Soviet-era science, translated into English

MATHEMATICS

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.73549

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.73549

Abstract
Full Text

MATHEMATICS

K. A. RODOSSKII
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ZETA-FUNCTION

(Presented by Academician I. M. Vinogradov on 3 VI 1960)

Let N(A,T) be the number of zeros of the function ((s), s = o + it, lying in
the rectangle A < o <1, 0 <t < T. If A and T are regarded as varying
independently of one another, T' > 1 and A € (1/2,1), then all our information
on the behavior of N(A,T) is expressed by inequalities of the form

N(A,T) < ¢, In T . T#A0=4), (1)

Here and below ¢,, denote absolute positive constants, »(A) > 0. Various meth-
ods for obtaining inequalities of type (1) give different estimates for the function
un(A). Tt is known, for example, that

#(A) < min {% 2(1 4 20)}, @)

where

o /24 i)

t—00 Int

(see (1), Ch. IX, §§ 18—19). The best known value for c is 15/92 (see (1), Ch.
V, § 16). Inequality (2) is used in the solution of certain problems connected
with prime numbers (see (%3)). If it were known that »(A) < 2, then in the
solution of certain number-theoretic problems one would obtain, qualitatively,
the same results as follow from the assumption of the truth of the Riemann
hypothesis on the zeros of the zeta-function. However, from (2) one obtains
only that lim#(A) = 2+ 0 as A — 1/2. In the author’ s paper (%) it was
pointed out that the estimate of %(A) as A — 1 can be considerably improved
by means of the method of trigonometric sums. Later P. Turdn (°) obtained the
estimate

#(A) < 2+ 600(1 — A)0-01 (3)
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for A sufficiently close to 1 (in a note he gives, without proof, the better estimate
n(A) <2+ (1— A0,

In this note it is shown that a proper application of new results of I. M. Vino-
gradov (see (%)) leads to the estimate

n(A) <24 cy(1— A3, (4)

The proof of inequality (4) is based on the following lemmas. Below p = 8+ i~y
denotes a zero of the zeta-function lying in the rectangle R{A < o < 1, %T <
t<T}.

Lemma 1.

Z n | < c4x1’5T’1 forx>T.

n<x

Proof see (1), Chapter IV, § 3.
Lemma 2. For k > 7 and under the condition (k+1)'In7T < Inz <k 'InT,

we have
>,

z<n<T

<cgInT- xl-cek =B,

Proof. This is a simple consequence of I. M. Vinogradov’ s estimates of trigono-
metric sums (°) and of Korput’ s estimates (see (1), Ch. V, Th. 11).

Let

f(s) = Z a,n"®, where a, = Z wu(d),

Yy<n<z dln, d>y
and p(d) is the Mobius function.
Lemma 3. If for every zero p € R of the zeta-function the inequality |f(p)| >
1/2 holds, then the number Q(A,T') of zeros belonging to R does not exceed

cy n*T- (Tyl’ZA + ZQ’QA).

Proof follows trivially from Theorem 1 of paper (7).

On the basis of the lemmas stated above, the proof of the theorem reduces to
the following. Put y; = 2T, 2 > T >y > y,, and use the identity

1= Z u(n)n=* Z k=P + Z w(n)n=" Z k=r

n<y, kn<z Y1 <n<y kLT

— Z w(n)n=r Z k=P + Z u(n)n=r Zk”’.

Y1 <n<y znl<k<T y<n<z kn<z

(5)
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With the help of Lemma 1 we estimate

Z u(n)n=* Z k—r

n<yYy kn<z

+

Z u(n)niPZkf” <

Y1 <n<y kLT

(6)

A~ =

under the conditions z < T%, A > 3/4, and T > T,. It is enough to consider
only
A<L1l—cylnlnT- In 7.

Define k from the inequalities

04—6(k+1)*3 <1-A< %k*?’

(this is possible for values of A sufficiently close to 1), and put
Yy = 2T,
With the help of Lemma 2 we obtain

- 1
Z w(n)n=r Z kPl < cpeg k2 InT - 21 AT b < = (7)

4
Yy <n<y zn~l<k<T

for sufficiently large T'. From identity (5) and inequalities (6) and (7) we obtain
|f(p)] = 1/2, and Lemma 3 can be applied. To estimate x(A), it is enough to
consider the expression

Tyl-28 4 ;228

Its minimal value is obtained from the condition

Tyl—28 — ,2-24

or
2A-1
TAA-2ATHE — 228

whence it follows that
z = T1+ 2JCA+11

and the estimate

2A —1
k+1

}1/3.

X(A)<2<1+ )<2+2[%6(1—A)

Putting (2¢4)/? = c3, we obtain estimate (4).
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