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Full Text
MATHEMATICS
S. A. TELYAKOVSKII

APPROXIMATION OF FUNCTIONS DIF-
FERENTIABLE IN THE WEYL SENSE BY
VALLEE-POUSSIN SUMS

(Presented by Academician A. N. Kolmogorov on 27 XI 1959)
1. Let the function f(z) be summable and

o0

flo)~ 3+ > (ay cos kx + by sin kx).
k=1

Let r > 0 and let @ be a real number. If the series

S [aycos (ke + 25 + bysin (ko + 2]
k=1

is the Fourier series of some summable function, which we shall denote by f7 (),
and if |f%(x)] < 1 almost everywhere, then we shall say that f(z) € W (see
(1). For a = r, f7(x) is the derivative (in the Weyl sense) of order r of the
function f(x), and we obtain the class W7; for & = r — 1 we obtain the class

W' of functions conjugate to functions of the class W".

With the aid of the matrix {\, }, n,k = 1,2,...; A, = 0 for k > n, we
associate with each function f(z) € W7 the polynomial

n—1

u,(f,x) = % + Z Ak (ay, cos kx + by sin kx)
k=1

and, as n — oo, find asymptotic formulas for the upper bounds

U, (Wg) = sup [[f(x) = u,(f,2)]c- (1)

Fewy

If the function 7(u) = 7(u,n) is defined for u = k/n by the equalities
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. (ﬁ) — (1A (E)ﬂ (k=1,2,..),

is continuous, and

dt < oo, (2)

/0oo 7(u) cos (ut + %) du

then, for f(z) € Wr,

flz) —u,(f,z) = ! /_: fr (x—i— %) ‘[)O T(u) cos (ut—i— a—;) dudt. (3)

"

Representation (3) for integral @ was obtained by B. Nadem (2).
From (3) we find that, as n — oo,

ULW3) = A) = +0 (a7 (@

where

dt

/000 7(u) cos (ut + %) du

= () (F o) 0

2. Let s,(f,x), n =0,1,2,..., be the partial sums of order n of the Fourier
series of the function f(z) € W. The polynomials

; ()

1 n—1
U (fr2) = - Z sp(f,x) (m=1,2,....n; n=1,2,...) (7)

k m

are called the de la Vallée-Poussin sums of the function f(x).

The upper bounds (1) in approximation by de la Vallée-Poussin sums will be
denoted by V,, ,,(W). The asymptotic behavior of V,, .. (W) as n — oo is
determined by us under the assumption that lim 7 exists and is equal to 0,
0oLl

Theorem 1. For V, (W), as n — oo, the following asymptotic formulas
hold:

1) If 0 = 0, then
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41 n 1
Vam(W2) = 5 -log 2= +0 (=) (8)

n”
2) If 0 < 6 <1, then

Vi W) = Alr_g)—- +0 (5 ) + 0 (Z2), 9)
where
0, for0<u<1—46,
T _p(u) = #u’r, for 1 —0 <wu<l,
(T for 1 <u < oo,
and

1
En:‘@—e‘logi formséﬁ; g, =0 for ¥ = 9.
n |m/n — 0 n n
3) If0=1and 0 <r <1, then
1 _ 11—7‘
Van(W2) = A + 0 (20, (10)
’ nr n
where
ut", for0<u<l,
Tl,r(u): —r
u ", forl <u<oo.
4) If 0 =1 and r = 1, then
—1 2 am| 1 n 1
W,)=—|sin —| — log ——— . 11
Vi (W2 = = [sin 7| 1og " w0 () (11)
If, however, |Sin %‘ =0, then for m =n
—1 1 1
V. (W)=A —4+0|— 12
MUSEVICHERSIEN (12)

and for n —m — oo

V(') = 24(ry 1) +0 (i\/nfm tog " ) +0 (n(nl_m)) . (13)
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where

1

1, for0 <wu <1,
7'1,1(“) = _
u— ", for 1< u< .

5) If =1 and r > 1, then:

in the case n — m = p — oo,

- 1 P pr2 1 1
Vn,m(Wa> = A(Tl,r> |:7’L + n2 +o ’I’LT1:| +0 (F) +0 (W) ) (14)

where

0, for0<u<1,
Tl,'r'(u) = —r .
(u—1Du", forl<u< oo

in the case n —m = p fixed, p > 1,

1 >~ o u—p [e%%
V. (W) =~ " (t / —) du dt
n,m( a) T fselll;[I/)g /Oo fa( )/p ur COS (’U, —+ 5 U X

1 p pr2 1

ol e e s +O(7>? (15)
n o n n n

in the case m=n

r 7 1 1

VnWg) = sup [P (@)l +0(+). (16)
fewr n n

For approximation by Fourier sums (m = 1), formula (8) for the classes W" was
obtained by A. N. Kolmogorov (®) (for integer r) and by V. T. Pinkevich (*)

(for all 7 > 0); for the classes W , by S. M. Nikol’ skii (*6); for the classes W,

by A. V. Efimov (7). For m = o(n), formula (8) for the classes W" and W' was
obtained by A. F. Timan (®).

For approximation by Fejér sums (m = n), formula (11) for the class W belongs
to S. M. Nikol’ skii (?), and formula (12) to S. B. Stechkin (see (1°)). Formula

(16) for the classes W7, WT, and W, for integer a was obtained by S. M. Nikol’
skii (11:6) and B. Nagy (122). For the value of the upper bound appearing on
the right-hand side of formula (16), see (1:13).

The order of decrease of the quantities V,, ,, (W) for 0 < 6 <1 and V,, ,,(Wy)
for 0 < r <1 was also known.
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For the classes W™ and W with integer 7, Theorem 1 (without formula (16)) was

published by the author (19); here the integrals entering the constants A(7) are

—1
given in (') in transformed form. There an asymptotic formula for V,, . (W)
in the case n — m fixed, not considered in Theorem 1, is also indicated.

3. If in the definition of W given above we put r = 0, then we obtain the
classes of functions WY.

If, for the continuous function ¢(u) = ¢(u,n),

o (§> Ay (k=12 (17)

n

and A(p) < oo, then for f(z) € W2
u,(f,z) = i/oo 7o (a: + %) /0 o(u) cos (ut—l— %) du dt, (18)

U, (Wg) = Sup lun(f,2)lc = Alp) + Ola,(¢))- (19)

Representation (18) for integral o was obtained by B. Nagy (2.
For the de la Vallée Poussin sums, the upper bounds (19) will be denoted by
Vom (W2).-

Theorem 2. If |a| < 1 and n — oo,

2 2
Vim(W3) = (W— cos% + —assin %) log% + p ‘sin %’ logm + O(1). (20)

Ifozannd%—)G, 0<6<1,

Vo (WG) = A1 _g) + O(e,,), (21)
where
1, for0<u<<1l—6,
p1-g(u) = #, forl—0<u<l,
0, for 1 <u < oo.

Formula (20) for & = 1 was communicated to the author by S. B. Stechkin.
Formula (21) belongs to S. M. Nikol’ skii (14 (see also (1%)).

sovietrxiv.org/items/ru-196001.70192 Machine Translation


https://sovietrxiv.org/items/ru-196001.70192

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR

Received
27 XI 1959

CITED LITERATURE

! B. Sz. Nagy, Ber. d. Math.-phys. KI. Akad. d. Wiss. Leipzig, 90, 103 (1938).
2 B. Sz. Nagy, Hungarica Acta Math., 1, No. 3, 14 (1948).

3 A. Kolmogoroff, Ann. Math., (2), 36, 521 (1935).

4V. T. Pinkevich, Izv. AN SSSR, ser. matem., 4, 521 (1940).

5 S. M. Nikol' skii, DAN, 32, No. 6 (1941).

6'S. M. Nikol' skii, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 15 (1945).
7 A. V. Efimov, Uspekhi matem. nauk, 14, issue 2 (86) (1959).

8 A. F. Timan, DAN, 81, No. 4 (1951); Izv. AN SSSR, ser. matem., 17, 99
(1953).

9'S. M. Nikol' skii, Izv. AN SSSR, ser. matem., 4, 501 (1940).

10°S. A. Telyakovskii, DAN, 121, No. 3 (1958).

11§, M. Nikol’ skii, DAN, 31, No. 3 (1941).

12 B. Sz. Nagy, Matem. és Fiz. Lapok, 49, 123 (1942); Acta Sci. Math. Szeged,
11, 71 (1946).

13°S. Bernstein, C. R., 200, 1900 (1935); 203, 147 (1936); J. Favard, Matem.
Tidsskrift, B, 81 (1936); Bull. d. Sci. Math., (2), 61, 209, 243 (1937); N. L
Akhiezer, M. G. Krein, DAN, 15, No. 3, (1937); V. K. Dzyadyk, Izv. AN SSSR,
ser. matem., 17, 135 (1953); S. B. Stechkin, Izv. AN SSSR, ser. matem., 20,
643 (1956); Sun’ Yu-shen, Izv. AN SSSR, ser. matem., 23, 67 (1959).

148, M. Nikol’ skii, Izv. AN SSSR, ser. matem., 4, 509 (1940).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196001.70192 Machine Translation


https://sovietrxiv.org/items/ru-196001.70192

	Abstract
	Full Text
	APPROXIMATION OF FUNCTIONS DIFFERENTIABLE IN THE WEYL SENSE BY VALLEE-POUSSIN SUMS
	CITED LITERATURE


