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MATHEMATICS
V. B. KUDRYAVTSEV

COMPLETENESS QUESTIONS FOR SYS-
TEMS OF AUTOMATA*
(Presented by Academician S. L. Sobolev, 24 X 1959)

In mathematics and its applications there often arises the problem of the possi-
bility of representing objects of a certain set by means of, for example, a given
system of objects of the same set in the form of definite expressions, i.e., the
problem of completeness of a system of elements. Thus, in algebra one studies
the question of the possibility of representing a function in the form of for-
mulas through functions of some system; in automata theory—the possibility
of representing 𝑜-𝑑-operators by means of circuits constructed from elementary
automata, and so on. In two-valued logic (𝑃2) this problem has been solved com-
pletely (1−3); its solution in many-valued logic has been advanced considerably
(3,4), while with respect to automata only the first steps are so far being taken
in this direction (5−8). In the present note questions of completeness of systems
of automata are studied. It turns out that the solution of this problem depends
in an essential way on what is understood by a function realized by an automa-
ton, and what is taken as the class of admissible circuits. Therefore the paper
gives several definitions of completeness. Some conditions for completeness are
presented.

Fig. 1

1∘. The concept of an automaton is connected with three concepts: element,
circuit, and function**.

I. An element 𝐹𝑖, Fig. (1𝑎), has some number 𝑟𝑖 of inputs and one output.

Let there be given an alphabet 𝑋 = {𝑥𝑖}.
II. Circuit.

0. A pole with a letter 𝑥𝑖 ∈ 𝑋 assigned to it is a circuit (Fig. 1𝑏). It is an
input and output pole of the circuit.

1. The union of two circuits 𝑆1 and 𝑆2 is a circuit (𝑆) (Fig. 1𝑐). The set
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of input poles of the circuit 𝑆 is the union of the sets of input poles of
𝑆1 and 𝑆2. The set of output poles of the circuit 𝑆 is some subset of the
union of the output poles of the circuits 𝑆1 and 𝑆2.

2. The result of attaching the inputs of an element to the output poles of
a circuit 𝑆 is a circuit. In this case it is allowed to attach several inputs
of the element to one output of the circuit (Fig. 1𝑑). The inputs of the
resulting circuit 𝑆 are the inputs of the circuit, and the outputs are the
output of the element and some subset of the output poles of the original
circuit.

As a result of such a construction, Boolean variables 𝑥1, … , 𝑥𝑛 will be assigned
to the input poles of the circuit.

* Here by an automaton is meant a“finite automaton,”i.e., one having a finite
number of states.

** Cf. with S. V. Yablonskii’s definition of a control system (9).
III. 1. To an element there is assigned a pair (𝑓(…), 𝑡), where 𝑓 is an 𝑟-ary

Boolean operator (3), and 𝑡 is a nonnegative integer. This means that
if, at time 𝜏 , the inputs of the element to which the pair (𝑓(…), 𝑡)
corresponds are in states (𝛼1, … , 𝛼𝑟), then its output at time 𝜏+𝑡 is in
the state 𝑓(𝛼1, … , 𝛼𝑟). Thus, the element 𝐹𝑖 processes information
with delay 𝑡. An element with an assigned pair will be called an
elementary automaton.

2. Obviously, knowing the nature of the processing of information by each
element, i.e., the pair (𝑓, 𝑡), and the structure of the circuit, determined by
an inductive process, we can in some cases naturally associate pairs with
the nodes of the circuit (including the outputs) in such a way that these
pairs will characterize the processing of information by the corresponding
part of the circuit. Such a definition is always possible if the condition is
fulfilled that information is supplied simultaneously to all inputs of each
element of the circuit.

A path in a circuit is called a sequence

𝑎1𝑏1𝑎2𝑏2𝑎3 … 𝑎𝑠𝑏𝑠𝑎𝑠+1, (1)

where 𝑏𝑖 is an elementary automaton, 𝑎𝑖 is its input, and 𝑎𝑖+1 is its output.
The length of the path (1) is the number ∑𝑠

𝑖=1 𝑡𝑖, where 𝑡𝑖 is the delay of the
elementary automaton 𝑏𝑖.

At the output 𝐵 of the circuit, by definition, a pair (𝐹𝐵(…), 𝑇 ) is realized, where
𝐹𝐵(𝑥1, … , 𝑥𝑛) is such a function that 𝐹𝐵(𝛼1, … , 𝛼𝑛) is, for any tuple at time 𝜏
on the inputs (𝛼1, … , 𝛼𝑛), the state of the output 𝐵 at time 𝜏 + 𝑇 , where 𝑇 is
the length of an arbitrary path from an input to the output 𝐵.
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In sections 1∘–3∘ we shall consider such circuits that the lengths of all paths to
an arbitrary fixed element from all inputs of the circuit connected with it are
equal. A circuit all of whose elements belong to the set 𝔉 will be called a circuit
over 𝔉. In what follows we shall sometimes denote a circuit, in particular an
elementary automaton, realizing the pair (𝑓, 𝑡), by [𝑓, 𝑡]. It is easy to see that,
by assigning certain states to the outputs of a circuit at the initial moments, we
obtain a finite automaton.

2∘. Definition 1. A system 𝔉 of elementary automata 𝐹𝑖 = [𝑓𝑖, 𝑡𝑖] will be called
complete in the first sense if, for any function 𝑓(𝑥1, … , 𝑥𝑝) from 𝑃2 and any
delay 𝑡, one can construct a circuit over 𝔉 realizing the function 𝑓(𝑥1, … , 𝑥𝑝)
with delay 𝑡.
Theorem 1. A system 𝔉 is complete in the first sense if and only if it contains:
a) some system of elementary automata [𝑓𝑖, 0] such that {𝑓𝑖} forms a complete
system in 𝑃2; b) some elementary automaton [𝑓, 1], where 𝑓 is not a constant.

For example, a system complete in the first sense is the system [𝑥, 1],
[𝑓1, 0], … , [𝑓𝑠, 0], where 𝑓1, … , 𝑓𝑠 is a complete system of functions in 𝑃2.

Proof of the theorem. Sufficiency. By virtue of b), in the system 𝔉 there
is an elementary automaton [𝑓𝑎, 1] such that 𝑓𝑎(𝑥1, … , 𝑥𝑛) is not a constant;
therefore one can find a pair of neighboring tuples on which 𝑓𝑎(𝑥1, … , 𝑥𝑛) takes
different values. But then, in an immediately obvious way, one can construct a
circuit with a single output realizing (𝑥, 1). Consequently, any pair (𝜑, 𝑡) is also
realizable.

Necessity. If in 𝔉 there is no pair with 𝑡 = 1, then, obviously, no pair (𝜑, 1)
can be realized. If 𝔉 contains only a pair (𝜑, 1), where 𝜑 is a constant, then,
obviously, the pair (𝑥, 1) cannot be realized.

Corollary. There does not exist a single element forming a complete system in
the first sense.

3∘. Definition 2. A system 𝔉 is complete in the second sense if, for any
function 𝑓(𝑥1, … , 𝑥𝑛) from 𝑃2, there exist 𝑡 and a circuit over 𝔉
such that this circuit realizes the pair (𝑓, 𝑡). Obviously, every system complete
in the first sense is also complete in the second.

Theorem 2. There is no single elementary automaton [𝜑, 𝑡] with 𝑡 > 0 such
that it forms a complete system in the second sense of completeness.

Proof. Suppose that such an elementary automaton [𝜑, 𝑡] exists. Then 𝜑 must
obviously be a Sheffer function, and 𝜑(0, … , 0) = 1, 𝜑(1, … , 1) = 0. Consider
an arbitrary circuit over 𝔉 = {(𝜑, 𝑡)}. Identify its inputs. Then it is easy to
show by induction (using equality of the lengths of the paths from the input to
an arbitrary elementary automaton) that every elementary automaton realizes
either 𝑥 or ̄𝑥, i.e. there is no circuit realizing, for example, the pair (0, 𝑡). The
theorem is proved.
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Lemma 1. The system {[𝑥, 𝑡], [𝑓𝑖, 𝑡𝑖]}, where {𝑓𝑖} is complete in 𝑃2 and the 𝑡𝑖
are multiples of 𝑡, is complete in the second sense.

Corollary. If, from a system of elementary automata, one can construct circuits
realizing pairs satisfying the condition of Lemma 1, then it is complete in the
second sense.

Lemma 2. From the system {[𝜃, 𝑡1], [𝑐, 𝑡2]}, where

𝜃(𝑥1, 𝑥2, 𝑥3) = ̄𝑥1𝑥2𝑥3 ∨ 𝑥1 ̄𝑥3 ∨ ̄𝑥1 ̄𝑥2 ̄𝑥3,
𝑐(𝑥) is a constant (the element [𝑐, 𝑡2] has one input), one can construct circuits
realizing (𝑥, 𝑇 ) and (𝜃, 𝑙𝑇 ), where 𝑇 ≥ 0, 𝑙 is a nonnegative integer, for any
𝑡1, 𝑡2.

Proof. It is obvious that 𝜃(𝑥1, 𝑥2, 𝑥2) ≡ ̄𝑥1 ∨ ̄𝑥2. Therefore the case 𝑡1 = 0 is
trivial. Consider the case 𝑡1 > 0. By attaching to all inputs of the elementary
automaton [𝜃, 𝑡1] one element [𝑐, 𝑡2] each, we obtain [𝑐, 𝑡1 + 𝑡2]. From [𝑐, 𝑡2] and
[𝑐, 𝑡1 + 𝑡2] one can (by attaching them to each other in different orders) obtain
[0, 𝑡1 +2𝑡2] and [1, 𝑡1 +2𝑡2]. Therefore, for any positive integers 𝑎 and 𝑏, one can
realize both constants 0 and 1 with delays 𝑎𝑡2 + 𝑏(𝑡1 + 𝑡2). Further, from the
elementary automaton [𝜃, 𝑡1] one can obtain [𝑥, 2𝑘𝑡1] for any positive integer 𝑘.
Since 𝜃(0, 1, 𝑥) = 𝑥, under the condition

2𝑘𝑡1 = 𝑎𝑡2 + 𝑏(𝑡1 + 𝑡2), (2)

by attaching to the inputs 𝑥1, 𝑥2, 𝑥3 of the elementary automaton [𝜃, 𝑡1], respec-
tively, [0, 𝑎𝑡2+𝑏(𝑡1+𝑡2)], [1, 𝑎𝑡2+𝑏(𝑡1+𝑡2)], and [𝑥, 2𝑘𝑡1], we obtain [𝑥, (2𝑘+1)𝑡1].
Equation (2) has, for example, the solution 𝑘 = 3𝑡2 + 𝑡1, 𝑏 = 2𝑡1, 𝑎 = 4𝑡1, and
for 𝑡1 > 0 the numbers 𝑘, 𝑏, 𝑎 are positive. Thus we have [𝜃, 𝑡1] and [𝑥, (2𝑘+1)𝑡1].
Attaching to each input of the elementary automaton [𝜃, 𝑡1], according to the
circuit [𝑥, (2𝑘 + 1)𝑡1], we obtain [𝜃, 2(𝑘 + 1)𝑡1]. In addition, we already have
[𝑥, 2𝑡1]. The lemma is proved.

Corollary. There exists a pair of elementary automata [𝜓1, 𝑡1] and [𝜓2, 𝑡2]
complete in the second sense for any 𝑡1 and 𝑡2.

Theorem 3. The conditions of the corollary to Lemma 1 are necessary and
sufficient for the system {[𝑓𝑖, 𝑡𝑖]} to be complete in the second sense.

Proof. Sufficiency—see the corollary to Lemma 1. Necessity. Let the system
{[𝑓𝑖, 𝑡𝑖]} be complete in the second sense. Then from it one can, in particular,
construct [𝜃, 𝜏1] and [𝑐, 𝜏2], where

𝜃(𝑥1, 𝑥2, 𝑥3) = ̄𝑥1𝑥2𝑥3 ∨ 𝑥1 ̄𝑥3 ∨ ̄𝑥1 ̄𝑥2 ̄𝑥3.
By Lemma 2 one can construct [𝜃, 𝑙𝑇 ] and [𝑥, 𝑇 ]. The theorem is proved.

4°. We shall now consider arbitrary 𝑜-𝑑-operators (5−1), i.e. transformations of
sequences 𝑥(𝑖) into sequences 𝑧(𝑖), defined by the system of equations

𝑞(𝑡) = 𝜓[𝑥(𝑡), 𝑞(𝑡 − 1)], 𝑧(𝑡) = 𝜑[𝑥(𝑡), 𝑞(𝑡 − 1)], 𝑞(0) = 𝑐, (3)
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Fig. 2

Figure 2: Fig. 2

where each of the parameters 𝑥, 𝑞, 𝑧 ranges over its own finite set,

values (finite automata) (see Fig. 2). Not every o-d operator can be realized by
an automaton defined in 1°. Let us extend the definition of an automaton.

I. An element has some number 𝑟 of inputs and some number 𝑚 of outputs.

II. Circuit. Items 0, 1, and 2 from 1° are retained; in addition:

3. The result of adjoining an input 𝑎′ of a circuit 𝑆 to an output of the circuit
is a circuit (𝑆′). The inputs of the circuit 𝑆′ are the inputs of the circuit
𝑆 except for 𝑎′, and the outputs are certain outputs of the circuit 𝑆.

Fig. 2

III. The function (o-d operator) of a circuit is defined in the usual way (5−7).
To an element there is put in correspondence an o-d operator with input
alphabet consisting of 2𝑟 words and output alphabet consisting of 2𝑚

words. An element together with the o-d operator corresponding to it will
be called an elementary automaton.

Moreover, the circuits must satisfy the “consistency”conditions (5,7). In each
particular case these conditions are easily checked and, in essence, mean that for
every state of the circuit, along every directed cycle without delays, an identi-
cal transformation of information takes place. Mathematically, this restriction
means that the process of computing the operator realized by the circuit is
uniquely executable. As is known (5,7), in order to realize all o-d operators it
suffices to have a complete system of elements with zero delay and unit delay.

It follows from Theorem 2 that there does not exist a single elementary automa-
ton (of the kind considered in 1°) forming a complete system.

Theorem 4. There exists a single elementary automaton (an analogue of the
Sheffer function in 𝑃2), by copies of which one can realize any o-d operator.

Let us give an example of such an elementary operator. Consider the function

𝑓(𝑥1, 𝑥2, 𝑥3, 𝑥4) = ̄𝑥1𝑥4 ∨ ̄𝑥2 ̄𝑥4 ∨ ̄𝑥3.

The elementary automaton 𝐹 of interest to us is obtained from the element
realizing the function 𝑓 with zero delay by adjoining a unit delay to the input
𝑥4 (see Fig. 3). Indeed, when the inputs 𝑥1 and 𝑥2 in the elementary automaton
𝐹 are identified, we obtain [𝜑, 0], where 𝜑 = ̄𝑥1 ∨ ̄𝑥3, and when the constant 1 is
substituted for 𝑥3 and 𝑥2, the constant 0 for 𝑥1, and the inputs of the resulting
circuit are identified, we obtain a unit delay.
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Fig. 3

Figure 3: Fig. 3
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