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Let 𝑅 be a closed Riemann surface of genus 𝑝; let Γ be a contour bounding a
connected domain 𝑇 +, and let 𝑇 − be its complement on 𝑅. In the note (3) we
studied the solvability conditions for the Riemann boundary-value problem

Φ+(𝑡) = 𝐺(𝑡)Φ−(𝑡). (1)

Using the Riemann–Roch theorem, one can prove the following fact.

Theorem 1. The problem (1) of index 𝜘 has 𝜘 − 𝑝 + 1 solutions if 𝜘 > 2𝑝 − 2;
the number of solutions may vary from 𝜘 − 𝑝 + 1 to 𝜘 + 1 for 𝑝 ≤ 𝜘 ≤ 2𝑝 − 2;
from 0 to 𝜘 + 1 for 0 ≤ 𝜘 ≤ 𝑝 − 1. For 𝜘 < 0 the problem is unsolvable.

Conjugate to (1) we shall call the following boundary-value problem: to find
linear differentials 𝜓±(𝑧), analytic respectively in the domains 𝑇 ± and satisfying
the boundary condition

𝜓+(𝑡) = 1
𝐺(𝑡)𝜓−(𝑡). (2)

By division by a differential of the first kind 𝑑𝑍, we reduce problem (2) to the
ordinary boundary-value problem of index 2𝑝 − 𝜘 − 2. With the aid of the
Riemann–Roch theorem one proves

Theorem 2. The difference between the number of solutions 𝑘 and 𝑘̃ of the
conjugate boundary-value problems (1) and (2) is equal to 𝜘 − 𝑝 + 1.
Indeed, it is not difficult to see that if the family of solutions of problem (1) is
determined by the divisor class (𝐷), then the family of solutions of problem (2)
corresponds to the class (𝑊/𝐷), whence the assertion of the theorem follows.

In the work (3) the nonhomogeneous boundary-value problem was also consid-
ered

Φ+(𝑡) = 𝐺(𝑡)Φ−(𝑡) + 𝑔(𝑡) (3)
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and certain solvability conditions were indicated.

Theorem 3. For the solvability of problem (3) it is necessary and sufficient
that

∫
Γ

𝑔(𝑡)𝜓𝑘(𝑡) = 0 (𝑘 = 1, 2, … , 𝑘̃), (4)

where 𝜓𝑘 is a complete system of solutions of problem (2).

The necessity of the condition is obvious. Sufficiency follows from the solvability
conditions for the problem of zero index and Theorem 3 of the work (3).

* The principal results of the present note were reported by the author at the
Fourth All-Union Conference on the Theory of Functions of a Complex Variable
in Moscow in May 1958.

This follows from consideration of the equation

1 + 𝐺(𝑡)
2 𝜑(𝑡) + 1

2𝜋𝑖 ∫
Γ

𝜑(𝜏) [𝐴+(𝜏, 𝑡) − 𝐺(𝑡)𝐴−(𝜏, 𝑡)] 𝑑𝜏 = 𝑔(𝑡), (5)

to which problem (3) (3) and its adjoint are reduced, if one takes into account
that the solutions of the adjoint equation will be the differentials 𝜑𝑘(𝑡) (𝑘 =
1, 2, … , 𝑘̃), and only these.

Let 𝑇 be a finite Riemann surface of genus ℎ with 𝑚 + 1 contours. Then, as
shown in (3), the Hilbert problem

Re[(𝑎 − 𝑖𝑏)𝐹(𝑡)] = 𝑐(𝑡) (6)

is reduced to the Riemann problem

Φ+(𝑡) = −𝑎(𝑡) + 𝑖𝑏(𝑡)
𝑎(𝑡) − 𝑖𝑏(𝑡)Φ−(𝑡) + 𝑐(𝑡)

𝑎(𝑡) − 𝑖𝑏(𝑡) . (7)

on the double 𝑀 of the surface 𝑇 .

We shall call the problem

Re[(𝑎 + 𝑖𝑏)𝜓(𝑡)] = 0, (8)

where 𝜓(𝑡) is a linear differential, adjoint to (6).

Theorem 4. The number of solutions of the Hilbert problem (6) coincides with
the number of solutions of the Riemann problem (7). The difference between
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the numbers of solutions of the homogeneous Hilbert problem and of its adjoint
is equal to 2𝜘 − 2ℎ − 𝑚 + 1, where 𝜘 = indΓ(𝑎 + 𝑖𝑏). For solvability of the
nonhomogeneous Hilbert problem (7) it is necessary and sufficient that

∫
Γ

𝑐(𝑡)
𝑎(𝑡) − 𝑖𝑏(𝑡)𝜓𝑘(𝑡) = 0 (𝑘 = 1, … , ̃𝑙), (9)

where 𝜓𝑘(𝑡) (𝑘 = 1, 2, … , ̃𝑙) is a complete system of solutions of problem (8).

In the case ℎ = 0 our results coincide with the known results of I. N. Vekua.

Let us consider the Riemann problem in a more general setting. Let Δ be
a given divisor, ordΔ = 𝑛. Find differentials 𝜔±

𝜈 (𝑧) of dimension 𝜈, analytic
respectively in the domains 𝑇 ±, satisfying the boundary condition

𝜔+
𝜈 (𝑡) = 𝐺(𝑡)𝜔−

𝜈 (𝑡), (𝜔𝜈) + Δ ⩾ 0. (10)

Dividing the boundary condition by a differential 𝑑𝑍𝜈 of dimension 𝜈, we obtain
a problem for functions

Φ+(𝑡) = 𝐺(𝑡)Φ+(𝑡), (Φ) + Δ + (𝑑𝑍𝜈) ⩾ 0 (11)

of index 𝜘, obviously equivalent to some problem

Φ+
1 (𝑡) = 𝐺1(𝑡)Φ−

1 (𝑡), (Φ) ⩾ 0 (12)

of index 𝜘1 = 𝜘 + 2𝜈(𝑝 − 1) + ordΔ.

The number of solutions of this problem is computed with the aid of Theorem
1. We shall call adjoint to (10) the problem

𝜂+
−𝜈+1(𝑡) = 1

𝐺(𝑡)𝜂−
−𝜈+1(𝑡), (𝜂−𝜈+1) − Δ ⩾ 0. (13)

Dividing the boundary condition by the differential 𝑑𝑍−𝜈 = (𝑑𝑍𝜈)−1 of dimen-
sion −𝜈, we can reduce it to the form

𝜓+(𝑡)1 = 1
𝐺1(𝑡)𝜓−(𝑡), (𝜓) ⩾ 0 (14)

for linear differentials.

Problems (12) and (14) are, obviously, adjoint.

From Theorem 2 it follows
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Theorem 5. The difference between the numbers of solutions of the homoge-
neous adjoint problems (10) and (13) is equal to

𝜘 + (2𝜈 − 1)(𝑝 − 1) + ordΔ,

where 𝜘 = indΓ 𝐺.

With the aid of Theorem 3 one proves

Theorem 6. For the solvability of the nonhomogeneous problem

𝜔+
𝜈 (𝑡) = 𝐺(𝑡)𝜔−

𝜈 (𝑡) + 𝑔𝜈(𝑡), (𝜔𝜈) + Δ ⩾ 0 (15)

it is necessary and sufficient that

∫
Γ

𝑔𝜈(𝑡)𝜂+
−𝜈+1(𝑡) = 0, (16)

where 𝜂+
−𝜈+1(𝑡) is an arbitrary solution of the homogeneous problem (13).

Using the method of paper (3), one can, with the help of these results, inves-
tigate the Riemann–Hilbert problem. In doing so, obviously, all the results of
Koppelman’s paper (4) follow from our results.

The author expresses deep gratitude to his scientific adviser, Prof. L. I.
Volkovyskii, for sensitive and attentive guidance.
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