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Abstract

Full Text
MATHEMATICS
E. A. BREDIKHINA

SOME QUESTIONS ON THE APPROXIMA-
TION OF ALMOST-PERIODIC FUNCTIONS
WITH BOUNDED SPECTRUM

(Presented by Academician V. I. Smirnov on 4 XII 1959)

1. We denote by S the class of almost-periodic functions f(z) (here and
below uniformly almost-periodic functions are meant) and introduce the
corresponding Fourier series:

—o0

We denote by L = L(f) the sequence {A,} (k=1,2,...).

We shall say that an almost-periodic function f(z) belongs to the class S,, (n =
1,2,...), if there exist functions fy(x), f1(z),..., f,,(x) possessing the following

properties: fO(x> = f(ﬂ?), f;n-',-l(l‘) = fm(x) (m = Oala---an - 1>a fm(x) S
(m =0,1,...,n). The inclusions

SCS8 CSyC-

are obvious.

Put

R.(f) =Sup, |f(z) — > Agettse

[Ag[>e

)

f(x) — Z cpe T

[Agl>e

e.(f)= Inf, {Supz

} o E(f) =nfpgeq {Sup, f(2) — F(2)[},

where @, is the class of almost-periodic functions whose Fourier exponents {A; }
satisfy the condition |A,| > .
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Let

1T
Sup, 75 v {Supm T/o f(:cht)dt}, N >0,

Sup [ f(x)], N = 0;

Q4(N) =

Qp(N ) is a continuous, bounded, nonincreasing function. For every function
flx) €S,

N—oo

2. Theorem 1. If f(z) € S, then

1
(P < Co%y (1) @
where C|, is an absolute constant.
Proof. Put
L 0<t<e,
2 3
t t 3
1—6(1—||> —6<1—||) L e<ltl <2,
e 15 2
ws(t) = ; 3 ;
2<2—||) , %t < 2e,
€ 2
0, [t] > 2¢;
then
L[~ ; 12 8sin® £ sin 25 4 sinew (2sin & — eu)
N\ - t —iut dt = = 4 4 2
e(u) o [OO Pe(t)e T 2344 )

ps(‘ﬂ -'L') N / f(.’L‘ + u)\I/€<u) du ~ Z AkeiAkx + Z <p6<Ak)Ak€iAkx.

[Agl<e e<|A|<2e

It is easy to see that

e-(f) < Sup, |p.(f,2)]. (3)

Integrating by parts, we obtain

p(f,x) = —Z F(u,z)¥.(u) du, where F(u,z) = ‘é flz+1t)dt.
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For any real ¢ the inequality holds

Sup,, |F(cu, z)| < (2+ |e])ful Q(|ul),

therefore

(o) < Gty (2). (@)

where

/

12 [ 8sin® ¥ sin 3¢ + sinv (2sin ¢ — v
=2 [ <2+|v|>[ iy temu@ing o) g,
Tr*oo

4

From (3) and (4) follows the estimate (2) to be proved.

Corollary. If there exist constants A and a (0 < a < 1) such that

/ flx+1) dt‘ < Alu|t~e, (5)
0
then

e.(f) < const -e®. (6)

Proof. In view of (5), Q; (1) < Ae™. Note that the estimate (6) follows from
the results of the paper (1) (see also (?)).
Theorem 2. If f(z) € S,,, then
n 1
e(f) < Cpe™y, (g) ) (7)
where C), is a constant depending only on n.

The proof of the theorem is carried out by the induction method and is based
on the following lemma.

Lemma. If f(z) € S;, then

e.(f) < CeSup|fy ()],

where
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4

C dv.

0o 23w o By : v
:B lSsm Zsmf—&—smv(Zsmi—v)
4

™

oo v

In the estimate (7), C,, = C,C™.

In view of the obvious inequality e_(f) > E_.(f), in estimates (2), (6), (7) one
may replace e_(f) by E_(f).

3. The following theorem gives an estimate of the deviation of the partial
sums of the Fourier series from an almost-periodic function of class S.

Theorem 3. Let 0 <n <e, f(z) € S. Then

2 1. e+n
R <2E(N {14+ N - Mo+ oL ()
T T e—n
where
Ni(e)= > 1.
Ap>e
Proof. Let
1, t] <,
1
@n@(t) = — T](E - ‘t|)a n < |t| <g,
0, [t] > &
then
1 [~ , 2sin =y sin %y
U [ t —iut dt — 2 2
e =52 [ enette TR

fye(@) :/ fle+u)¥, (u)du~ Z ApethieT 4 Z e (M) Apeiber.

[Agl<n n<|Agl<e

It is easy to see that

f(x) - fn,a(x) = Z Ak [1 — (pme(Ak)] @iAkz + Z Ak,eiAkm7

n<|Agl<e |Ag|>e

therefore
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R.(f) < Sup, [f, ()| +2 max |A,|[N(n) — N(e) + 1].

n<|Agl<e

Let €, = 0; there exists a function F*(z) € Q. such that

[f(x) = F*(2)| < E.(f) + &1

Then
‘/00 flez+u)¥, (u) du—/Oo F(z +y)¥, (u)du| <
<lEn+al [ 19, wldn 2B () +e] (24 2w

For |A;| < e,

1" _
A, = lim ~ / [f(z) — F*(2)]e-i da,
T Jy
hence |A,| < E.(f) + &;, and, since &, is arbitrary,
0 < max |4,] < E.(f).
[Agl<e

From (9), (10), and (11) follows (8).

)

(10)

(11)

In applications of Theorem 3, the choice of the parameter 7 is determined to a

known extent (see (4)) by the character of the sequence L(f).

4. Let us consider some applications of the estimates obtained above.

Theorem 4. Let 6(x) be nonincreasing for x >0, lim 6(z) =0, and
T—00

1 u
’u/o f(x+t)dt‘<9(|u|).

Then the series (1) converges uniformly, if

sovietrxiv.org/items/ru-196001.67944 Machine Translation


https://sovietrxiv.org/items/ru-196001.67944

s 1 An +An+1 _
JE&“’(U A,

n n n+1

Proof. In consequence of (12), Q;(N) < 0(N); applying (2) and (8) with
e=A,,n=A,,,, we obtain

1 2 1. A +A
RAn(f><2coa<A> <2+W+lnn+nﬂ)7

n T An - An+1

which proves the theorem.

Theorem 5. Let there exist a constant A such that

u
/ flx+1) dt’ < A. (13)
0
Then the series (1) converges uniformly, if

A A
An In =n + n+1 —
An - An+1

o(1). (14)

Proof. By virtue of (13), f(x) € Sy; from (7) and (8) it follows that
1 2 1. A, +A
<200A,9 (— ) (24 =+ -l 2—nF
B, <20t (5 ) (24 2+ pme ).

and, in consequence of (14),

. B, () =0
1

From Theorem 4, with 6(z) = — (0 < a < 1), there follows the convergence
th

criterion of B. M. Levitan (}2). Theorem 5 is a refinement of this criterion for
a=1.

Theorem 6. If there exist a natural number m and 6 > 1 such that

"9 (n=1,2,..), (15)

then the series (1) converges uniformly.

Proof. From (15) it follows (see (%)) that N, () — N, (2¢) = O(1). Putting in
(8) e = A, n=3A,, we obtain Ry (f)=O[E, (f)].
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Corollary. Under the condition of Theorem 6, the series (1) converges abso-
lutely (+5); moreover, the order equalities hold

E_(f) ~ R.(f) ~a.(f),
where
a(f)= > Al
[Agl<e
Kuibyshev
Aviation Institute
Received
1 XII 1959
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