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1. Consider a sequence of independent random variables X, X5, ..., having the
same distribution with finite variance 02 > 0 and mathematical expectation
E X, equal to zero. Put

X +Xo++X Y 1 >
z = 2 o O(x :—/ e /2 dt, x) = e v /2,
" ovn (=) V2r ) #(@) V2

The distribution function of the random variable Z,, will be denoted by F, (),
and the corresponding density of the distribution, if it exists, by p,,(x). Study-
ing the behavior of F, (x) as * — oo together with n, Cramér (V) obtained a
fundamental theorem, which was later generalized by the author ? to the case
of non-identically distributed variables, with a concomitant strengthening of it
for the special case of identical distributions. We give the statement of Cramér’
s theorem with this strengthening taken into account.

If, for some a > 0,

Ee®Xil < oo, (A)

then for z > 1, z = o(y/n), and n — co we have

=R ) )

where

At) = co + et + cot? + - (1)

is a power series converging for all sufficiently small values of |¢|.
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Denote by +,,, the cumulant of order m of the random variable X;. The coeffi-
cient ¢;, in Cramér’ s series (1) is expressed only in terms of v, = 02,73, ..., Vii3-
In particular, ¢y = 7v3/(603), ¢; = (02, — 373)/(2409).

Analogous results, under the assumption that condition (A) is satisfied, were
obtained by V. Richter ) for local theorems.

Yu. V. Linnik *®) obtained a number of integral and local limit theorems for the
case when Cramér’ s condition (A) is not satisfied and therefore the previously
used methods are inapplicable. In (4®) the problem of normal convergence was
studied, i.e., the problem of determining conditions under which, for example,
[1—F,(2)]/[1 —®(x)] = 1orp,(x)/e(x) = 1asn — oo and 0 < z < ¥(n),
where t(n) is a monotone function, lim,,_,  ¥(n) = +oo.

However, the method proposed by Yu. V. Linnik can also be applied to the
solution of other problems. We formulate several results obtained in this way.

If s is a nonnegative integer, then by Al (t) we shall denote the segment of
Cramér’ s series (1) consisting of its first s terms. Thus,

s—1
ASl(t) =3 et (s>1);
k=0

in the case s = 0 we put A°(t) = 0.

Theorem 1. Suppose that for some ng there exists a bounded density p,, (x) of
the distribution of the random variable Z,. If the condition

Eexp|X1|% < 0 (2)

is satisfied for some a, 0 < a < 1/2, then, for |x| < n®/p(n), where p(n) is any

monotone function such that lim p(n) = 400, as n — 0o we have, uniformly
n—oo

with respect to x,

Pat) — exp [ 23 ()| 1+ o) 3)

where s is a nonnegative integer determined by the inequalities

S s+ 1
01 S Asta) )

The following theorem shows that condition (2) is necessary in order that (3)
hold as n — oo uniformly with respect to z in the interval |z| < n%p(n).

Theorem 2. If (3) holds as n — oo, for |x| < n®p(n) and some integer s > 0,
uniformly with respect to x, where p(n) is some monotone function and « is
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some number such that lim p(n) = 400, 0 < a < 1/2, then condition (2) is
n—oo

satisfied for the given a.

As consequences of Theorems 1 and 2 we obtain certain results of Yu. V. Linnik.

Suppose that for some n, there exists a bounded density p,,(z). By p(n) below
is denoted a monotone function increasing (arbitrarily slowly) to infinity.

Corollary 1. Let 0 < o < 1/6. Condition (2) is sufficient in order that, for
|z] < n®/p(n) and n — oo, the relation

—1 (5)

hold uniformly with respect to x, and is necessary in order that (5) hold for
|z] < n%p(n) and n — oo uniformly with respect to x.

Corollary 2. Let « satisfy condition (4) with s > 0. Conditions (2) and

Y =0 (m=3,...,5+2) (6)

are sufficient in order that (5) hold for |z| < n®/p(n) and n — oo uniformly
with respect to x, and are necessary in order that (5) hold for |z| < n®p(n) and
n — oo uniformly with respect to z.

We now turn to the case where the random variables X, X,, ... have a lattice
distribution. Let X, X5, ... be a sequence of identically distributed independent
random variables, EX; = 0, 0 < DX; = ¢ < co. Suppose that X, has only
possible values of the form a + kh (k = 0,+1,42,...), where a is some real
number and / is the maximal span of the distribution. Introduce the notation

an+ Nh

p = P{X, = a+kh}, Pn(N)zP{ZXj:an+Nh}, T=ay =

Jj=1

Theorem 3. If condition (2) is satisfied for some a, 0 < o < 1/2, then for
|z| < n®/p(n), where p(n) is any monotone function such that lim,, , . p(n) =
400, as n — oo we have, uniformly with respect to x,

oy/n

h(p(];’;(m — exp [j;xlsl (fﬁ)] [1+o0(1)]. (7)

Here s is a nonnegative integer determined by means of (4).

Theorem 4. If (7) holds as n — oo for some integer s > 0, uniformly with
respect to = in the segment |z| < n®p(n), where « is some number and p(n) is
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some monotone function satisfying the conditions 0 < o < 1/2, lim,,_, . p(n) =
+00, then condition (2) is satisfied for the given «.

From Theorems 3 and 4 there follow corollaries analogous to the above-indicated
corollaries from Theorems 1 and 2.

2. The results obtained can be generalized to the case of non-identically dis-
tributed random variables. We shall confine ourselves to the following
assertion.

Let X, X,,... be a sequence of independent random variables,

—_ — 2 g

2 _ " 2
Put s = ijl o3,

1
Z, = —

X,

n
n =1

By Vj(z) denote the distribution function of the random variable X, and by
v,(t) its characteristic function. As before, by F), (x) and p,,(x) we shall denote
respectively the distribution function and the density of the distribution of the
random variable Z,,.

Theorem 5. Suppose that for some «, 0 < a < 1/2, the following conditions
are satisfied:

L.

Eexp{|X;[=7}<C (=12,

where C' is a constant.

II.

/| H|Uj(t)|dt: O(eﬂ;nza)
t[>e j=1

for every € > 0 and some 6 > 0.

ITI.

lim 2n > 0.

n—oo n
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Then, for all sufficiently large n, there exists a density p,(x), and for |z| <
n®/p(n), where p(n) is an arbitrary monotone function such that lim,, , . p(n) =
400, we have

sy =ew [ (J5) [

as n — 0o, uniformly with respect to x. Here s is a nonnegative integer deter-

mined by means of (4), and A (t) is the truncation of the series A, (t) consisting
of its first s terms. The series A, (¢) is defined in the work (?).

We note that the power series A, (¢), whose coefficients in the general case depend
on n, in the particular case of identical distributions coincides with Cramér’ s
series A(t).

Theorem 1 follows from Theorem 5.

In conclusion, I express my deep gratitude to Yu. V. Linnik for his attention to
the present work and for valuable advice.
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