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Recently, considerable interest has been attracted by the study of the polyno-
mials

B =3 (T)ea - (1),

=0

introduced in 1912 by S. N. Bernstein (), both because of their remarkable
properties and because of their numerous applications to a variety of problems
in mathematics.

Recently results have been obtained in the problem of approximation of func-
tions of two variables by Bernstein-type polynomials

W(fiz,y) —2;( )( ) (L—az)m ik (1 —y) kf(% %)
(See 2°7.)

In note (¥) we presented some results concerning the approximation of a function
f(z,y), defined and continuous on the triangle A : x +y < 1, z > 0, y > 0,
using Bernstein-type polynomials of degree n with respect to both variables:

W(fim,y) = Zn:anpnafy( ) (1)

=0 j=

where
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P (z,y) = (n) (n j_ Z) iyl (1 —z —y)n =,

7

The polynomials (1) are obtained with the aid of Steffensen’ s interpolation
polynomial of two variables. These polynomials may be arrived at by a simpler
route, starting from certain probabilistic considerations. For this purpose, let us
perform n trials under identical conditions, each of which can lead to one of the
incompatible events E|, E,, E5. If the corresponding probabilities are denoted
by z,y, z, then © + y + z = 1. The probability that in these n trials the event
E, occurred ¢ times, the event E, j times, and the event E; k =n —¢— j times
is equal to

i ik g
TamT Y = (z,y).

If, for example, we agree to pay to a certain player, carrying out n trials, the sum
f (%, %), if among all the trials he realizes the first event ¢ times, the second j

times, and the third &k times, then the corresponding mathematical expectation
is equal to B,,(f;z,y).

In the paper (8) we indicated the order of approximation on the triangle A of
the function f(z,y) by means of the polynomial (1), namely

F(@ry) = By(fi 2, y)] < 2 (;ﬁ) |

where w(9) is the modulus of continuity of the function f(z,y)

w(d) = max|f(z9,y5) — f(x1,91)];

and (z4,9,), (x4, y,) are points of A satisfying the inequality |xo—xz |+ |ys—y; | <
0>0.

It was also shown that if f(z,y) has on A a continuous partial derivative
0"t f(x,y)/0x"Oy®, then the inequality

O f(wyy)  0TBL(fimy)|
oz Oy® oz Oy*

1 (r+s)(r+s—1)
<O+VIit2r+2 M, .
(I+v1+2r+ s)wm<\/m)+ o s

holds, where 0 <7 +s < n, w, ,(d) is the modulus of continuity of the indicated
partial derivative,
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M. .= max
¢ A

I f(z,y)
0x"0ys |’

It follows from this that on A, uniformly,

i & Balfimy) 07 f(ay)
n=0co Oz Oy* Oxmdys

We point out one generalization of certain important results of E. V.
Voronovskaya (?) and S. N. Bernstein (1Y). Let p and ¢ be nonnegative integers.
For the particular case of functions f(¢,r) = n?t9(t — z)P(r — y)?, we obtain

<.

n

B(f(t,r);,y) = (i — n2)P(j — ny)tpid (z,y) = Sy (2, y).  (2)
i=0 j

3

<
Il
<}

These polynomials play an important role in the investigation of the error of
approximation by the polynomials B, (f;x,y) of a function f(z,y) admitting
continuous derivatives on A up to some order.

For computing the polynomial (2), certain recurrence formulas have been estab-
lished. Let

n n—i

gt,rsa,y) =Y Y eli/m-attlim=urpi(y y).
=0 j

I
=}

It is easy to show that

(n)
- 1 Sufk k:('r’ y)
glt,rizy) = — Dehk D pkpk
L= iz’ (v—k)k!

— o—Tt—yr [1 +z (et/n _ 1) +y (er/n - 1)]” . (3)
Using the identity

% <o) 020 2] e o 2]

and formula (3), we directly establish the recurrence relation

P

n p n n
o) =23 (7)1 = 2087 ) = S g fo)-

=1
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q
q n n
—yy @ S () + S5 o5 )-
=1

In the same way one can arrive at a second recurrence relation, of a form anal-
ogous to this one. The initial values are

SS(y) =1, S\ (x,y) =S5 (x,y) =0.

)

Applying the method proposed by I. P. Natanson (11) in establishing a cer-
tain recurrence relation for polynomials of one variable corresponding to the
polynomials (2), one can establish the following recurrence relations:

n 8 n n
S;gJﬁ)l,q(xay) = 3?(1 - .’17) {%S<,tl)(xvy> + npsi;f)l,q<m?y):| -
ey [2 8@, y) + 1S (2,y)
83} p,q 'Y q p,q—1 Y )
g e 9 ¢ g
p,q+1(x7y) *y( *y> aiy P,q(m’y>+nq p,q—l(x’y) -

8 n n
—xy [8735;(),3(1:, y) +npSt (z, y)] :

If 1 < p+ g <3, then we obtain the polynomials

Sé’fo) (x,y) =nz(l —x)(1 —2x), Sénl) (x,y) = —nzy(l — 2x),

SUY(w,y) = —nay(1—2y), Sy (x,y) =ny(1 —y)(1 — 2y).

The polynomials (2) can be represented in the form

= '
Sz()?r;(xvy) = Z Aplq(z7y>nlv
=0

where Ag?q(x, y) are polynomials in x and y, independent of n. Then on A we
have
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|54 (2, 9)| < Cp, g5,

where C(p, q) does not depend on n.
On the basis of the results obtained, it is proved that:

If the function f(x,y) admits on A bounded partial derivatives of order N (> 2),
then the asymptotic equality holds

Y18 Y) €n
B, (fiwy) = f(x,9) Z—yi,k,fw,x v+,

where

-5

and €,, tends to zero as n — oo.

In the particular case N = 2 the formula reduces to

z(1 —z)

B, (fiw.y) = f(w,y) + Fa(w.y) = =2 fL ()4

y(l_y) ” En
+ m fy2(x7y>+;7

which is a generalization to two variables of the formula of E. V. Voronovskaya
).
In the case of a function f(z,y) admitting continuous derivatives on A up to a

certain order, one can, using the results obtained, construct polynomials analo-
gous to (1), but converging to the function f(x,y) more rapidly.
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