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Abstract
Full Text

MATHEMATICS
A. E. GEL’MAN

THEOREMS ON AN IMPLICIT ABSTRACT
ANALYTIC FUNCTION
(Presented by Academician V. I. Smirnov, 28 I 1960)

Let 𝑌 , Φ, and 𝑍 be complex Banach spaces. We shall call a function Ω(𝑦, 𝜑),
defined in a domain 𝐷 of the space 𝑌 × Φ and taking values in 𝑍, analytic in
𝐷 with respect to the variables 𝑦 and 𝜑 if it is single-valued, continuous as a
function of the point (𝑦, 𝜑)∗, and 𝐺-differentiable∗∗ with respect to 𝑦 and with
respect to 𝜑 in 𝐷.

Developing the ideas of the monograph (1), one can show that, in a domain
of the space 𝑌 × Φ containing the point (0, 0), a function Ω(𝑦, 𝜑) analytic with
respect to the variables 𝑦 and 𝜑 is representable in the form of an 𝐹 -power series

Ω(𝑦, 𝜑) =
∞

∑
𝑖,𝑗=0

𝑃 (Ω)
𝑖𝑗 =

∞
∑
𝑖,𝑗=0

𝑃𝑖𝑗(𝑦, 𝜑),

where∗∗∗

𝑃 (Ω)
𝑖𝑗 = 𝑃𝑖𝑗(𝑦, 𝜑) = 𝜕𝑖

𝜕𝜁𝑖
1

𝜕𝑗

𝜕𝜁𝑗
2

Ω(𝜁1𝑦, 𝜁2𝜑)∣
𝜁1=0
𝜁2=0

in some nonempty open bicircular∗∗∗∗ 𝐶-star around (0, 0) in the space 𝑌 × Φ;
moreover, there exists a complete bicircular domain 𝐾 with center at (0, 0) (and
with “absolute quadrant”𝐾abs) such that, for (‖𝑦‖, ‖𝜑‖) ∈ 𝐾abs, this 𝐹 -power
series converges absolutely.

Let 𝑦(𝜑) be a function, analytic in some domain containing 0 of the space Φ
and taking values in 𝑌 ; let

𝑦(𝜑) =
∞

∑
𝑖=0

𝑦𝑖(𝜑)

be its 𝐹 -power series, and let {𝑎𝑖} be a set of nonnegative numbers such that
‖𝑦𝑖‖ ≤ 𝑎𝑖. If the series
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𝑥(𝜆) =
∞

∑
𝑖=0

𝑎𝑖𝜆𝑖

has a nonzero radius of convergence, we shall write 𝑦(𝜑) ≼ 𝑥(𝜆). Analogously
we define the symbol ≼ also for analytic functions of two variables; namely, we
shall write Ω(𝑦, 𝜑) ≼ 𝐹(𝑥, 𝜆) if

Ω(𝑦, 𝜑) =
∞

∑
𝑖,𝑗=0

𝑃𝑖𝑗(𝑦, 𝜑); 𝐹 (𝑥, 𝜆) =
∞

∑
𝑖,𝑗=0

𝑎𝑖𝑗𝑥𝑖𝜆𝑗 and sup
‖𝑦‖=1, ‖𝜑‖=1

‖𝑃𝑖𝑗(𝑦, 𝜑)‖ = ‖𝑃 (Ω)
𝑖𝑗 ‖ ≤ 𝑎𝑖𝑗.

∗ As a norm in the space 𝑌 ×Φ one may take, for example, ‖𝑦, 𝜑‖𝑌 ×Φ = √‖𝑦‖2
𝑌 + ‖𝜑‖2

Φ.

∗∗ Here and below we use the terminology of E. Hille (1).

∗∗∗ It is easy to see that 𝑃𝑖𝑗(𝑦, 𝜑) are polynomials continuous in 𝑌 ×Φ and homogeneous in 𝑦 and 𝜑 (of order 𝑖 in 𝑦 and of order 𝑗 in 𝜑).

∗∗∗∗ By a bicircular 𝐶-star around (𝑦0, 𝜑0) we here mean a set of points 𝐿 ⊆ 𝑌 ×Φ,

satisfying the conditions: 1) (𝑦0, 𝜑0) ∈ 𝐿; 2) from (𝑦, 𝜑) ∈ 𝐿 and |𝜁1| ≤ 1, |𝜁2| ≤ 1
it follows that [𝑦0 + 𝜁1(𝑦 − 𝑦0), 𝜑0 + 𝜁2(𝜑 − 𝜑0)] ∈ 𝐿.

Lemma 1. Suppose: 1) 𝑦(𝜑) ≼ 𝑥(𝜆); 2) 𝑥(0) = 0; 3) Ω(𝑦, 𝜑) ≼ 𝐹(𝑥, 𝜆). Then

Ω[𝑦(𝜑), 𝜑] ≼ 𝐹 [𝑥(𝜆), 𝜆].

Lemma 2. Suppose: 1) 𝐹(𝑥, 𝜆) =
∞

∑
𝑖,𝑗=0

𝑎𝑖𝑗𝑥𝑖𝜆𝑗 is a series convergent in some

complete bicircular domain 𝐾 with center at (0, 0); 2) 𝑎𝑖𝑗 ⩾ 0, 𝑎00 = 𝑎10 = 0.
Then there exists a domain 𝑆, containing (0, 0), in the space of complex variables
𝑥, 𝜆, and a unique function 𝑥(𝜆) such that, for (0, 𝜆) ∈ 𝑆: 1) 𝑥(𝜆) = 𝐹[𝑥(𝜆), 𝜆];
2) [𝑥(𝜆), 𝜆] ∈ 𝑆.
Moreover: 1) 𝑥(𝜆) is a function analytic in a neighborhood of 0:

𝑥(𝜆) =
∞

∑
𝑖=0

𝑎𝑖𝜆𝑖; (1)
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2) 𝑎𝑖 ⩾ 0, 𝑎0 = 0; 3) the radius of convergence of the series (1) is determined
by the formula

Λ = sup
𝑥>0,(𝑥,0)∈𝐾

𝜆,

where 𝑥 and 𝜆 are related by the equation 𝑥 = 𝐹(𝑥, 𝜆); if 𝐹(𝑥, 𝜆) ≢ 𝐹(0, 𝜆),
then the series (1) also converges for 𝜆 = Λ; 4) as the domain 𝑆* one may take
the bicircular cylinder |𝜆| < Λ, |𝑥| < 𝑥(Λ).
Theorem 1. Suppose: 1) Ω(𝑦, 𝜑) is a function analytic in the variables 𝑦 and 𝜑
in some domain of the space 𝑌 × Φ, containing the point (0, 0), and with values
in 𝑌 ; 2) 𝑃 (Ω)

00 = 𝑃 (Ω)
10 = 0.

Then there exists a domain 𝐷, containing the point (0, 0), of the space 𝑌 × Φ,
and a unique function 𝑦(𝜑) such that from (0, 𝜑) ∈ 𝐷 it follows that: 1) 𝑦(𝜑) =
Ω[𝑦(𝜑), 𝜑]; 2) [𝑦(𝜑), 𝜑] ∈ 𝐷.

Moreover: 1) 𝑦(𝜑) is a function analytic in some domain of the space Φ contain-
ing 0; 2) if

𝐹(𝑥, 𝜆) =
∞

∑
𝑖,𝑗=0

∥𝑃 (Ω)
𝑖𝑗 ∥ 𝑥𝑖𝜆𝑗

and 𝑥(𝜆) is the analytic solution of the equation 𝑥 = 𝐹(𝑥, 𝜆), satisfying the
condition 𝑥(0) = 0, then 𝑦(𝜑) ≼ 𝑥(𝜆).
Corollary 1. 𝑦(0) = 0.
Corollary 2. The open 𝐶-star about 0 in Φ, where the function 𝑦(𝜑) is repre-
sentable in the form of an 𝐹 -power series, contains the sphere ‖𝜑‖ < Λ, where
Λ is the radius of convergence of the series 𝑥(𝜆).
Corollary 3. As the domain 𝐷 one may take, for example, the double 𝐶-star
about the point (0, 0): ‖𝜑‖ < Λ, ‖𝑦‖ < 𝑥(Λ).
Corollary 4. There exists a unique solution continuous at the point 0 of the
equation 𝑦 = Ω(𝑦, 𝜑), satisfying the condition 𝑦(0) = 0; it will be analytic.

The theorem is proved by applying Lemmas 1 and 2 and constructing a majorant
series.

Theorem 2. Let 𝑌 be a finitely open set in 𝑌 containing 0; let Φ̃ be some
neighborhood of 0 in the space Φ, and let Ω(𝑦, 𝜑) be a function with values in
𝑍, defined in 𝑌 × Φ̃ and satisfying the conditions: 1) Ω(0, 0) = 0; 2) Ω(𝑦, 𝜑) is
𝐺-differentiable with respect to 𝑦 at the point (0, 0),
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* It is easy to see that the largest of the domains 𝑆 is the totality of all points
(𝑥, 𝜆) satisfying the conditions |𝜆| < Δ, |𝑥| < 𝑥2(|𝜆|), where 𝑥2(𝜆) is the second
root of the equation 𝑥 = 𝐹(𝑥, 𝜆). (The equation 𝑥 = 𝐹(𝑥, 𝜆) has, generally
speaking, two roots for |𝜆| < Δ. The exceptional case is when 𝐹(𝑥, 𝜆) does not
depend on 𝑥; in this case one should take 𝑥2(𝜆) = +∞.)

where the linear operator 𝐼 = Ω′
𝑦(0, 0)*, mapping 𝑌 onto 𝑍, has a bounded

inverse 𝐼−1; 3) Ω1(𝑧, 𝜑) = Ω(𝐼−1𝑧, 𝜑) is a function analytic in the variables 𝑧
and 𝜑 in some domain of the space 𝑍 × Φ containing the point (0, 0).
Then there exists a domain 𝐷 of the space 𝑌 × Φ, containing the point (0, 0),
and a unique function 𝑦(𝜑) (with values in 𝑌 ) such that from (0, 𝜑) ∈ 𝐷 it
follows that: 1) Ω[𝑦(𝜑), 𝜑] = 0; 2) [𝑦(𝜑), 𝜑] ∈ 𝐷.

Moreover: 1) 𝑦(𝜑) is a function analytic in some domain of the space Φ contain-
ing 0; 2) if

𝐹(𝑥, 𝜆) =
∞

∑
𝑖,𝑗=0

∥𝑃 (Ω1)
𝑖𝑗 ∥ 𝑥𝑖𝜆𝑗

and 𝑥(𝜆) is the analytic solution of the equation 𝑥 = 1
2 𝐹(𝑥, 𝜆), satisfying the

condition 𝑥(0) = 0, then 𝑦(𝜑) ≼ ‖𝐼−1‖𝑥(𝜆).
Theorem 2 has a number of corollaries similar to the corollaries of Theorem 1.

Theorem 3. Suppose: 1) 𝑌 is some linear manifold of the space 𝑌 , which is
the domain of definition of the functions 𝐿(𝑦), 𝐴(𝑦), 𝜔(𝑦); 2) 𝐿(𝑌 ) ⊂ 𝑍, 𝐴(𝑌 ) ⊂
Φ, 𝜔(𝑌 ) ⊂ 𝑍; 𝐿(0) = 0, 𝐴(0) = 0; 3) there exists a unique function 𝑦 = 𝐵(𝑧, 𝜑),
with values in 𝑌 , satisfying the equations 𝐿(𝑦) = 𝑧, 𝐴(𝑦) = 𝜑; it is analytic in
the variables 𝑧 and 𝜑 in some domain of the space 𝑍 × Φ containing the point
(0, 0); 4) 𝜔𝐵(𝑧, 𝜑) is a function analytic in 𝑧 and 𝜑 in some domain of the space
𝑍 × Φ containing the point (0, 0), and 𝑃 (𝜔𝐵)

00 = 𝑃 (𝜔𝐵)
10 = 0.

Then there exists a domain 𝐷 of the space 𝑌 × Φ, containing the point (0, 0),
and a unique function 𝑦(𝜑) (with values in 𝑌 ) such that, from (0, 𝜑) ∈ 𝐷, it
follows that: 1) 𝐿[𝑦(𝜑)] = 𝜔[𝑦(𝜑)], 𝐴[𝑦(𝜑)] = 𝜑; 2) [𝑦(𝜑), 𝜑] ∈ 𝐷.

Moreover: 1) 𝑦(𝜑) is a function analytic in some domain of the space Φ contain-
ing 0; 2) if

𝐹(𝑥, 𝜆) =
∞

∑
𝑖,𝑗=0

∥𝑃 (𝜔𝐵)
𝑖𝑗 ∥ 𝑥𝑖𝜆𝑗, 𝑓(𝑥, 𝜆) =

∞
∑
𝑖,𝑗=0

∥𝑃 (𝐵)
𝑖𝑗 ∥ 𝑥𝑖𝜆𝑗

and 𝑥(𝜆) is the analytic solution of the equation 𝑥 = 𝐹(𝑥, 𝜆), satisfying the
condition 𝑥(0) = 0, then 𝑦(𝜑) ≼ 𝑓[𝑥(𝜆), 𝜆].
The theorem has corollaries similar to the corollaries of Theorems 1 and 2.
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From the qualitative part of our theorems follow the classical theorems: Weier-
strass’s theorem on an implicit analytic function; Poincaré’s theorem on the
expansion, in a power series in the parameter, of the solution of a differential
equation; Lyapunov’s theorem on the holomorphy of the solution of a system of
differential equations with respect to the initial conditions, as well as a number
of other results (in particular, the results of Hildebrandt and Graves (2)). The
quantitative part of the theorems makes it possible to estimate the domains of
convergence and the remainders of series for all the nonlinear problems listed
above, and also for many others.

Leningrad Electrotechnical Institute
named after V. I. Ulyanov (Lenin)

Received
23 XII 1959
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* No boundedness requirement is imposed on the operator 𝐼 .
Note: Figure translations are in progress. See original paper for figures.
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