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Abstract
Full Text

V. P. Il’in

Some Inequalities for Differentiable Functions of
Several Variables
(Presented by Academician S. L. Sobolev on 17 VI 1960)

In the present note we consider some inequalities for functions belonging to the
space 𝑊 (𝑙)

𝑝 of S. L. Sobolev (1) in a domain 𝐷 of 𝑛-dimensional space, where 𝑙 is
any positive real number, 𝑝 ⩾ 1. In the case of nonintegral 𝑙, such spaces were
introduced by L. N. Slobodetskii (2,3).
Let us note that all the results follow from integral representations of functions
analogous to the well-known identity of S. L. Sobolev (1).
I. Let 𝐷 be a domain of 𝑛-dimensional space satisfying the condition: for any
two points 𝑋 and 𝑌 from 𝐷, for which |𝑋 − 𝑌 | ⩽ ℋ, where ℋ is a fixed
number independent of 𝑋 and 𝑌 , there exist 𝑛-dimensional spherical sectors of
the same aperture and of radius ⩽ |𝑋 − 𝑌 |, entirely contained in 𝐷, such that
the measure of the common part of these sectors is ⩾ 𝜆|𝑋 −𝑌 |𝑛, where 𝜆 > 0 is
a constant number independent of 𝑋 and 𝑌 . The class of domains of this kind
will be denoted by 𝐶𝐻(𝜆).
We introduce the following notation. By 𝐷𝑚 we shall denote an arbitrary section
of the domain 𝐷 by the hyperplane 𝑥𝑚+1 = const, … , 𝑥𝑛 = const. Let 𝐷𝑚 be
some section of the domain 𝐷 by the hyperplane 𝑥𝑚+1 = 𝑎𝑚+1, … , 𝑥𝑛 = 𝑎𝑛.
Let 𝑠 be an integer, with 0 ⩽ 𝑠 ⩽ 𝑚, and let 𝐷𝑠 be the 𝑠-dimensional section
𝑥𝑠+1 = 𝑎𝑠+1, … , 𝑥𝑚 = 𝑎𝑚, 𝑥𝑚+1 = 𝑎𝑚+1, … , 𝑥𝑛 = 𝑎𝑛; then by [𝐷𝑠]𝑑𝑚−𝑠 we shall
denote the set of points 𝑋(𝑥1, … , 𝑥𝑠, 𝑥𝑠+1, … , 𝑥𝑚, 𝑎𝑚+1, … , 𝑎𝑛) of the section
𝐷𝑚, for whose coordinates the inequalities |𝑥𝑖 − 𝑎𝑖| ⩽ 𝑑 (𝑖 = 𝑠 + 1, … , 𝑚) hold.
In particular, for example, [𝐷𝑚]𝑑0 coincides with 𝐷𝑚, while [𝐷0]𝑑𝑚 is the part of
𝐷𝑚 contained inside the 𝑚-dimensional cube with edge 2𝑑.

II. In what follows we shall assume that 𝑓(𝑥1, … , 𝑥𝑛) is a continuous function
defined in a domain 𝐷 ∈ 𝐶𝐻(𝜆), having continuous derivatives up to order
̄𝑙 = [𝑙], where [𝑙] is the integral part of 𝑙, and satisfying the conditions:

1)
⎡
⎢⎢
⎣

𝑛

∫ ⋯ ∫
⏟

(𝐷)

|𝑓(𝑋)|𝑝 𝑑𝑋
⎤
⎥⎥
⎦

1/𝑝

⩽ 𝐴 (𝑝 ⩾ 1); (1)

2) there exists a constant number 𝑀 > 0 such that for any integer 𝑚, 0 ⩽
𝑚 ⩽ 𝑛, and any 𝑑 > 0 the inequality holds:
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sup
𝐷𝑚

𝑛
∑

𝑖1,…,𝑖 ̄𝑙=1

⎡
⎢⎢⎢⎢
⎣

𝑛

∫ ⋯ ∫
⏟
[𝐷𝑚]𝑑𝑛−𝑚

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

𝑛

∫ ⋯ ∫
⏟

(𝐷)

∣ 𝜕 ̄𝑙𝑓(𝑋)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖 ̄𝑙

− 𝜕 ̄𝑙𝑓(𝑌 )
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖 ̄𝑙

∣
𝑝

|𝑋 − 𝑌 |𝑛+(𝑙− ̄𝑙)𝑝 𝑑𝑌
⎞⎟⎟⎟⎟⎟⎟⎟
⎠

𝑑𝑋
⎤
⎥⎥⎥⎥
⎦

1/𝑝

⩽ 𝑀𝑑𝛼𝑚 ,

(2)

if 𝑙 is noninteger, and

sup
𝐷𝑚

𝑛
∑

𝑖1,…,𝑖𝑙=1
[∫

[𝐷𝑚]𝑛−𝑚

⋯ ∫ ∣ 𝜕𝑙𝑓(𝑋)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑙

∣
𝑝

𝑑𝑋]
1/𝑝

≤ 𝑀𝑑𝛼𝑚 , (2’)

if 𝑙 is an integer, where 𝛼𝑚 (𝑚 = 0, 1, … , 𝑛) are fixed numbers satisfying the
inequalities

𝛼0 ≥ 𝛼1 ≥ ⋯ ≥ 𝛼𝑛 = 0, 𝛼𝑚 ≤ 𝑛 − 𝑚
𝑝 . (3)

From the fact that 𝛼𝑛 = 0 it follows that, for 𝑑 ≥ 1, in the right-hand side of
inequalities (2), (2′) the factor 𝑑𝛼𝑚 may be omitted.

Theorem 1. Let 𝑓(𝑋) satisfy conditions (1)—(3) in 𝐷 ∈ 𝐶𝜆
𝐻 , and let 𝑘 be an

integer, with 0 ≤ 𝑘 < 𝑙.
Then:

1) If 𝜀0 = 𝑙+𝛼0 −𝑛/𝑝, 𝜀0 −𝑘 > 0, 0 < 𝛽 ≤ 𝜀0 −𝑘, 𝛽 ≤ 1, then the inequalities
hold:

∣ 𝜕𝑘𝑓(𝑋)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∣ ≤ 𝐶1𝐴ℎ−𝑘−𝑛/𝑝 + 𝐶2𝑀ℎ𝜀0−𝑘, (4)

∣ 𝜕𝑘𝑓(𝑋)
𝜕𝑥𝑖1 ⋯𝜕𝑥𝑖𝑘

− 𝜕𝑘𝑓(𝑌 )
𝜕𝑥𝑖1 ⋯𝜕𝑥𝑖𝑘

∣
|𝑋 − 𝑌 |𝛽 ≤

⎧{{
⎨{{⎩

𝐶3 (𝐴ℎ−𝑘−𝑛/𝑝−𝛽 + 𝑀ℎ𝜀0−𝑘−𝛽) , if 𝜀0 − 𝑘 > 1 or 𝜀0 − 𝑘 < 1;

𝐶4 (𝐴ℎ−𝑘−𝑛/𝑝−𝛽 + 1
1 − 𝛽 𝑀ℎ𝜀0−𝑘−𝛽) , if 𝜀0 − 𝑘 = 1, 𝛽 < 1;

𝐶5 [𝐴𝐻−𝑘−𝑛/𝑝−𝛽 + 𝑀 (1 + ∣ln ℋ
|𝑋−𝑌 | ∣)] , if 𝜀0 − 𝑘 = 1, 𝛽 = 1,

(5)

where ℎ is an arbitrary positive number ≤ ℋ; 𝐶𝑖 are constants independent of
𝐴, 𝑀, ℎ.

2) If 0 < 𝛽 < 1, 𝑞 ≥ 𝑝, 𝑚 is an integer, 1 ≤ 𝑚 ≤ 𝑛, 𝜀𝑚 = 𝑙 + 𝛼0(1 − 𝑝/𝑞) +
𝛼𝑚𝑝/𝑞+𝑚/𝑞−𝑛/𝑝, 𝜀𝑚−𝑘−𝛽 > 0, 𝑠 is an integer, with 0 ≤ 𝑠 ≤ 𝑚, 𝐻 is an
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arbitrary positive fixed number, 𝛿 = 𝑙+𝛼0(1−𝑝/𝑞)+𝛼𝑠𝑝/𝑞+𝑠/𝑞−𝑛/𝑝−𝑘,
then the inequalities hold:

𝐼1 = [∫
[𝐷𝐻𝑠 ]𝑚−𝑠

⋯ ∫ ∣ 𝜕𝑘𝑓(𝑋)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∣
𝑞

𝑑𝑣𝑚]
1/𝑞

≤ (6)

≤

⎧{{{{{{
⎨{{{{{{⎩

a) 𝐶6 (𝐴𝐻(𝑚−𝑠)/𝑞−𝜈ℎ𝑠/𝑞+𝜈−𝑛/𝑝−𝑘 + 𝑀𝐻(𝑚−𝑠)/𝑞−𝜇ℎ𝛿+𝜇) ,
if 𝛿 > 0; 𝜈, 𝜇 are arbitrary numbers satisfying 0 ≤ 𝜈, 𝜇 ≤ 𝑚 − 𝑠

𝑞 .

b) 𝐶7 [𝐴𝐻(𝑚−𝑠)/𝑞−𝜈ℎ𝑠/𝑞+𝜈−𝑛/𝑝−𝑘 + 𝑀𝐻(𝑚−𝑠)/𝑞−(𝛼𝑠−𝛼𝑚)𝑝/𝑞−𝜇ℎ𝜇 (1 + ∣ln ℎ
𝐻 ∣ × 𝐻(𝛼𝑠−𝛼𝑚)𝑝/𝑞)] ,

if 𝛿 = 0, where 𝜈, 𝜇 are arbitrary, satisfying
0 ≤ 𝜈 ≤ (𝑚 − 𝑠)/𝑞, 0 ≤ 𝜇 ≤ (𝑚 − 𝑠)/𝑞 − (𝛼𝑠 − 𝛼𝑚)𝑝/𝑞.

c) 𝐶8 (𝐴𝐻(𝑚−𝑠)/𝑞−𝜈ℎ𝑠/𝑞+𝜈−𝑛/𝑝−𝑘 + 𝑀𝐻(𝑚−𝑠)/𝑞−(𝛼𝑠−𝛼𝑚)𝑝/𝑞+𝛿−𝜇ℎ𝜇) ,
if 𝛿 < 0,

where 0 ⩽ 𝜈 ⩽ (𝑚 − 𝑠)/𝑞, 0 ⩽ 𝜇 ⩽ (𝑚 − 𝑠)/𝑞 − (𝛼𝑠 − 𝛼𝑚)𝑝/𝑞 + 𝛿 (𝛼𝑠, as in 𝛿,
max 𝑢 in all inequalities may be replaced by 𝛼𝑚);

𝐼2 =
⎡
⎢⎢⎢
⎣

∫
(𝐷𝑚)

⋯ ∫
(𝐷𝑚)

⎛⎜⎜⎜⎜⎜
⎝

∫
(𝐷𝑚)

⋯ ∫
(𝐷𝑚)

∣ 𝜕𝑘𝑓(𝑋𝑚)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

− 𝜕𝑘𝑓(𝑌𝑚)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∣
𝑞

|𝑋 − 𝑌 |𝑚+𝛽𝑞 𝑑𝑌𝑚

⎞⎟⎟⎟⎟⎟
⎠

𝑑𝑋𝑚

⎤
⎥⎥⎥
⎦

1/𝑞

⩽

⩽ 𝐶9 (𝐴ℎ𝑚/𝑞−𝑛/𝑝−𝑘−𝛽 + 𝑀ℎ𝜀𝑚−𝑘−𝛽) . (7)

In (6) and (7) ℎ is an arbitrary positive number ⩽ ℋ; 𝐶𝑖 are constants inde-
pendent of 𝐴, 𝑀, ℎ, 𝐻, 𝜈, 𝜇.

Remark 1. If 𝛼𝑖 = 0 (𝑖 = 1, … , 𝑛), 𝑞 > 𝑝 > 1, 1 ⩽ 𝑚 ⩽ 𝑛, 0 ⩽ 𝛽 <
1, 𝑙 + 𝑚/𝑞 − 𝑛/𝑝 − 𝑘 − 𝛽 = 0, then:

1) for 𝛽 = 0

𝐼1 ⩽ 𝐶10 (𝐴ℋ𝑚/𝑞−𝑛/𝑝−𝑘 + 𝑀) ;
2) for 0 < 𝛽 < 1

𝐼2 ⩽ 𝐶11 (𝐴ℋ𝑚/𝑞−𝑛/𝑝−𝑘−𝛽 + 𝑀) .

Remark 2. If 𝛼𝑖 = 0 (𝑖 = 1, … , 𝑛), 𝛿 = 𝑠/𝑞 + 𝑙 − 𝑘 − 𝑛/𝑝 = 0, then under
various additional assumptions concerning 𝑠, 𝑞, and the domain 𝐷, estimate (6)
can be improved.
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1) If 𝑠 ⩾ 1, 𝑞 > 𝑝 > 1, then

𝐼1 ⩽ 𝐶12 (𝐴𝐻(𝑚−𝑠)/𝑞−𝜈ℎ𝑠/𝑞+𝜈−𝑛/𝑝−𝑘 + 𝑀𝐻(𝑚−𝑠)/𝑞−𝜇ℎ𝜇) , 0 ⩽ 𝜈, 𝜇 ⩽ (𝑚−𝑠)/𝑞.

2) If 𝑠 ⩾ 1, 𝑞 = 𝑝, 𝐷 ∈ 𝐶 𝑛−𝑠
𝐻 (each point of 𝐷 is attainable by means of

an (𝑛 − 𝑠)-dimensional sector contained in the section of the domain 𝐷 by
the hyperplanes 𝑥1 = const, … , 𝑥𝑠 = const), then

𝐼1 ⩽ 𝐶13 [𝐴𝐻(𝑚−𝑠)/𝑝−𝜈ℎ𝑠/𝑝+𝜈−𝑛/𝑝−𝑘 + 𝑀𝐻(𝑚−𝑠)/𝑝−𝜇ℎ𝜇 (1 + ∣ln ℎ
𝐻 ∣

1/𝑝′

)] ,

0 ⩽ 𝜈, 𝜇 ⩽ 𝑚 − 𝑠
𝑝 .

An analogous inequality for the case 𝑙 = 1, 𝑞 = 𝑝 = 2, 𝑠 = 𝑛 − 2, 𝑚 = 𝑛 − 1
was obtained by S. M. Nikol’skii (4).
Remark 3. Put

∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝑊 (𝛽)

𝑞 (𝐷𝑚)
= ∥ 𝜕𝑘𝑓

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑘

∥
𝐿𝑞(𝐷𝑚)

+

+
⎡
⎢⎢⎢
⎣

∫
(𝐷𝑚)

⋯ ∫
(𝐷𝑚)

⎛⎜⎜⎜⎜⎜
⎝

∫
(𝐷𝑚)

⋯ ∫
(𝐷𝑚)

∣ 𝜕𝑘𝑓(𝑋)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

− 𝜕𝑘𝑓(𝑌 )
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∣
𝑞

|𝑋 − 𝑌 |𝑚+𝛽𝑞 𝑑𝑌
⎞⎟⎟⎟⎟⎟
⎠

𝑑𝑋
⎤
⎥⎥⎥
⎦

1/𝑞

,

∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝐶(𝛽)(𝐷)

= ∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝐶(𝐷)

+ sup
𝑋,𝑌 ∈𝐷

∣ 𝜕𝑘𝑓(𝑋)
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

− 𝜕𝑘𝑓(𝑌 )
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∣

|𝑋 − 𝑌 |𝛽 ,

if 0 < 𝛽 < 1, and

∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝑊 (0)

𝑞 (𝐷𝑚)
= ∥ 𝜕𝑘𝑓

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑘

∥
𝐿𝑞(𝐷𝑚)

,

∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝐶(0)(𝐷)

= ∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝐶(𝐷)

,
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if 𝛽 = 0.

From inequalities (4)—(7) it follows that

∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝐶(𝛽)(𝐷)

≤ 𝐶14 (‖𝑓‖
𝜀0−𝑘−𝛽

1+𝛼0
𝐿𝑝(𝐷) 𝑀

𝑛/𝑝+𝑘+𝛽
1+𝛼0 + ‖𝑓‖𝐿𝑝(𝐷)) , (8)

if 𝜀0 − 𝑘 − 𝛽 > 0, and

∥ 𝜕𝑘𝑓
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑘

∥
𝑊 (𝛽)

𝑞 (𝐷𝑚)
≤ 𝐶15 (‖𝑓‖

𝜀𝑚−𝑘−𝛽
1+𝛼0(1−𝑝/𝑞)+𝛼𝑚𝑝/𝑞
𝐿𝑝(𝐷) 𝑀

𝑛/𝑝+𝑘+𝛽−𝑚/𝑞
1+𝛼0(1−𝑝/𝑞)+𝛼𝑚𝑝/𝑞 + ‖𝑓‖𝐿𝑝(𝐷)) ,

(9)

if 𝜀𝑚 − 𝑘 − 𝛽 > 0.

We note that, under certain additional assumptions concerning the domain 𝐷,
all the results extend also to functions having generalized derivatives in the sense
of S. L. Sobolev.

Finally, let us observe that if there is a set of functions bounded in the sense
of (1)—(2), then from the fact that this set will be compact in 𝐿𝑝(𝐷′), if 𝐷′ is
a bounded domain such that 𝐷′ ⊂ 𝐷, and from (8) and (9) it follows directly
that the derivatives of order 𝑘 form a set compact in 𝐶(𝛽)(𝐷′), if 𝜀0 − 𝑘 − 𝛽 > 0,
or, respectively, in 𝑊 (𝛽)

𝑞 (𝐷′
𝑚), if 𝜀𝑚 − 𝑘 − 𝛽 > 0.

Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
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