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0? o
D%y +4—=0u+2— u = f(z,y,2,1)

ot? ot
(Presented by Academician S. L. Sobolev on 24 II 1960)

Let Q be a domain in the finite part of the four-dimensional space XY ZT,
bounded by the surface
[(z,y,2,t) =22 +y?+ 22 +t2—1 = 0, the unit sphere with center at the origin.

1°. In the domain Q consider the Hilbert space Hp(£2), which is obtained by
completing the linear manifold Dy of infinitely differentiable functions of finite
support in  (vanishing in some boundary strip of the domain ) with scalar
product

9%u 0v 2u0%v  0%ud?v 0% d%w
(wolp= [ - /Q{ ot 5t 0t + 085 90 o
9%u  0%v 0%u  0%v 0%u 0%v 0%u 9%v
D0y 0x0y | 020z 0x0z |~ 0z0t 0z0t |~ 0ydz 0yo=

62u 9%v 0%u 0%v
2 Byot yat T 2901 828t}d9+/// wdo /// vdo
// —do* // —do*

For w,v € Dp, (1) takes the form

(u7v)B=/~-~‘4A2u~de. (1%)

+ 2

(1)
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In the space Hj5(2) consider the operator B2, defined by the formula
4

0
B? = A’Q@, where A2 is the operator inverse to the four-dimensional bihar-

monic Laplace operator under the boundary conditions
ul =0, —| =0

n is the outward normal to the boundary surface I'.

Theorem 1. The operator B2 is a symmetric bounded and positive-definite
operator on the dense manifold Dy of the space Hy(€2).

We shall denote the self-adjoint extension of the operator B? in Hj(Q) by the
same letter B2

Theorem 2. The spectrum of the operator B in Hy(Q) is discrete.

Proof. The scheme of the proof of this theorem is essentially analogous to the
method of P. Denchev (}). We shall briefly outline this scheme. Let R,, be
the space of all polynomials of degree not exceeding n; let N be its dimension.
Introduce a scalar product in R, by the formula: (p,q) = [ - prqF2 dQ) for
p,q € R,,. Consider in R, the operators:

Lip) = S5 (T%), Ly(p) = A2(T%) )

for all p € R,,. The operators L; and L, are symmetric and map R,, into itself;
moreover, the operator L, is positive. Then, by the well-known theorem from
linear algebra [~1] on reducing two quadratic forms to a canonical basis, we
conclude that there exist N numbers A2, A3, ..., A%, and N linearly independent
polynomials v, (z,y, 2,t), v (x, y, 2,t), ..., Yn (2, Y, 2, t) such that

Ly(v) = AiLa(m) =0 (k=1,2,..,N); ®3)

(LQ’Yiv’Yj) = 6ij (Zaj = 1727 aN) (4)

The polynomials

Xk(1'7y727t) :F2<$,y,2,t>'}/k(1’7y727t) (k:172aaN> (5)

will be eigenfunctions of the operator B% in Hj(Q). Assigning the values
n = 1,2,..., we obtain an infinite system of polynomial eigenfunctions for the
operator B? in Hj5(2). This system will be complete in Hj(2). Indeed, first
note that every polynomial P(z,y, z,t) that vanishes on the boundary surface
I" together with its normal derivative has the form
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‘?(xayvzvt) = F2<.’L’,y, 2 t) : P(.Z',y, 2, t) (6)

Next, every polynomial of the form (6) is a linear combination of the polynomial
eigenfunctions {x(z,y,2,t)} of the operator B? in Hj(2). On the other hand,
by polynomials of this form one can uniformly approximate, together with their
derivatives, smooth finite functions in ) which, according to the definition of
the Hilbert space Hy(2), are in turn everywhere dense in H5(2) in the sense of
the convergence of this space. This proves the completeness of the polynomial
eigenfunctions of the operator B? in Hj(2), and the theorem is proved.

2°. In this paragraph we prove the possibility of applying the result obtained
above to the study of the following boundary-value problem:

02 0*u
L(u) ED2U+4@DU+2ﬁ = f(x,y,z,t), (7)
u|F =0, (8)
8’(1, )
o = 0, (8)

where

02 0? 0? 02
0r?  Oy? + 922 o2

is the four-dimensional wave operator, and n is the outward normal to the
boundary surface T'.

The following theorem holds, which shows, in a certain sense, the connection of
the boundary-value problem (7), (8), (8) with the spectrum of the operator B2
in H5(2). Here 2 is a finite domain bounded by a sufficiently smooth surface
I.

Theorem 3. If the operator B? in Hj(Q) has a complete orthonormal system
of eigenfunctions, then, for uniqueness of the solution of the boundary-value
problem (7), (8), (8 ), it is necessary and sufficient that the number p* = 1/2
not be an eigenvalue of the operator B? in Hy(Q).

Proof. Necessity is obvious: indeed, if u* = 1/2 were an eigenvalue of the
operator B? in Hy(f2), then the corresponding eigenfunction u* would be a
nontrivial solution of the boundary-value problem; hence the boundary-value
problem (7), (8), (8’) would have a nonunique solution.

Let now p* = 1/2 not be an eigenvalue for the operator B? in Hp(f2), and
suppose that u* is a nontrivial solution of the boundary-value problem (7), (8),
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(8"). Then u* € Hp(92) and, consequently, can be expanded in H5(2) in a series
in the eigenfunctions {x,} (k = 1,2, ...) of the operator B?, i.e.

= Z A X+ ()
k=1

Further, from

a, = (u', Xy) =Mﬁ2u*xde=Mu* Xpdt= — o ///Q 8(;4*Xk
ak:////QAzu*Xde:2/// a;:Xde (k=1,2,..,N) (10)

it follows that a, =0 (k=1,2,...), i.e. u*(z,y, z,t) = 0. The theorem is proved.
Let now f(z,y,z2,t) € W2(2>(Q). Put

F(x,y,2,t) = é/ (t—71)3f(z,y,2,7)dT. (11)
o

Since F' € WQ(Q)(Q), we have

oo
F:F0+ZFkaa (12)
k=1

where Fj, is a polynomial of order not exceeding 3.

Theorem 4. If the series

o0

Z 1//\k —2)2 (13)

=1

converges, then the boundary-value problem has a solution in W2<2>(Q).

Proof. From condition (13) of the theorem it follows that the series

a‘ka(xvyvzvt)v A = ) (14)
;;1 1/, =2

converges in W2(2>(Q). Let
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0
Z AQp Xk = u* ((E7 Y, z, t)
k=1

This means that

S, = Z%Xk —u* € WéQ)(Q). (15)
k=1

We shall show that u* is a solution of the boundary-value problem. To this end,
first note that the function u* satisfies the boundary conditions (8), (8"), since u*
is the limit, in the sense of W2(2>(Q), of functions from W2(2) () satisfying these
boundary conditions. Further, using the embedding theorems of S. L. Sobolev
(?) and the relation

o'F

ot :f(x,y,z,t), (16)

one can prove that

[ [rean= [ff [ soa0 -

for all ¢ € ®,, where @, is a linear manifold of infinitely differentiable finite
functions. This means precisely that u*(z,y, z,t) is a solution of the boundary-
value problem (7), (8), (8’). The theorem is proved.

3°. Let now H be the Hilbert space obtained by completing Dy in the sense of
the scalar product

Oudv OJudv Oudv Oudv
= ——t —— + —— + —— ; dQ. 1
(,0) ////ﬂ{axax+8y8y+8282+8t8t}d (18)
82
In the space H consider the operator B = A‘lﬁ, where A1 is the operator

inverse to the four-dimensional Laplace operator under zero boundary condi-
tions. It can be proved* that the operator B on the linear manifold Dy, dense
in H, is a symmetric, bounded, and positive-definite operator. We shall denote
the hypermaximal extension of this operator by the same letter B.

Theorem 5. The limiting spectrum of the operator B in H coincides with the
interval [0, 1].

Proof. Consider the sequence of functions
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Tn<tcos%g + /22 +y? —|—zzsin%g>+(—1)’”1Tn(tcos%g — /22 + 92 +zQSin§g)

U (Z,Y,2,1) =

(19)

where n > 2; k = 2,4,...,n —1; T, (x) = cos(narccosz) is the Chebyshev
polynomial of the first kind of degree n. By direct verification® one can see
that the function w, ,(7,y, z,t) satisfies the boundary-value problem

?u  0*u  O%u , 0%u
o " o T oz~ Vhngp =0 20
ulp =0, (21)

T
where v, , = tg -y n > 2, and k takes even values up to n — 1. On the other
’ n

hand, let us note that the solutions of the boundary-value problem (20), (21)
are eigenfunctions for the operator B in H with eigenvalues

2 1
k.n 1_,'_1/]%”7

and since the numbers

9 1
k,n 1 + th %g
forn > 2, k = 2,4,...,n — 1 are everywhere dense in the interval [0, 1], the

limiting spectrum of the operator B in H coincides with [0, 1]. The theorem is
proved.

In conclusion I express my deep gratitude to Acad. S. L. Sobolev for discussion
of this work.
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