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Abstract
Full Text
MATHEMATICS

Yu. A. ROZANOV

ON STATIONARY SEQUENCES FORMING A
BASIS
(Presented by Academician A. N. Kolmogorov on 27 X 1959)

In linear prediction of a multidimensional stationary random process
𝑥(𝑡) = {𝑥1(𝑡), … , 𝑥𝑛(𝑡)} (the time 𝑡 takes only integer values), the question of
the possibility of representing the quantities of the best prediction in the form
of a series

ℎ =
𝑛

∑
𝑘=1

∑
𝑡∈𝑇

𝑐𝑘(𝑡)𝑥𝑘(𝑡) (1)

(convergent in the mean square) in terms of the values 𝑥𝑘(𝑡) observed at time
instants 𝑡 ∈ 𝑇 is very important.

Let 𝐻 denote the linear closure in the mean square of the quantities 𝑥𝑘(𝑡),
𝑘 = 1, … , 𝑛, −∞ < 𝑡 < ∞. As usual, we identify all random variables ℎ that
differ from one another only with probability zero, and introduce in 𝐻 the scalar
product (ℎ1, ℎ2) = 𝑀ℎ1ℎ2.

The question of representability of random variables ℎ ∈ 𝐻 in the form of the
series (1) is the question of when the system of quantities {𝑥𝑘(𝑡)}, 𝑘 = 1, … , 𝑛,
−∞ < 𝑡 < ∞, forms a basis in the Hilbert space 𝐻. In considering this question
it is natural to restrict oneself to the case when the system {𝑥𝑘(𝑡)} is minimal,
i.e. no quantity 𝑥𝑘(𝑡) belongs to the linear closure of the remaining quantities
of this system.

Let the process 𝑥(𝑡) have spectral density 𝑓(𝜆) = {𝑓𝑘𝑗(𝜆)}𝑘,𝑗=1,…,𝑛. From work
(2) (cf. (1)) follows Theorem 1.

Theorem 1. In order that the system {𝑥𝑘(𝑡)} be minimal, it is necessary and
sufficient that

∫
𝜋

−𝜋

1
Sp 𝑓(𝜆) 𝑑𝜆 < ∞, (2)

where
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Sp 𝑓(𝜆) =
𝑛

∑
𝑘=1

𝑓𝑘𝑘(𝜆)

is the trace of the spectral density 𝑓(𝜆).
As is known, the system {𝑥𝑘(𝑡)} is minimal if and only if there exists in the
space a conjugate system of quantities {𝑦𝑘(𝑡)}, i.e. one such that

(𝑥𝑘(𝑡), 𝑦𝑗(𝑠)) = {1 if 𝑘 = 𝑗, 𝑡 = 𝑠;
0 if 𝑘 ≠ 𝑗 or 𝑡 ≠ 𝑠. (3)

If the conjugate system {𝑦𝑘(𝑡)} is complete in 𝐻, then each quantity ℎ ∈ 𝐻 is
uniquely determined by the series

ℎ ∼ ∑
𝑘

∑
𝑡

𝑐𝑘(𝑡)𝑥𝑘(𝑡), (4)

where 𝑐𝑘(𝑡) = (ℎ, 𝑦𝑘(𝑡)), and if the series in (4) converges, then its sum is
precisely ℎ.
Let

𝑥𝑘(𝑡) = ∫
𝜋

−𝜋
𝑒𝑖𝜆𝑡Φ𝑘(𝑑𝜆), 𝑘 = 1, … , 𝑛, (5)

be the spectral representation of the process 𝑥(𝑡). Every quantity ℎ ∈ 𝐻 can be
represented in the spectral form (5)

ℎ = ∫
𝜋

−𝜋

𝑛
∑
𝑘=1

𝜑𝑘(𝜆)Φ𝑘(𝑑𝜆), (6)

where the vector function 𝜑𝜆 = {𝜑1(𝜆), … , 𝜑𝑛(𝜆)} satisfies the condition

∫
𝜋

−𝜋
(𝜑𝜆, 𝑓𝜆𝜑𝜆) 𝑑𝜆 < ∞. (7)

Relation (6) gives an isometric correspondence between the space 𝐻 and the
space 𝐿2 of vector functions 𝜑𝜆 with scalar product

(𝜑, 𝜑′) = ∫
𝜋

−𝜋
(𝜑𝜆, 𝑓𝜆𝜑′

𝜆) 𝑑𝜆.
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By virtue of the minimality condition (2), the matrix function

𝑓−1
𝜆 = {𝑝𝑘𝑗(𝜆)}𝑘,𝑗=1,…,𝑛

is integrable, and therefore vector functions of the form 𝑒𝑖𝜆𝑡𝑓−1
𝜆 𝛿𝑘, where 𝛿𝑘 =

{0, … , 1, 0, … , 0} is the unit vector, belong to the space 𝐿2.

Obviously, the quantities of the conjugate system {𝑦𝑘(𝑡)} are represented in the
form

𝑦𝑘(𝑡) = 1
2𝜋 ∫

𝜋

−𝜋
𝑒𝑖𝜆𝑡

𝑛
∑
𝑗=1

𝑝𝑘𝑗(𝜆)Φ𝑗(𝑑𝜆), (8)

whence the completeness of {𝑦𝑘(𝑡)} in the space 𝐻 follows easily; the coefficients
𝑐𝑘(𝑡) in the expansion (4) are the Fourier coefficients of the functions 𝜑𝑘(𝜆)
occurring in the representation (6):

𝑐𝑘(𝑡) = 1
2𝜋 ∫

𝜋

−𝜋
𝑒−𝑖𝜆𝑡𝜑𝑘(𝜆) 𝑑𝜆. (9)

Following [the work] (3), we shall call the minimal system {𝑥𝑘(𝑡)} Bessel if, for
every ℎ ∈ 𝐻,

∑
𝑘

∑
𝑡

|𝑐𝑘(𝑡)|2 < ∞,

and Hilbert if, for any numbers 𝑐𝑘(𝑡),

∑
𝑘

∑
𝑡

|𝑐𝑘(𝑡)|2 < ∞,

there exists an ℎ ∈ 𝐻 with such expansion coefficients that 𝑐𝑘(𝑡) = (ℎ, 𝑦𝑘(𝑡)).
Theorem 2. In order that the system {𝑥𝑘(𝑡)} be Bessel, it is necessary and
sufficient that

𝑓(𝜆) ≥ 𝑚𝐼 (10)

for some 𝑚 > 0 for almost all 𝜆.

Proof. As is known (3), if the system {𝑥𝑘(𝑡)} is Bessel, then there exists a
constant 𝐶 such that

∑
𝑘

∑
𝑡

|𝑐𝑘(𝑡)|2 ≤ 𝐶‖ℎ‖2, (11)

which leads to the relation
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∫
𝜋

−𝜋
‖𝜑𝜆‖2 𝑑𝜆 ≤ 𝐶 ∫

𝜋

−𝜋
(𝜑𝜆, 𝑓𝜆𝜑𝜆) 𝑑𝜆 (12)

for any vector-function 𝜑𝜆 ∈ 𝐿2, whence the assertion of the theorem follows.

The following theorem is proved analogously:

Theorem 3. In order that the system {𝑥𝑘(𝑡)} be a Hilbert system, it is necessary
and sufficient that

𝑓(𝜆) ≤ 𝑀𝐼 (13)

for some 𝑀 < ∞ for almost all 𝜆.

Let us note that in the case of a Hilbert system, for any numbers 𝑐𝑘(𝑡),
∑𝑘 ∑𝑡 |𝑐𝑘(𝑡)|2 < ∞, the series (4) converges (4). Thus, if the functions 𝜑𝑘(𝜆)
in the spectral representation (6) of the random variable ℎ are square-integrable,
then in the case where the system {𝑥𝑘(𝑡)} is Hilbert, the random variable ℎ is
expanded in the convergent series (4).

Recall (5) that to the best quantities ̂𝑥𝑘(𝑡, 𝜏) of linear extrapolation of the
unknown values 𝑥𝑘(𝑡), 𝑘 = 1, … , 𝑛, from the known past of the process—the
quantities 𝑥𝑘(𝑠), 𝑘 = 1, … , 𝑛, 𝑠 ≤ 𝜏—there correspond in the space 𝐿2 vector-
functions

𝜑̂𝑘(𝑡, 𝜏 , 𝜆) = {𝜑̂𝑘1(𝜆), … , 𝜑̂𝑘𝑛(𝜆)},

the components 𝜑̂𝑘𝑗(𝜆) of which form the matrix 𝜑̂(𝑡, 𝜏 , 𝜆),

𝜑(𝑡, 𝜏 , 𝜆) = 𝑒𝑖𝜆𝑡 [𝑎(𝜆) −
𝑡−𝜏−1
∑
𝑠=0

𝑒−𝑖𝜆𝑠𝑎𝑠] 𝑎−1(𝜆), (14)

where

𝑎(𝜆) =
∞

∑
𝑠=0

𝑒−𝑖𝜆𝑠𝑎𝑠

is the boundary value of a maximal analytic matrix of class 𝐻2,

𝑎(𝜆)𝑎∗(𝜆) = 2𝜋𝑓(𝜆). (15)

The minimality condition (2) guarantees the square-integrability of the elements
of the matrix 𝑎−1(𝜆); from condition (13) it follows that ‖𝑎(𝜆)‖2 ≤ 𝑀 almost
everywhere.
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The considerations stated make it possible to conclude that the elements of the
matrix 𝜑(𝑡, 𝜏 , 𝜆) in the case of a Hilbert system {𝑥𝑘(𝑡)} are square-integrable.

Next, to the quantities ̂𝑥𝑘(𝑡, 𝑇 ) of best interpolation of the unknown values 𝑥𝑘(𝑡),
𝑘 = 1, … , 𝑛, 𝑡 ∈ 𝑇 , from the values 𝑥𝑘(𝑠), 𝑘 = 1, … , 𝑛, 𝑠 ∉ 𝑇 , observed at the
remaining instants of time, there correspond in the space 𝐿2 vector-functions
whose components have the form (5)

𝑒𝑖𝜆𝑡𝛿𝑘 −
𝑛

∑
𝑗=1

𝑝𝑘𝑗(𝜆) ∑
𝑠∈𝑇

𝑐𝑠𝑒𝑖𝜆𝑠, (16)

where 𝑝𝑘𝑗(𝜆) are the elements of the matrix 𝑓−1(𝜆).
Summarizing what has been said, we obtain Theorem 4.

Theorem 4. If the system {𝑥𝑘(𝑡)} is Hilbert, then the quantities ̂𝑥𝑘(𝑡, 𝜏) of best
extrapolation of the unknown values 𝑥𝑘(𝑡), 𝑘 = 1, … , 𝑛, from the known values
𝑥𝑘(𝑠), 𝑘 = 1, … , 𝑛, 𝑠 ≤ 𝜏 , are expressible in the form of the series (4) in these
values.

If, in addition, the condition

∫
𝜋

−𝜋

1
[Sp 𝑓(𝜆)]2 𝑑𝜆 < ∞, (17)

is satisfied,

then, in the form of the series (4), they are expressed through the known values
𝑥𝑘(𝑠), 𝑘 = 1, … , 𝑛, 𝑠 ∈ 𝑇 , and the quantities ̂𝑥𝑘(𝑡, 𝑇 ) of the best interpolation
of the unknown values 𝑥𝑘(𝑡), 𝑘 = 1, … , 𝑛, 𝑡 ∈ 𝑇 .

Following (4), we shall say that the system {𝑥𝑘(𝑡)} forms an unconditional
basis if, under any permutation of the quantities 𝑥𝑘(𝑡), it is a basis.*

As I. M. Gelfand showed (4), the system {𝑥𝑘(𝑡)} forms an unconditional basis
if and only if it is simultaneously both a Bessel and a Hilbert system.

Combining the results obtained above, we obtain Theorem 5.

Theorem 5. In order that the system {𝑥𝑘(𝑡)} be an unconditional basis, it is
necessary and sufficient that the condition

𝑚𝐼 ⩽ 𝑓(𝜆) ⩽ 𝑀𝐼 (18)

hold for some 𝑚 > 0, 𝑀 < ∞, for almost all 𝜆.

V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR
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* That is, the sum of the series in (4) does not change under a permutation of
the terms.

Note: Figure translations are in progress. See original paper for figures.
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