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Abstract
Full Text
MATHEMATICS

A. F. LAVRIK

ON BINARY HYPOTHESES IN THE THEORY
OF PRIME NUMBERS BY THE METHOD OF
I. M. VINOGRADOV
(Presented by Academician I. M. Vinogradov on 25 II 1960)

Let, for a given integer 𝑘 ⩾ 1, 𝜋𝑘(𝑥) denote the number of pairs of primes
𝑝, 𝑝 +2𝑘 (𝑘-twins) lying in the interval (0, 𝑥). With regard to the number 𝜋𝑘(𝑥),
Hardy and Littlewood in 1923 (2) stated the following proposition:

𝜋𝑘(𝑥) ∼ 2 ∏
𝑝>2

(1 − 1
(𝑝 − 1)2 ) 𝑥

ln2 𝑥
∏
𝑝∣𝑘
𝑝>2

(1 + 1
𝑝 − 2) ,

where 𝑝 runs over the prime numbers.

This hypothesis is one of the most interesting and difficult in the theory of
prime numbers. At present, concerning 𝜋𝑘(𝑥), only results of the type of upper
estimates are known, obtained on the basis of the “sieve”method.

In the present communication we give the results of applying I. M. Vinogradov’
s method of trigonometric sums (1) to the indicated problem and its general-
izations; from these results, in particular, it follows that the Hardy–Littlewood
hypothesis stated above is true almost always. The same is also valid for the
hypothesis on the number 𝐽(𝑁) of representations of even 𝑁 as a sum of two
prime numbers.

More precise formulations of the results are as follows.

Theorem 1. The number 𝜋𝑘(𝑥) of pairs of primes 𝑝, 𝑝 + 2𝑘 from the interval
(0, 𝑥) is expressed by the asymptotic equality

𝜋𝑘(𝑥) = 2 ∏
𝑝>2

(1 − 1
(𝑝 − 1)2 ) 𝑥

ln2 𝑥
∏
𝑝∣𝑘
𝑝>2

(1 + 1
𝑝 − 2) + 𝑂 ( 𝑥

ln3 𝑥
)

for every 0 < 2𝑘 ⩽ 𝑥/ ln 𝑥, with the exception of no more than 𝑐𝑥/(ln 𝑥)𝑀 of
them, where 𝑀 > 1 is arbitrary fixed, and the constants in the symbol 𝑂 and 𝑐
depend only on 𝑀 .
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This theorem admits a substantial generalization to progressions with increasing
difference.

Theorem 2. For every 0 < 2𝑘 ⩽ 𝑥/ ln 𝑥, 2𝑘 ≡ 𝑙′ − 𝑙″ (mod 𝐷), with the
exception of no more than 𝑐𝑥/𝐷(ln 𝑥)𝑀 of them, where 𝑀 > 1 is any given
number, 𝜋𝑘(𝑥; 𝐷)—the number of pairs of 𝑘-twin primes 𝑝, 𝑝 + 2𝑘 of the interval
(0, 𝑥), belonging respectively to the arithmetic progressions 𝐷𝑚 + 𝑙′, 𝐷𝑛 + 𝑙″
with the condition

1 ⩽ 𝑙′, 𝑙″ ⩽ 𝐷; (𝑙′, 𝐷) = (𝑙″, 𝐷) = 1; 0 < 𝐷 ⩽ (ln 𝑥)𝐴,

where 𝐴 > 0 is any constant, is expressed in the form

𝜋𝑘(𝑥; 𝐷) = 2 ∏
𝑝>2

𝑝(𝑝 − 2)
(𝑝 − 1)2 ∏

𝑝∣𝐷
𝑝>2

𝑝 − 1
𝑝 − 2

𝑥
𝜑(𝐷) ln2 𝑥

∏
𝑝>2

𝑝∣𝑘, 𝑝∤𝐷

𝑝 − 1
𝑝 − 2 + 𝑂 ( 𝑥 ln ln 𝐷

𝜑(𝐷) ln3 𝑥
) ,

where 𝑝 runs over the prime numbers; 𝜑 is Euler’s function, and the constants
in the symbol 𝑂 and 𝑐 depend only on 𝐴 and 𝑀 .

Thus, the prime numbers that are 𝑘-twins, for almost all 𝑘, are asymptotically
uniformly distributed over all primitive arithmetic progressions whose differ-
ences do not exceed any given power of the logarithmic length of the interval
(0, 𝑥).
With respect to the number of representations of even numbers as a sum of two
primes, analogous theorems are obtained.

Theorem 3. For every even 𝑁 ≡ 𝑙′ + 𝑙″ (mod 𝐷) from the interval (0, 𝑥), with
the exception of no more than 𝑐𝑥/𝐷(ln 𝑥)𝑀 of them, where 𝑀 > 0 is arbitrary
but fixed, the number 𝐽(𝑁; 𝐷) of solutions of the equation

𝑁 = 𝑝′ + 𝑝″

in prime numbers 𝑝′ ≡ 𝑙′ (mod 𝐷), 𝑝″ ≡ 𝑙″ (mod 𝐷), where 1 ≤ 𝑙′, 𝑙″ ≤ 𝐷,
(𝑙′, 𝐷) = (𝑙″, 𝐷) = 1, 0 < 𝐷 ≤ (ln 𝑥)𝐴, 𝐴 > 0 is assigned arbitrarily, is
expressed by the formula

𝐽(𝑁; 𝐷) = 2 ∏
𝑝>2

𝑝(𝑝 − 2)
(𝑝 − 1)2 ∏

𝑝/𝐷
𝑝>2

𝑝 − 1
𝑝 − 2

𝑁
𝜑(𝐷) ln2 𝑁

∏
𝑝>2

𝑝/𝑁, 𝑝∤𝐷

𝑝 − 1
𝑝 − 2+𝑂( 𝑁 ln ln 𝐷

𝜑(𝐷) ln3 𝑁
) ,

where 𝑝 runs over prime numbers, 𝜑 is Euler’s function, and the constants in
the symbol 𝑂 and 𝑐 depend only on 𝐴 and 𝑀 .
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An immediate consequence of this theorem is the validity of the Hardy–Little-
wood hypothesis (2) concerning the order of growth of 𝐽(𝑁) for almost all even
numbers 𝑁 .

The theorems are derived by the method of trigonometric sums of I. M. Vino-
gradov (1), in the form of the work of N. G. Chudakov (3). We shall confine
ourselves here to indicating its main points. Retaining the notation of Theorem
2, put, in addition:

1∘. 𝑑 = (𝐷, 𝑞), 𝑔 mod 𝑞 with the condition 𝑔𝑞/𝑑 ≡ 1 (mod 𝑑), and 𝑁 mod 𝑞;
𝑁 = 𝑔𝑞/𝑑; 𝑅(𝑞) = 1, if ( 𝑞

𝑑 , 𝐷) = 1, and 𝑅(𝑞) = 0 otherwise.

2∘. 𝐹 ′
𝑎𝑞(𝛼) = 𝑅(𝑞)

𝜇( 𝑞
𝑑 )

𝜑( 𝑞
𝑑 )

𝑒2𝜋𝑖 𝑎
𝑞 𝑁𝑙′ ∑

3≤𝑛′≤𝑥

𝑒2𝜋𝑖𝑛′(𝛼− 𝑎
𝑞 )

ln 𝑛′ ,

𝐹 ″
𝑎𝑞(𝛼) = 𝑅(𝑞)

𝜇( 𝑞
𝑑 )

𝜑( 𝑞
𝑑 )

𝑒−2𝜋𝑖 𝑎
𝑞 𝑁𝑙″ ∑

3≤𝑛″≤𝑥

𝑒−2𝜋𝑖𝑛″(𝛼− 𝑎
𝑞 )

ln 𝑛″ ,

where 𝜇 is the Möbius function.

Taking now Δ = (ln 𝑥)𝜃, 𝜃 = 24(𝑀 + 𝐴 + 𝑍), define the function Φ𝑘(𝑥; 𝐷) by
the relation

∑
1≤𝑞≤Δ

∑
1≤𝑎<𝑞
(𝑎,𝑞)=1

𝐹 ′
𝑎𝑞(𝛼)𝐹 ″

𝑎𝑞(𝛼) = ∑
|𝑘|≤𝑥−3

Φ𝑘(𝑥; 𝐷)𝑒2𝜋𝑖𝛼𝑘.

In this case, for

𝑘 ≡ 𝑙′ − 𝑙″ (mod 𝐷); 0 < 𝑘 ≤ 𝑥/ ln 𝑥; 𝜏(𝑘) ≤ (ln 𝑥)𝑀

(𝜏(𝑘) is the number of divisors of 𝑘), Φ𝑘(𝑥; 𝐷) is expressed in the form

𝜆 ∏
𝑝>2

𝑝(𝑝 − 2)
(𝑝 − 1)2 ∏

𝑝/𝐷
𝑝>2

(𝑝 − 1)2

𝑝(𝑝 − 2)
𝐷𝑥

ln2 𝑥
∏
𝑝>2

𝑝/𝑘, 𝑝∤𝐷

𝑝 − 1
𝑝 − 2 + 𝑂( 𝐷𝑥

ln3 𝑥
) .

where 𝜆 = 1, if 𝐷 is an even number, and 𝜆 = 2 for odd 𝐷. On the other hand,
following mainly the work of N. G. Chudakov 3, we obtain

∑
|𝑘|<𝑥−3

∣𝜑2(𝐷)𝜋𝑘(𝑥; 𝐷) − Φ𝑘(𝑥; 𝐷)∣2 ≪ 𝑥3(𝐷(ln 𝑥)𝑀+6)−1, (1)
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where the constant in the symbol ≪ depends only on 𝐴 and 𝑀 . Denoting further
by 𝑍(𝑥/ ln 𝑥) the number of integers 0 < 𝑘 ≤ 𝑥/ ln 𝑥, 𝑘 ≡ 𝑙′ − 𝑙″ (mod 𝐷), for
which

∣𝜑2(𝐷)𝜋𝑘(𝑥; 𝐷) − Φ𝑘(𝑥; 𝐷)∣ > 𝐷𝑥(ln3 𝑥)−1, (2)

as a consequence of the preceding estimate we find

𝑍(𝑥/ ln 𝑥) ≪ 𝑥(𝐷(ln 𝑥)𝑀)−1.

To these must also be added those of the indicated numbers 𝑘 which satisfy the
inequality:

𝜏(𝑘) > (ln 𝑥)𝑀 ,

but the number of these latter is no more than ≪ 𝑥(𝐷(ln 𝑥)𝑀)−1, since the
total number of exceptional 𝑘 lying in the interval (2, 𝑥/ ln 𝑥) turns out to be
no more than 𝑐𝑥/𝐷(ln 𝑥)𝑀 , where 𝑐 depends only on 𝐴 and 𝑀 .

Consequently, for each non-exceptional 0 < 𝑘 ≤ 𝑥/ ln 𝑥, 𝑘 ≡ 𝑙′−𝑙″ (mod 𝐷), the
inequality opposite to inequality (1) is valid. Hence, by virtue of the asymptotic
behavior of the function Φ𝑘(𝑥; 𝐷), Theorem 2 follows.

In conclusion, let us note that, first, combining the indicated results of I. M.
Vinogradov’s method with the results of the sieve method makes it possible to
establish certain new theorems concerning the difference between neighboring
pairs [𝑝𝑘𝑗; 𝑝𝑘𝑗 + 2𝑘], [𝑝𝑘(𝑗−1); 𝑝𝑘(𝑗−1) + 2𝑘] of prime 𝑘-twins, analogous to those
known for ordinary neighboring prime numbers. Secondly, by I. M. Vinogradov’
s method one may also consider the problem of the number of primes 𝑝 from the
interval (0, 𝑥) such that all the numbers 𝑝 + 𝑢1, … , 𝑝 + 𝑢𝑚 are prime, a problem
which had been the object of investigation only by the sieve method.

Received
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