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Abstract

Full Text
D. D. IVLEV

ON THE THEORY OF IDEALLY HARDEN-
ING MEDIA

(Presented by Academician L. 1. Sedov, 23 X 1959)

In the work of V. Prager (1), attention was drawn to a new branch of continuum
mechanics: the theory of ideally hardening media. Prager’ s model, despite its
extreme idealization, makes it possible to approach the study of a new class of
mechanical phenomena and, serving as a basis for further constructions, deserves
careful investigation.

Fig. 1 Fig. 2

In this note we consider certain questions in the theory of ideally hardening
media. The medium under consideration will be assumed to be: 1) homogeneous,
2) isotropic, 3) incompressible. Further, we shall assume: 4) independence
of the material behavior with respect to reversal of the sign of the stresses.
Finally, suppose that: 5) the medium is ideally hardening. Let us explain the
latter. Consider an element of the medium under the action of uniaxial tension-
compression. We shall assume that the dependence o—e has the form shown
in Fig. 1, i.e., the medium deforms freely until the deformation (in the general
case, some combination of deformations) reaches a certain limiting value, which
we denote by k.

Consider the space of principal deformations; the hardening condition is inter-
preted in it as a certain curve lying in the deviatoric plane €; + &5 +e53 =0. In
Fig. 2 the hexagons ABCDEF and A, B,C,D,E, F; are shown, between which
lie all possible unbent curves of the hardening condition. In what follows we
shall consider only unbent curves of the hardening condition, and the hardening
condition will be regarded as a hardening potential (2,%). Properly speaking,
considerations concerning the appropriateness of such definitions can be carried
over, with insignificant reservations, from the theory of ideal plasticity and are
closely connected with considerations of uniqueness and extremality of the true
processes (4, °).

Let us single out from all possible unbent hardening curves the unique one that
determines the absolute extremality of the work for given boundary conditions.
It is natural to expect that such a curve will prove to be either the hexagon

ABCDEF, or the hexagon A, B;C;D,E,F;. In ana-

logical situation in the theory of ideal plasticity (°) the hexagon ABC DEF was
taken. In the present case we shall likewise assume that the true processes differ

sovietrxiv.org/items/ru-196001.70991 Machine Translation


https://sovietrxiv.org/items/ru-196001.70991

from all possible ones in that, for a prescribed deformation of an element of the
body, they require the minimum work of deformation. Then in our case the
true hardening condition is interpreted by the hexagon A, B,C;D,E, F}.

Let us write the equations of the sides of the hexagon A, B;C; D, E; F;. Consider,
for example, the side F} A;. Its equation is written in the form

1 1
—£9— —€3 =k, €1 +eg+eg=0. (1)

1T %2,

The equation of the side A, B; is written in the form

1 1
—€2+§53+551 = kv 51 +€2+83 :O (2)

In this case, evidently, the greatest freedom of the stressed state corresponds to
the vertices of the hexagon A, B,C, D, E, F}; for the vertex A; we shall have

2
-k, eq =0. (3)

51:_62:3

In the case of a plane strain state, directing the z-axis along the axis of an
infinitely long cylindrical body, suppose that the z-axis coincides with the third
principal direction of strain. Then

‘C:z:a?;:ng:eyz:sz:Tyz:O

and all components depend only on the coordinates x,y.

Considering conditions (1) and (2), it is easy to see that the case of plane strain
state can correspond only to the vertices of the hexagon A;B;CD{E;F;. In
our case one must consider the vertex A; or D;. Condition (3) is written in the
form

4k?
(ECC — 5y>2 + 4€§y = 4X2 <X2 = 9) . (4)

We satisfy condition (4) by putting
€, = —€, = X cos 20, €4y = X Sin 26. (5)
Substituting expressions (5) into the strain compatibility conditions

0q | 0y Oey _
Oxr Oz oy
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4, Y L
Oy Oz Oy 0, (6)
where
NI Y CTe Y
173 oy Ox)’ “2 = Bz Ey_ay’ w9\ 9y ox)’

we obtain a system of two equations of hyperbolic type, whose characteristics
are written in the form

dy —tg6dx =0, dy + ctgfdx = 0. (7)

Along the characteristics the relations

dqF xdf =0, (8)

hold.

Let us pass to the equations for the stresses. Differentiating relation (4), we
find

ds, =d(o, — o) =2du(e, —¢,) = 4dux cos 20,

ds, =d(o, — o) = 2du(e, — €,) = —4dpx cos 20, (9)

2dr,, = 8due,, = 8dusin 20,

where o = 3(0, + 0,4 0,).
From (9) we obtain o, = '/,(0, + 0,). We write the equilibrium equations in

the form

do  Os, OT,, do 0T,  Os,
ot et =0 Toy Py _ (10)

87; or y

Substituting the expressions (9) into (10), we obtain a system of two equations
of hyperbolic type, whose characteristics coincide with the characteristics (7).
Along the characteristics the relations hold

Table 1
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do F xdu = 0. (11)

Let us consider the spatial deformation of ideally hardening media. We shall
restrict ourselves to consideration of the case of the condition of complete hard-
ening (3), as providing the greatest freedom for the state of stress. Suppose that
the directions of the principal strain rates €, €5, €5, which we denote by E 7, C ,
form angles with the axes x,y, z whose cosines are given in Table 1. In what
follows we shall assume that {; = cosg,, m; = cos®;, n; = cosf; (i = 1,2,3).
Using the transformation

51 :51l§+€2m%+53n%7 (xyz) (12)
Euy = E1lily +Eamymy +E5m 1, 123
and taking expression (3) into account, we obtain
£, = 2/5k (cos? p; —cos? ¢, ), Yz (13)
=2/, k (cos ¢ cos oy — cosh; coshy) . 123

Here and in what follows the symbols (zyz), (123) mean that the unwritten
relations are obtained by cyclic permutation of the indices. We write the com-
patibility conditions in the form

Ow, e, Oy
dr Oy + Ox =90,
ow, O, Oy 0 (zy2) (14)

oy * ox Jy

where

_1<@_3ﬂ) _}<3ﬂ_@) _l(@_@>
Y= =35\ 5, oy /)’ “v=o\or " 92) Y275 oy Ox)’

Substituting the expressions (13) into the 6 relations (14), and adjoining the 3
relations valid between the cosines [;, m;, we obtain a system of 9 equations in

the 9 unknowns: ¢;, 9, (i = 1,2,3) and Wy, Wy, w,. Denoting by x(z,y, z) the

sovietrxiv.org/items/ru-196001.70991 Machine Translation


https://sovietrxiv.org/items/ru-196001.70991

equation of the characteristic surfaces of this system of equations, we find that
the characteristic determinant reduces to the form

S > 0
X (erad - €) grad 1) rad -0 =0 (= Ghoe). (19)

Thus, the system of equations determining the deformed state is kinematically
determinate and belongs to the hyperbolic type. The characteristic surfaces are
orthogonal to the directions of the principal strain rates.

Let us turn to the study of the equations determining the stress field. Writing
condition (3) in invariants, we obtain

g, e, +e, =0,

2 2 2 _ 2
ExEy T EYE, F €8, —Eay — €y — Eop = — 47, (16)

2 2 2
ExEyEr 26,0 €0,E 0 — €4Eys — EyEoy — €65y = 0.

In other words, the condition for complete hardening is the vanishing of the
first and third invariants of the strain-rate tensor, as well as the equality of the
second invariant to a certain constant. Using condition (16) as the hardening
potential, we obtain

ds, = d\; + dXge, + dAz(e e, —€2.),

Yyz

AT,y = dNggy, +dA3(ey .6, — €.6,,)- (zyz) (17)

Next, to the 6 relations (17) one must add the condition

S, +s,+s,=0. (18)

We write the equilibrium equations in the form

oo 0s, 01y, 07,

The system of 10 equations (17), (18), (19) contains 10 unknowns: 7 components
Oy Syy e s Tyys - DIus 3 multipliers dA;, dAy, dAs. From (17) and (18) we find that
d\; = %%2d)\3; therefore relations (17) can be rewritten in the form
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2
dSI = dA2€I + d)\3 <€y5z - (C:iz + 7;) 3

ATy, = dAye, + dA3(e,,6,, — €,6,,)- (zyz) (20)

Eliminating from the 6 equations (20) the 2 unknown quantities dA,, d\s, we
obtain 4 equations

1 2
A—l [dsgﬂ(axyem — €z€yz) —dr,, (zsysz — E;Z + 3)

! 2 " _
= E dsy(gyzgzy — 5y5m) —dr,, | €6, — €5, + 3|~

1 n?
= A, {dsz(smeyz —£,6,,) —dT,, <5xsy —e2, + 3)} , (21)
1 1 1
A—l[d%ayz — dTysz] = —2[dsy€wz — dTmEy] = A—B[dszezy — dTIyEZ],

where
%2
— 2
A1 =& (Ezy‘grz - gxsyz) - Eyz (gysz - 8yz + ) )

(zyz), (123).

The system of 7 equations (19), (20) for the 7 unknown stress components
belongs to the hyperbolic type, and its characteristic surfaces coincide with the
characteristic surfaces of the equations determining the strain-rate field.

Received
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