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Abstract
Full Text

V. S. Korolyuk

ON THE ASYMPTOTICS OF SOME FUNCTIONALS IN
A TWO-DIMENSIONAL RANDOM-WALK SCHEME

(Presented by Academician A. N. Kolmogorov, 19 VI 1960)

1. Let a random walk be defined in the plane E, with probability density of
the magnitude of a jump in one step p_(x,y), depending on a small parameter
€ (¢ > 0). For a sufficiently smooth bounded function f(x,y), given in the left
half-plane z < 0, define the functional u_(z,y) = u.(z,y; f) from the integral
equation

Pe[ug]E//Eug(l’+66,9+6n)p5(€,n)d£dn—ug(w7y)=0 (z>0) (1)

with the condition

ue(,y; f) = f(x,y)  for x <O0. (2)

The functional u_(z,y; f) is the mathematical expectation of the value of the
function f at the point of first exit into the half-plane x < 0 from the point
(z,y) of the right half-plane.

Below an algorithm is presented for constructing the asymptotic expansion in
powers of € for the functional u_(z,y; f) under the following assumptions:

1°. Equation (1) with condition (2) has a unique solution in the class of bounded
functions*.

2°. There exist finite N + 3 moments of the distribution

// xp.(z,y) dx dy = €y ; [/ yp(z,y)dedy = €y .}
E E

// 2"yYpe(w,y)derdy =b,s . (2<r+s<N+3).
E

3°. The distribution p,(z,y) is differentiable with respect to &, so that the
expansion

N

Pe (l’, y) = Do (SL’, y) + Z €kpk(ﬂf, y) + €N+1ps,N+1(‘r7 y>, (3)
k=1
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holds, where py(z,y) is a probability density with zero first moments.

* Sufficient conditions for the fulfillment of 1° are given in the monograph of A. Ya. Khinchin (1), Ch. 3, § 3.

From this condition there follow the asymptotic expansions for the moments:
N
= fay +eNa; vy (1=1,2);

e :ngkbrsk-1-5N+1brs7N+176 2<r+s<N+3), (4)
where by1obagg — bizg > 0.

2. Theorem. Under assumptions 1°—3° there is an asymptotic expansion
for the functional u_(z,y; f):

z,y; f Ze u(2,y) + Zs’““ (g,y) +0(eN), (5)

in which the functions wuy(x,y) are determined successively from the elliptic
differential equations

0%u 0%u 1 0%u ou, ou
Lyu, = b110 a2 : +61208x6(3y +§b220W20+0’10 O % + ag ao =0, (6)
k
Lou, = — ZLruk ™ (7)
r=1

where

8m+2

L 0 0 b 62 b 82 1b 8 re,k—m
kT kg Tk gy TPk g Pk gy gy o kg 2+mzu+;%+2 risl Oaroy
r,5>0

with boundary conditions at x = 0:

u0(07y) = f(oa y); uk(o’y) = U1 (O,y) (k =12,.., N); (9)
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the boundary-layer terms in x, v, (z/€; y), are determined as solutions, vanishing
at infinity, of integral equations on the half-line z > 0:

o0

Powy= [ po@uleten) d—ulzn =0 p(© = [ ml&md (10)

—0o0

k
POUk: = Z vakfnfw (11)
m=1

where

k 00 0o
or T
Pk = Z Pk,rﬂ Pk,rv(z; y) = / ayrv(’z + g; y) / % pkfr(ga 7]) df dna
r=0 —00 —00 M
(12)

with values for z < 0:

L9k F(0,y) ’fz 2" 0"y, (0,)

kE+1)!  Ozk — 7! ox"

v (zy) = v (03y) + ( (13)

3. We shall give explanations of the algorithm formulated in the theorem.
In the limiting passage as ¢ — 0, from the solution of equation (1) with
condition (2) to the solution of equation (6), degeneration of the boundary
conditions occurs.

In accordance with the general idea of the asymptotic method in problems with
degenerate boundary conditions (see (2)), the asymptotic expansion for the
solution u,(z,y) of equation (1) contains regular asymptotic terms u(z,y) and
boundary layers in z, v,(x/e;y). Equations (6) and (7) for the regular terms
of the asymptotics are obtained from the expansion of the integral operator P_,
which determines the original equation (1), in powers of &:

e 2P, =Ly+eL; + -+ "Ly + VL, v (14)

We obtain this expansion by applying Taylor’ s formula in both variables z and
y and the expansion (4) to the expression P_[u(x,y)].

Applying Taylor’s formula in one argument y and the expansion (3), we construct
another expansion of the operator P, in powers of e:

N
PE = ZSkPk + 5N+1PE7N+1, (15)
k=0
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which leads to equations (10) and (11) for the boundary layers. The values of
the boundary layers on the negative half-axis z < 0 are determined in such a
way that the discrepancy in satisfying condition (2) by the expansion (5) is of
order O(¢V*1). In this case the regular terms of the asymptotics u,(z,y) are
continued into the left half-axis in a continuously differentiable way (see (3), the
supplement). Expanding the difference

u(ez,y) = flez,y) = ulez,y) — flez,y) + ) [urlez,y) — v 1 (059)]+

N
k=1

N—-1
+ ) u(z9) — v (0:9)] + OV
k=1

by Taylor’ s formula in z and combining terms with equal powers of €, we obtain
(13) (taking (9) into account).

4. From equations (10) and (11), the boundary layers can be determined by
the factorization method (see (4)). Let

po0 = [ () do.

For the function p; () = [1 — po(A)]JA~2, factorization on the axis A (—oo < A <
+00) is possible, i.e., there exists an expansion

p1(A) = pi(Np-(A), (16)

in which the functions p, (A) and p_(\) are holomorphic and nonzero inside the
upper and lower half-planes, respectively. Expansion (16) makes it possible to
reduce equation (10) for the homogeneous boundary layer to the form

/ma@mw—awﬁzo (2> 0), an
0

where

The inhomogeneous boundary layer v, (z;y), satisfying equation (11), is defined
in the form of the sum
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vz 8) = v (51) + / (€ — 2wp(E ) de. (18)

Here wy(z;y) is the solution of the inhomogeneous integral equation on the
half-axis z > 0, equal to zero for z < 0:

[ P16 — 2wp(Ey) dé = pp(zy) (22 0), (19)

where ¢, (z;y) is the right-hand side of equation (11), and

) = / eNop, (2) dz;

vio(2z;y) is the homogeneous boundary layer, determined from equation (17),
taking, for z < 0, the values

violziw) = vilsi) = [ (€= unlgiw) e (20)
0
5. The justification of the algorithm presented is carried out by the method
of upper and lower functions (see (1), Ch. III, § 3).

In conclusion, we note that, under an appropriate complication of the algorithm
(see (%)), a Markov random walk in the plane in a domain with a sufficiently
smooth boundary can be considered.
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