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Abstract
Full Text

V. I. SKOBELKIN
VARIATIONAL PRINCIPLES FOR DETERMINING
THE BASIC CHARACTERISTICS OF A FERRO-
MAGNET ON THE BASIS OF CALCULATING THE
HYSTERESIS LOOP
(Presented by Academician S. A. Vekshinskii, 31 X 1959)

As shown in (1), the magnetization of a ferromagnet in the field of currents
satisfies the variational equation

𝛿 ∫
𝜔
(𝑤 + 𝑢) 𝑑𝜔 = 0,

where

𝑤 = 1
4𝜋 ∫

B

0
H 𝑑B

is the density of the magnetic energy of the field;

𝑢 = − 1
2𝑐 j(𝜓∇𝜗 − 𝜗∇𝜓)

is the density of the potential function of the currents; j is the current density;
𝜓 and 𝜗 are functions of the magnetic flux, which are related to the induction
B by the relation B = ∇𝜓 × ∇𝜗. The functional 𝐸 = ∫𝜔 𝐿 𝑑𝜔, where 𝐿 = 𝑤 + 𝑢
is the Lagrangian of the field, assumes the least value for the actual magnetic
field.

In the case of irreversible magnetization, the entropy 𝑆 of the ferromagnet
changes; therefore, in order to describe the process of magnetization, it is neces-
sary to invoke the second law of thermodynamics. The presence of magnetostric-
tive phenomena in a ferromagnet changes the surface 𝜎 of the ferromagnet; con-
sequently, instead of the principal problem considered in (1), the variational
problem in this case becomes nonprincipal (with movable boundaries). As the
field-determining quantities we choose the Cartesian coordinates 𝑌 , 𝑍, and as
independent variables 𝑥, 𝜓, 𝜗 (2,3).

The variational equation for the field will then take the form
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Δ(𝑌 , 𝑍) = 𝛿𝐸∗ + ∫
𝜔

Π𝛿𝑆 𝑑𝜔 − ∫
𝑙
𝐿∗ 𝐷(𝑌 , 𝑍)

𝐷(𝜓, 𝜗) 𝛿(𝜓𝜗) 𝑑𝑥 = 0, (1)

where 𝑙 is the contour of the surface 𝜎; Π = −𝜕𝐿∗/𝜕𝑆; 𝐿∗ is the generalized
Lagrangian of the field, taking into account the change of the boundary of the
surface 𝜎 of the ferromagnet:

𝐿∗ = 𝑤 + 𝑢 − ∫
B(𝜎)

0
B 𝑑H.

The last term is equal to the magnetic pressure on the surface 𝜎 of the ferromag-
net. In equation (1), the variation 𝛿𝐸∗ is the complete variation with allowance
for the change in entropy and the flux of magnetic induction at the boundary
surface 𝜎. From equation (1) one obtains the usual Maxwell equation (1)

rot H = 4𝜋
𝑐 j

and the boundary condition

[𝐻𝜏 ]𝜎 = 0.

The equality of the components of the magnetic induction B normal to the sur-
face 𝜎 follows from the continuity of the functions 𝜓, 𝜗. Equation (1), equivalent
to Maxwell’s equation, is satisfied for any surface 𝜎, independently of its change
in the magnetization process.

To take into account the change of the surface 𝜎 itself, an additional condition
is necessary, one that follows from the second law of thermodynamics. If this
condition is introduced into equation (1), then from it, in addition to Maxwell’
s equations, one obtains a new, supplementary equation determining the form
of the surface 𝜎. Since the ferromagnet is an adiabatically isolated system,
the variation of the entropy entering into (1) must vanish for the actual state.
Indeed, if one considers infinitely small deviations from the actual state, then for
these deviations, up to infinitely small quantities of higher order, equation (1) is
also satisfied exactly. Therefore, if the field equation (1) is regarded as a certain
nonholonomic constraint, then this constraint is always satisfied for infinitely
small deviations. Consequently, infinitely small deviations from the actual state
may be regarded as possible nonequilibrium states of the ferromagnet. If in
equation (1) 𝛿𝑆 ≠ 0, then such deviations would be possible for which 𝛿𝑆 > 0,
and then the system, being adiabatically isolated, would pass into a new state
with a larger value of 𝑆, which is impossible, since the solution of equation (1)
corresponds to thermodynamic equilibrium.

Putting 𝛿𝑆 = 0 in (1), we obtain
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Δ(𝑌 , 𝑍) = 𝛿𝐸∗ − ∫
𝑙
𝐿∗ 𝐷(𝑌 , 𝑍)

𝐷(𝜓, 𝜗) 𝛿(𝜓𝜗) 𝑑𝑥 = 0. (2)

It follows directly from (2) that 𝛿Φ+ = 0, i.e., the positive magnetic flux Φ+

through the surface 𝜎 has a maximum. The positive flux Φ+ is determined by
the condition

Φ+ = ∫
𝜎

Bn𝜀 𝑑𝜎,

where 𝜀 = 1 if Bn ≥ 0, and 𝜀 = 0 if Bn < 0.

In the general case the thermodynamic potential 𝜑̄ of a unit volume of the
ferromagnet (4) will be:

𝑑𝜑̄ = −𝑆 𝑑𝑇 − 𝑢𝑖𝑘𝑑𝜎𝑖𝑘 − 1
4𝜋 B 𝑑H,

whence

𝜑̄ = 𝜑0(𝑀) + ℰan − HM − 𝐻2

8𝜋 + ℰmu − ℰel. (3)

In (3) H is the magnetic-field intensity inside the ferromagnet; M is the mag-
netization of a unit volume; ℰan is the anisotropy energy

(ℰan = 𝛽𝑖𝑘
2 𝑀𝑖𝑀𝑘) ;

𝛽𝑖𝑘 is a dimensionless symmetric tensor of rank 2, whose components are
functions of the temperature 𝑇 ; ℰmu is the magnetoelastic energy, equal to
−𝜆𝑖𝑘𝑙𝑚𝜎𝑖𝑘𝑀𝑙𝑀𝑚, where 𝜆𝑖𝑘𝑙𝑚 is a tensor of rank 4, symmetric with respect
to the pairs of indices 𝑖, 𝑘 and 𝑙, 𝑚 (but not with respect to interchange of
the pair 𝑖, 𝑘 with the pair 𝑙, 𝑚 (4)); ℰel is the ordinary elastic energy; 𝜑0(𝑀)
is the thermodynamic potential of a unit volume of the substance at H = 0,
regarded as a function of the independent variable M along with the other
thermodynamic variables. If only exchange interactions are taken into account
and relativistic interactions are neglected, then 𝜑0 depends only on the absolute
value 𝑀 (the order of magnitude of the ratio of relativistic interactions to the
exchange interaction is characterized by the ratio 𝜈 = ℰan/𝑁𝜃𝐶 , where 𝑁 is the
number of atoms in 1 cm3; 𝜃𝐶 is the Curie-point temperature; 𝜈 ∼ 10−4 ÷ 10−6

(4)).
For uniaxial crystals
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ℰan = 𝛽
2 (𝑀2

𝑥 + 𝑀2
𝑦 ) = 𝛽

2 𝑀2 sin2 𝜗,

where 𝜃 is the angle between M and the 𝑧-axis, chosen along the principal axis
of symmetry of the crystal; 𝛽 is the anisotropy constant. For a cubic crystal,

ℰan = −𝛽
2 (𝑀4

𝑥 + 𝑀4
𝑦 + 𝑀4

𝑧 ) ,

ℰel = 𝑘1
2 (𝜎2

𝑥𝑥 + 𝜎2
𝑦𝑦 + 𝜎2

𝑧𝑧)+𝑘2 (𝜎𝑥𝑥𝜎𝑦𝑦 + 𝜎𝑥𝑥𝜎𝑧𝑧 + 𝜎𝑦𝑦𝜎𝑧𝑧)+𝑘3 (𝜎2
𝑥𝑦 + 𝜎2

𝑥𝑧 + 𝜎2
𝑦𝑧) .

We neglect the energy of magnetic inhomogeneity in the transition layers of
domains, which is proportional to the magnetization gradients.

The requirement that Φ+ be a maximum leads to the equation

𝛿 ∫
𝜎+

(H + 4𝜋M) n 𝑑𝜎+ = 0 (4)

under the conditions

𝑢𝑖𝑘 = − ( 𝜕𝜑̄
𝜕𝜎𝑖𝑘

)
𝑇 ,H

, (5)

where 𝑢𝑖𝑘 is the strain tensor of the ferromagnet. Let M = M0 + 𝔐⃗, where M0
is the magnetization determined by the initial magnetization curve; 𝔐⃗ is the
deviation of the magnetization in the reverse process as a result of hysteresis.
Then from the equation 𝛿𝑆 = 0 it follows either that 𝑑𝑆/𝑑Φ+ = 0 (the initial
magnetization curve), or that 𝛿Φ+ = 0 (metastable states corresponding to hys-
teresis). If the direction cosines 𝑠1, 𝑠2, 𝑠3 of the magnetization and the modulus
𝔐 = |𝔐⃗| are taken as independent variables, then, in order to determine 𝑠𝑖 and
𝔐 in the region of the hysteresis loop, we obtain the equation

𝛿 [Φ+ − 𝜆 (𝑠2
1 + 𝑠2

2 + 𝑠2
3 − 1)] = 0, (6)

where

Φ+ = ∫
𝜎+

{H + 4𝜋 (M0 + 𝔐⃗)} n 𝑑𝜎;

𝜆 is the Lagrange parameter; 𝑠2
1 + 𝑠2

2 + 𝑠2
3 = 1.

sovietrxiv.org/items/ru-196001.73257 Machine Translation

https://sovietrxiv.org/items/ru-196001.73257


A qualitative estimate of equation (6) shows the presence of two roots (for a
given M0), which, depending on the change of H, form a closed curve (the
hysteresis loop) corresponding to possible metastable states in the region of
irreversible magnetization. If in this case 𝜔 = const and 𝛿𝑆 = 0, then, as
follows from the first law of thermodynamics and the variational principle (1)
(for the region where there are no currents),

𝛿𝑈 = 𝑇 𝛿𝑆 + 1
4𝜋 ∫

𝜔
H 𝛿B 𝑑𝜔 = 0,

and therefore the conditions of adiabatic isolation of the system are satisfied.

The mechanism of hysteresis has been investigated rather fully in work 5, espe-
cially in the initial region of displacement of domain boundaries. The present
theory makes it possible to calculate quantitatively the configuration of the
entire hysteresis loop and relates the various characteristics (constants) of the
ferromagnet to the shape of the loop.
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