a space was first considered by N. I. Akhiezer (1) under the
assumption that 𝜑(𝑧) is an entire function of zero order whose zeros lie in the
strip |Re 𝑧| < 𝐴. In that work the functions

𝜔(𝑧) = ∏ (1 − 𝑧
𝑧𝑘

) , 𝜔(𝑧) = ∏ (1 − 𝑧
𝑧𝑘

) ,

were constructed, where 𝑧𝑘 are the zeros of 𝜑(𝑧) lying in the half-plane Im 𝑧 > 0,
and the following theorems were proved:

I. Every function 𝑓(𝑥) ∈ 𝐿2
𝜑 can be represented in the form

𝑓(𝑥) =
∞

∑
𝑘=0

𝑎𝑘𝑃 𝑘(𝑥) + 𝜔(𝑥)√
2𝜋 ∫

∞

0
ℎ(𝑡)𝑒𝑖𝑡𝑥𝑑𝑡 + 𝜔(𝑥)√

2𝜋 ∫
0

−∞
ℎ(𝑡)𝑒𝑖𝑡𝑥𝑑𝑡,

where 𝑃𝑘(𝑥) is an orthonormal sequence of polynomials in 𝐿2
𝜑, 𝑎𝑘 = (𝑓, 𝑃𝑘)

(𝑘 = 0, 1, …), and ℎ(𝑡) ∈ 𝐿2(−∞, ∞). Moreover, Parseval’s equality holds:

‖𝑓‖2 =
∞

∑
𝑘=0

|𝑎𝑘|2 + ‖ℎ‖2
𝐿2 .
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II. In order that the function 𝑓(𝑥) ∈ 𝐿2
𝜑 be an entire function of finite degree,

less than or equal to 𝜎, it is necessary and sufficient that ℎ(𝑡) be equal to
zero for |𝑡| > 𝜎.

We have proved analogous theorems, but under weaker restrictions on the func-
tion 𝜑(𝑥). In addition, it is shown that any further weakening of the require-
ments on 𝜑(𝑥) is impossible.

§ 2. We shall assume that 𝜑(𝑧) is an entire function of zero order belonging to
class ∗𝐴. Let us note that under these restrictions on the weight, polynomials
may fail to belong to 𝐿2

𝜑.

* An entire function is called a function of class 𝐴 if its zeros satisfy the inequality ∑
𝑘

∣Im 1
𝑎𝑘

∣ < ∞.

In what follows we shall rely on the following theorem of N. I. Akhiezer (2):
In order that an entire function 𝐹(𝑧) of finite degree 𝜎 be representable in the
form 𝐹(𝑥) = |Ω(𝑥)|2, where Ω(𝑧) is an entire function of finite degree 𝜎/2 with
roots in the half-plane Im 𝑧 ⩾ 0 (Im 𝑧 ⩽ 0), it is necessary and sufficient that
𝐹(𝑧) be a function of class 𝐴, nonnegative on the real axis.

Applying this theorem to the weight 𝜑(𝑥), we obtain that 𝜑(𝑥) = |𝜔(𝑥)|2, where
𝜔(𝑧) is an entire function of zero degree with roots in the half-plane Im 𝑧 > 0.
Let {𝑧𝑘}∞

1 be the sequence of roots of 𝜔(𝑧). For simplicity of exposition we shall
assume that the roots 𝑧𝑘 are simple. Put 𝜔(𝑧) = 𝜔(𝑧). The roots of 𝜔(𝑧) lie in
the half-plane Im 𝑧 < 0. Introduce the functions

𝜔𝑘(𝑧) = √𝑧𝑘 − 𝑧𝑘
2𝜋𝑖

𝜔(𝑧)(𝑧 − 𝑧1)(𝑧 − 𝑧2) ⋯ (𝑧 − 𝑧𝑘−1)
(𝑧 − 𝑧1) ⋯ (𝑧 − 𝑧𝑘−1)(𝑧 − 𝑧𝑘) (𝑘 = 1, 2, …);

these are entire functions of zero degree belonging to 𝐿2
𝜑. It is easy to verify

that {𝜔𝑘(𝑥)}∞
1 is an orthonormal sequence in 𝐿2

𝜑.

Theorem 1. In order that a function 𝑓(𝑥) belong to the space 𝐿2
𝜑, it is necessary

and sufficient that it be representable in the form

𝑓(𝑥) =
∞

∑
𝑘=1

𝑎𝑘𝜔𝑘(𝑥) + 𝜔(𝑥)√
2𝜋 ∫

∞

0
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡 + 𝜔(𝑥)√

2𝜋 ∫
0

−∞
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡, (1)

where 𝑎𝑘 = (𝑓, 𝜔𝑘), ℎ(𝑡) ∈ 𝐿2(−∞, ∞). In this case Parseval’s equality holds

‖𝑓‖2 =
∞

∑
𝑘=1

|𝑎𝑘|2 + ‖ℎ‖2
𝐿2 . (2)
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Proof. We shall confine ourselves to proving necessity, since sufficiency is ob-
vious.

Consider three families of functions:

1. 𝜔𝑘(𝑥) (𝑘 = 1, 2, …). 2. 𝜔(𝑥)
𝑥 − 𝑧 (Im 𝑧 < 0). 3. 𝜔(𝑥)

𝑥 − 𝑤 (Im𝑤 > 0).

All these functions belong to the space 𝐿2
𝜑, and the functions from the differ-

ent systems are mutually orthogonal. Denote by 𝐻0, 𝐻+, 𝐻−, respectively, the
closures in 𝐿2

𝜑 of the linear spans of the families 1, 2, 3. These closures form
mutually orthogonal subspaces in 𝐿2

𝜑. Note that any function 𝑓+(𝑥) belonging
to 𝐻+ has the form

𝑓+(𝑥) = 𝜔(𝑥)√
2𝜋 ∫

∞

0
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡. (3)

This becomes clear if one takes into account that the closure of the set of linear
aggregates of the form ∑𝑘

𝑐𝑘𝜔𝑘(𝑥)
𝑥 − 𝑎𝑘

(Im 𝑎𝑘 < 0) in 𝐿2
𝜑 is equivalent to the closure

in 𝐿2(−∞, ∞) of the aggregates ∑𝑘
𝑐𝑘

𝑥 − 𝑎𝑘
. Similarly, any function 𝑓(𝑥) ∈ 𝐻−

has the form

𝑓−(𝑥) = 𝜔(𝑥)√
2𝜋 ∫

0

−∞
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡. (3’)

We shall prove that the direct sum of the subspaces 𝐻0, 𝐻+, and 𝐻− gives the
whole space 𝐿2

𝜑, i.e., that 𝐻0 ⊕ 𝐻+ ⊕ 𝐻− = 𝐿2
𝜑. To this end it is necessary to

show that every function 𝑓(𝑥) ∈ 𝐿2
𝜑 orthogonal to each of the subspaces 𝐻+,

𝐻−, and 𝐻0 is identically zero.

1. Let 𝑓(𝑥) ∈ 𝐿2
𝜑, and let 𝑓(𝑥) be orthogonal to any function from 𝐻+; then,

denoting by 𝐿̄2 (respectively,
+
𝐿2) the space of functions from 𝐿2(−∞, ∞)

whose Fourier transform is equal to zero for 𝑡 > 0 (respectively 𝑡 < 0), one
may assert that

𝑓(𝑥)
𝜔(𝑥) ∈ 𝐿̄2. (4)

It is not difficult to prove the converse as well, namely: if (4) holds, then 𝑓(𝑥)
is orthogonal to any function from 𝐻+.

2. Analogously we obtain that the condition
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𝑓(𝑥)
𝜔(𝑥) ∈

+
𝐿2

is necessary and sufficient for the function 𝑓(𝑥) to be orthogonal to any function
from 𝐻−.

Using the well-known Wiener–Paley theorem and results 1, 2, one can show that
a function orthogonal to 𝐻+ and 𝐻− extends to the whole plane as an entire
function of zero degree.

3. It remains to prove that an entire function 𝑓(𝑧) of zero degree, for which
𝑓(𝑥) ∈ 𝐿2

𝜑 and (𝑓, 𝜔𝑘) = 0 (𝑘 = 1, 2, …), is identically zero. But from the
equalities (𝑓, 𝜔𝑘) = 0 (𝑘 = 1, 2, …), by Cauchy’s theorem it follows that
𝑓( ̄𝑧𝑘) = 0. Therefore the function 𝜓(𝑧) = 𝑓(𝑧)/𝜔(𝑧) is an entire function,
and its degree is obviously equal to zero.

And since 𝜓(𝑥) ∈ 𝐿2(−∞, ∞), it follows that 𝜓(𝑧) ≡ 0, and hence 𝑓(𝑧) ≡ 0.
Thus, we have proved that every function 𝑓(𝑥) ∈ 𝐿2

𝜑 is represented in the form

𝑓(𝑥) = 𝑓0(𝑥) + 𝑓+(𝑥) + 𝑓−(𝑥), (5)

where

𝑓0(𝑥) ∈ 𝐻0, 𝑓+(𝑥) ∈ 𝐻+, 𝑓−(𝑥) ∈ 𝐻− and ‖𝑓‖2 = ‖𝑓0‖2 +‖𝑓+‖2 +‖𝑓−‖2.

Moreover, we have proved that {𝜔𝑘(𝑥)}∞
1 is not only an orthonormal system,

but also a basis in 𝐻0. From (3), (3′), (5) the assertion of the theorem follows.

It should be noted that the series ∑𝑘 𝑎𝑘𝜔𝑘(𝑧), under the condition ∑𝑘 |𝑎𝑘|2 <
∞, converges uniformly in every finite domain of the complex plane.

§ 3. Theorem 2. In order that 𝑓(𝑥) ∈ 𝐿2
𝜑 be an entire function of finite degree

𝜎, it is necessary and sufficient that in the expansion (1) ℎ(𝑡) = 0 for |𝑡| > 𝜎.

Proof. Here too we shall prove necessity, since sufficiency is obvious.

Preserving the notation for each of the parts of the expansion (5), it is easy to
see that 𝑓+(𝑥) is also an entire function of finite degree, not exceeding 𝜎. From
representation (3) it is clear that

∫
∞

0
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡

is an entire function whose degree also does not exceed 𝜎. By the Wiener–Paley
theorem ℎ(𝑡) = 0 for 𝑡 > 𝜎.
In exactly the same way we obtain that ℎ(𝑡) = 0 for 𝑡 < −𝜎.
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§ 4. Theorem 3. Let the weight 𝜑(𝑥) satisfy the following conditions:

1) There exists a function 𝜔(𝑧), analytic and having no zeros in the lower
half-plane, such that 𝜑(𝑥) = |𝜔(𝑥)|2.

2) Every function 𝑓(𝑥) ∈ 𝐿2
𝜑 has the representation

𝑓(𝑥) = 𝑓0(𝑥) + 𝜔(𝑥)√
2𝜋 ∫

∞

0
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡 + 𝜔(𝑥)√

2𝜋 ∫
0

−∞
ℎ(𝑡)𝑒𝑖𝑡𝑥 𝑑𝑡,

where 𝑓0(𝑥) is an entire function of zero degree, 𝑓0(𝑥) ∈ 𝐿2
𝜑, ℎ(𝑡) ∈

𝐿2(−∞, ∞), 𝜔(𝑧) = 𝜔(𝑧); moreover ‖𝑓‖2 = ‖𝑓0‖2 + ‖ℎ‖2
𝐿2 .

Then 𝜑(𝑥) extends to the entire complex plane as an entire function of zero
degree and of class 𝐴.

§ 5. Suppose that all polynomials belong to the space 𝐿2
𝜑. In this case one may

pose the question of the completeness of the system of polynomials in the space
𝐻0 of entire functions of zero degree belonging to 𝐿2

𝜑.

Theorem 4. In order that the system of polynomials be complete in 𝐻0, it is
necessary and sufficient that, for all 𝑧 and 𝑤, the equality

∞
∑
𝑛=1

𝑃𝑛(𝑧)𝑃𝑛(𝑤) = 1
2𝜋𝑖

𝜔(𝑧)𝜔(𝑤) − 𝜔(𝑧)𝜔(𝑤)
𝑧 − 𝑤 ,

hold, where {𝑃𝑛(𝑥)}∞
1 is an orthonormal sequence of polynomials in 𝐿2

𝜑.
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