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Abstract
Full Text

V. P. 1II' in

Some Inequalities for Differentiable Functions of
Several Variables

(Presented by Academician S. L. Sobolev on 17 VI 1960)

In the present note we consider some inequalities for functions belonging to the
space W,g” of S. L. Sobolev (!) in a domain D of n-dimensional space, where [ is

any positive real number, p > 1. In the case of nonintegral [, such spaces were
introduced by L. N. Slobodetskii (%:3).

Let us note that all the results follow from integral representations of functions
analogous to the well-known identity of S. L. Sobolev (1).

I. Let D be a domain of n-dimensional space satisfying the condition: for any
two points X and Y from D, for which | X — Y| < H, where H is a fixed
number independent of X and Y, there exist n-dimensional spherical sectors of
the same aperture and of radius < | X — Y|, entirely contained in D, such that
the measure of the common part of these sectors is > A|X —Y|", where A > 0 is
a constant number independent of X and Y. The class of domains of this kind
will be denoted by C ().

We introduce the following notation. By D,, we shall denote an arbitrary section
of the domain D by the hyperplane z,, ; = const,...,z, = const. Let D, be
some section of the domain D by the hyperplane z,, | = a,,411,-.., T, = Q.
Let s be an integer, with 0 < s < m, and let D, be the s-dimensional section
Tyi1 = Qgypy s Ty = Qpyy Typsq = Qppiqs e s Ty = a5 then by [D]4  we shall
denote the set of points X(21,..., %4, Ty 1, » Tpny Gpy1s - @p) Of the section
D,,, for whose coordinates the inequalities |z; —a;| < d (i = s+ 1,...,m) hold.
In particular, for example, [D,,]¢ coincides with D,,, while [D,]%, is the part of

D, contained inside the m-dimensional cube with edge 2d.

II. In what follows we shall assume that f(z,, ..., z,,) is a continuous function
defined in a domain D € Cyz()), having continuous derivatives up to order
I = [l], where [I] is the integral part of [, and satisfying the conditions:

1/p

) / / FOOPAX| <A (p> 1) (1)
(D)

2) there exists a constant number M > 0 such that for any integer m, 0 <
m < n, and any d > 0 the inequality holds:
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P 1/P

21 “en :L'Zl o
bup Z / / / / |X Y|n+ll dY | dX < Mdom,

7YL n m

(2)
if [ is noninteger, and
/p
S O'f(x) |
sup / / ———| dX < Mdem, (27)
D, il,gzl l (D] r—m axil 895“
if [ is an integer, where «,, (m = 0,1,...,n) are fixed numbers satisfying the
inequalities
ag >0y > >a, =0, amgn;m. (3)

From the fact that «,, = 0 it follows that, for d > 1, in the right-hand side of
inequalities (2), (2) the factor d*~ may be omitted.

Theorem 1. Let f(X) satisfy conditions (1)—(3) in D € C}, and let k be an
integer, with 0 < k < [.

Then:
1) Ifeg =l+ayg—n/p,eg—k > 0,0 < < egy—k, f <1, then the inequalities
hold:
9" f(X)
— 1 | < CARTFP 4 Oy MhfoF, 4
axil axlk = V1 + 2 ( )
—k—n/p—p eo—k—p : _ _ .
P Hx) oY) Cs (Ah + Mh#o ), ifeg—k>1loreyg—k<1,
aa:il---aa:ik 8;1:1.1»»-8;1:% ( e B 1 L ) .
< nfp=B 4 eo—k—p A .
X VP <<C, AR +1_5Mh0 , ifeg—k=1, <1,
Cs [AHF=n/v=F 4 M (14 |1nﬁ])] . ifeg—k=1, =1,

()

where h is an arbitrary positive number < J; C, are constants independent of
A, M, h.

2) f0< B <1,qg>p, misaninteger, 1 <m <n, e, =1+ ay(l—p/q) +
a,,p/q+m/q—n/p, e,,—k—pF > 0, s is an integer, with 0 < s < m, H isan
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arbitrary positive fixed number, § = l+ay(1—p/q)+a,p/q+s/q—n/p—k,
then the inequalities hold:

q 1/q

dvm] < (%)

vl
[Df]s

a) Oy (AH(m*S)/qfl/hS/qW*n/pfk 4 MH(M*S)/q*MhMu) ,
if § > 0; v, u are arbitrary numbers satisfying 0 < v, u <

o*f(X)
O, - 0x;

iy 81'”

m—Ss

q
b) C, [AH(m*S)/q*VhS/qW*n/p*k + M H(m=s)/a—(as—a)p/e—ppp (1 4 |1n %| X H(a;am)p/q)] ,

if 6 =0, where v, u are arbitrary, satisfying
0<v<(m—s)/q, 0<p<(m—s)/q—(a,—a,)p/q

c) Cq (AH(m*S)/Q*VhS/qW*n/p*k + MH(WL*S)/q*(a;am)p/q+67uhu) ;
if § <0,

IN

where 0 < v < (m—38)/q¢, 0< u< (m—3)/q— (ag —,,)p/q+ 9 (e, as in 0,
max v in all inequalities may be replaced by «,,);

1/q
i (D) YD) | /(D) YD, | X — Y |mtBa m m S
< Gy (Ahm/‘lfn/;n*kfﬁ + Mhemfkfﬁ) ) (7)

In (6) and (7) h is an arbitrary positive number < K; C; are constants inde-
pendent of A, M, h, H,v, u.

Remark 1. If ¢, =0 (i =1,...,n), ¢ >p>1, 1 <m<n 0K 6<
1, l+m/q—n/p—k— =0, then:

1) for 5 =0

I, < Cyo (AZ/-n/0-k 4 A7)
2) for0< <1

I, < Oy, (AFcm/a—nlv—k—5 4 A) .
Remark 2. If o, =0 (i = 1,...,n), § = s/¢+1—k—n/p = 0, then under

various additional assumptions concerning s, ¢, and the domain D, estimate (6)
can be improved.
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1) If s>1, ¢ >p>1, then

I, <Cp (AH(M*S)/q*vhS/qW*n/p*k 4 MH(me)/qwhu) ,

2)Ifs>1, ¢q=p, DeCjy
an (n— s)-dimensional sector

the hyperplanes z; = const, ..

I, <Cyy AH(m=s)/p—vps/ptv—n/p=k 4 \r[f(m=—s)/p—ppp (1 + ’m%

0 < v < (m—s)/a.

(each point of D is attainable by means of
contained in the section of the domain D by

., &y = const), then
1/1)’)]

An analogous inequality for the case [ =1, g=p =2, s=n—2, m=n—1
was obtained by S. M. Nikol’ skii (4).

Remark 3. Put

T R U
dx; -0z || o |0z, -0z,
lwiP(D,,) ! ey,
1
PR ) | :
(D,,) (D,,) (D,,) (D,,) IX — Y|m+ﬁq y
FfX)  If(Y)
& = & + sup 8%1“'8%% axil'nazik
8wi1"'a$ik 9 (D) al‘il..-ﬁ,’[;ik c(D) X,YeD ‘X—Y|/B
if0< B <1, and
_ o I
8$i '83% (0) - axz "'81'7; ’
1 k qu<Dm) 1 k Lq(Dm>
_ 9 I
6:1;7; '81‘2 B 8.%1 "'8$i ’
! = 1CO(D) ! kllo(D)
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if 8 =0.
From inequalities (4)—(7) it follows that

eg-k-B8

<cu (19575 0

n,

ok f
oz, O,

/p+k+8
oo+ fllz, oy ) (8)
C® (D)

ifey —k— >0, and

em—k—8 /

___emkB n/pihkiBm
< Cls (”f”ll;)‘ZOD()lP/Q)+ﬂm,p/qM1+aoﬁ+P7Q)+Ot7:P/q + |f|LP(D)> ,

(9)

o
d; 0z,

w(D,,)

ife,, —k—8>0.

We note that, under certain additional assumptions concerning the domain D,
all the results extend also to functions having generalized derivatives in the sense
of S. L. Sobolev.

Finally, let us observe that if there is a set of functions bounded in the sense
of (1)—(2), then from the fact that this set will be compact in L,(D’), if D’ is

a bounded domain such that D’ C D, and from (8) and (9) it follows directly
that the derivatives of order k form a set compact in C'¥(D’), if ¢, —k— 8 > 0,

or, respectively, in Wéﬁ)(D;n), ife,, —k—p5>0.
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