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RANGE OF VALUES OF THE FUNCTIONAL

wre’ (w)' ¢’ (0)”
(w)eo(w)|®
# ON CERTAIN CLASSES OF BOUNDED UNIVALENT FUNCTIONS

(Presented by Academician M. A. Lavrent ev on February 26, 1960)

I =

We consider the following classes of functions: Sy is the class of functions ¢(w) =
Bw+Bow?+...4+B,w"+..., > 0, regular, univalent, and satisfying the condition
|o(w)| < 1 in the disk |w| < 1; S;[|¢(w)]] is the class of functions ¢(w) from S,
with prescribed |p(w)| at a fixed point w of the disk |w| < 1; S;(0) is the class
of functions p(w) from S; with prescribed coefficient 8 = ¢’(0). The following
theorems are proved by the method proposed by P. P. Kufarev (1).*

Theorem 1. The boundary of the range of values of the functional
whe (w)' ¢’ (0)”

I=1In
p(w)

in the class S;[J¢(w)]|] is determined by the equation

"[\1+g¢ 1—q¢*+2q [1—q|* dp
10:/ [)\—(1—)\) _y} e (1)
b, L 1—q (1—q)? 1—p* p

where I is a boundary point of the domain; r = |w|; py = |e(w)|; g, |g| = p, is
a root of the equation

Boa— B = (1= N1 ) | 2= 2. )

in which

x+x+(1_2/\>x;x7 ———

By=v

« is a parameter, —m < o < 7.

Corollary 1. The boundary of the range of values of the functional
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in the class S [|¢(w)]|] is determined by the equation

_r():eioqnw7 r<a<m.
(1+7)(1—pg)

Corollary 2. The boundary of the range of values of the functional

I'=Tng'(w)e'(0)

* By the logarithm is meant that single-valued branch for which Im I — 0 as

w — 0; \,v, Kk are arbitrary real numbers, and w is any fixed point of the disk
lw| < 1.

in the class S;[|¢(w)|] consists of the curve

—en 72(1 — p(%)

, || < 2arcsin py;
A=) s e
2 oto2 &
. 4p2(1 — p2 . rectg” —
Iy = 1nM +44 <|a — arcsinp0> —e'In———=, 2arcsinp, < |a| < 2arcsinr;
sin” « 2 1—r

2 1— 2
In M + 4i(arcsin r — arcsin p;),

2arcsinr < |o| < T,

and of the straight-line segment joining the endpoints of this curve.

Corollary 3. The boundary of the range of values of the functional

in the class S;[J¢(w)]|] is determined by the equation

1—72

I, =¢e*In ,
0 1_pg

—nm < a<T.

The results formulated in Corollaries 1, 2, and 3 were obtained earlier by N. A
Lebedev (2) by the method of parametric representations.

Corollary 4. The boundary of the range of values of the functional
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_ e (0)”
p(w)

in the class S [|¢(w)]|] is determined by the equation

1—r2\" (1 \'""  12cosa+isina (1+7)(1—pp)
L=m(—2) () - In :
L=pg Po Vizeosta+sina  (1—7)(1+pg)

Theorem 2. The boundary of the range of values of the functional

_ W () (0)
T ) )

in the class Sy is determined by the equation

"T 1+¢q 1—q*+2q 1—q|?dp 1 ,
I[):/ [)\—(1—)\) —v ——Inpy, (3)
by L 1—4 (1—q)? 1—p* p

where q, |q| = p, is a root of equation (2); p, is either a root of equation (4)
satisfying the condition 0 < p, < T, or zero, if equation (4) has no such roots.
In the latter case the boundary point does not belong to the set of values of the
Sfunctional I.

The equation for determining p, has the form

bo by by by b, 0 0
0 by b by by b 0
A, 3b, 2b, by 0 0 0 |=o0, (4)
0 4b, 3b, 2b, by 0 O
0 0 4b, 3b, 2b, by O
0 0 0 db, 3b, 2by b

where

v +_
bo:(1*2x\)>(27X+VX2X, b1:|:X(1*/\—l/*§)+
x(1-2—v=S) ] +x (1 —v+5)+x(1-a-v+3),
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r+x

by = (=142 +v+k)

Corollary 1. The boundary of the range of values of the functional

/ 0)”
I=1In %)K, vEK+1,
p(w)lp(w)|
in the class S is determined by the equation
L= (1 —rz‘)“ 71‘::% _ _Peosatisina | (1+7)(1 —po)’
L=p5/ pg Vi2cos?a +sinfa (L=7)(1+p0)
where
(1+Kx—v)cosa
Po ’

V12 cos? a + sin® o + \/(1 + k)2 cos? a + sin® &

and the parameter « varies so that 0 < py < r.

Corollary 2. The boundary of the range of values of the functional

we’(0)”

L= e

in the class S is determined by the equation

.. 2
Iy = In(1 — p2ypiv _ VoCoSatisina ) (L+7)

\/V2C082a+sin2a (1—=r)

—nm<a<lm,

and the boundary itself does not belong to the set of values of the functional I
in the class 5.

Corollary 3. The boundary of the range of values of the functional

I=1In w' (w)

p(w)p(w)[>~’

in the class S; is determined by the equation

Kk # 0,

(1+7)(1—py)

I, = —e“In
0 (1 =r)(1+pp)

- lnpgﬁv
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where

2K cos «

o= 14+ V1 +4r2cos2a’

and the parameter « varies so that 0 < p, <.

Corollary 4. The boundary of the range of values of the functional

in the class S, is determined by the equation

1+7r
1—7’

Iy =¢e“In —r<a<m,

and the boundary itself does not belong to the set of values of the functional 1.

Corollary 5. The boundary of the range of values of the functional

w0
T=h e 70

in the class S; is determined by the equation

X 1—12
Iy =¢e"1n —Inp3~,
1—p}
where
—%m cos o
Po =

bl
1+ %Fccosa

and the parameter a varies so that 0 < py < 7.

Corollary 6. The boundary of the range of values of the functional

in the class S; is determined by the equation

Iy =e“In(1 —r?), —nm<a<m,
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and the boundary itself does not belong to the set of values of the functional I.

Corollary 7. If r > 1//2, then the boundary of the range of values of the
functional

I'=Tng'(w)e'(0)

in the class S; consists of the curve

2 2 a
roctg” 5

Inctg® a + mi — €' In ,
1—r2

™ .
5 < |a] < 2arcsinr,

| cos? o Y . o] + T 2arcsinr < |af <
n—>"% 1 4| arcsinr — n mnr T
4r2(1 —r?2) 2 4/ ) o

and the segment of the straight line connecting the points

1

n————
)

+ 41 (arcsinr — %) .

Ifr<1/ V2, then the boundary is determined by the equation

2

7. =1 cos” + 44 | arcsinr o + l T < |a] € 2arcsinr + T
= N—F-7=C 1 Ty n 9 = 2
0 4r2(1 —r2) 2 4 )’ 2 2

Theorem 3. The boundary of the range of values of the functional

[=lm—F21

A /(w>17/\
p(w) o (w)[

in the class S;(f) is determined by the equation

"T 1+¢q 1—¢®>+2¢1 |1 —q|? dp .
Io:/ [A(lk) — | — L**npo,
by L 1—a (1—-q) 1—p* p

where ¢, |¢| = p, is determined from equation (2) for

r—

By = (1—2)) +k,

and the modulus p of the boundary function and the real constant k are found
from the system of two equations:
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1 "1 —q?
1) 1n—=/| qL di%
By 1=p% p

T+

2) equation (4), in which instead of v there stands k.

Corollary. The boundary of the range of values of the functional

_ nwlw(w)l‘“
f=h=Cw

in the class S; (/) is determined by the equation
r isina(l —pd) (1+7)(1—py)
T+n In

I, =1
0 np 2 2 cog2 in2 (L—=7)(1+po)
0 (14 pg)a/ (1 + %)% cos? a + sin” a — 2p, (1 + %) cos o

)

where p, is found from the relation

po(1—r?2) _ (I+#)(1+ pg) cos o — 2P0\/(1 + )2 cos? v+ sin” @ 1 L+ = po)

1

n 1 2 1 1 '
Ar(l=p) (1—i—pg)\/(l+%)2cos2a—|—sin2a—2p0(1+%)cosa (=) + po)
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