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Abstract
Full Text
PHYSICS
G. A. SKURIDIN and K. P. STANYUKOVICH

APPROXIMATE SOLUTION OF THE PROB-
LEM OF THE MOTION OF A CONDUCTING
PLASMA
(Presented by Academician N. N. Bogolyubov, 16 XI 1959)

In papers (1−4) a new method of asymptotic integration of linear partial dif-
ferential equations of hyperbolic type was developed, and the application of
this method to obtaining asymptotic solutions for the equation of acoustics and
Maxwell’s equations was shown. In papers (5−8) the indicated method was
developed as applied to the solution of dynamical problems of the theory of
elasticity.

The general idea of the method in the case of a linear partial differential equation
of hyperbolic type (for example, the wave equation) is as follows: by a special
choice of functions we try to satisfy the original equations approximately, i.e.,
we seek the solution in the form

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝐴(𝑥, 𝑦, 𝑧) exp{𝑖𝜔[𝑡 − Φ(𝑥, 𝑦, 𝑧)]} (1)

under the condition that 𝜔 → ∞.

As a result we obtain the well-known relations:

grad2 Φ = 1
𝑐2 , (2)

2(grad 𝐴 grad Φ) + 𝐴ΔΦ = 0, (3)

Φ(𝑥, 𝑦, 𝑧) is the eikonal of the wave, 𝐴(𝑥, 𝑦, 𝑧) is the amplitude of the oscillation.
On the other hand, it is well known that the equation for the discontinuity
jump of discontinuous solutions of wave equations coincides with equation (3).
In other words, the approximate solution (1) as 𝜔 → ∞ coincides on the wave
front with the discontinuous solution that may exist for the exact solution of
the original equation.

Thus, an identity is established between the discontinuity jump of a nonstation-
ary wave front and the amplitude of the “geometrical approximation,”which
corresponds to the trajectories of rays orthogonal to these wave fronts.
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The simplicity of the physical interpretation of the asymptotic method for the
case of linear equations, unfortunately, is not preserved for quasilinear and non-
linear equations. However, formally this method also makes it possible here to
solve a number of problems.

In the present work the authors apply an approximate method to the problem
of integrating the equations of plasma oscillations. The problem of the motion
of a gas in a medium with finite conductivity 𝜎 is investigated. We shall assume
that the medium obeys an equation of state of the form 𝑃 = 𝜌𝑒

𝑆−𝑆0
𝑐𝑣 𝛾. In this

case, if we assume that v ⟂ H, where v = (𝑢, 0, 0); H = (0, 𝐻, 0), and neglect
the displacement current, then the system of equations of magnetogasdynamics
in the one-dimensional

in this case we obtain in the form (9)

𝜕𝜌
𝜕𝑡 + 𝜕𝜌𝑢

𝜕𝑥 = 0,
𝜕𝑢
𝜕𝑡 + 𝑢𝜕𝑢

𝜕𝑥 + 1
𝜌

𝜕
𝜕𝑥 (𝑃 + 𝐻2

8𝜋 ) = 0,

𝜕𝑃
𝜕𝑡 + 𝑢𝜕𝑃

𝜕𝑥 + 𝛾𝑃 𝜕𝑢
𝜕𝑥 = (𝛾 − 1)

4𝜋 𝜘 (𝜕𝐻
𝜕𝑥 )

2
,

𝜕𝐻
𝜕𝑡 + 𝜕𝑢𝐻

𝜕𝑥 = 𝜘𝜕2𝐻
𝜕𝑥2 .

(4)

Here 𝜘 = 𝑐2/4𝜋𝜎 is the magnetic viscosity; 𝜎 is the conductivity; 𝛾 = 𝑐𝑝/𝑐𝑣 is
the ratio of specific heats; 𝑃 is the pressure; 𝜌 is the density; 𝑢 is the gas velocity;
𝑐 is the speed of light; 𝑆 is the entropy; 𝐻 is the magnetic-field strength.

The first equation of system (4) is the continuity equation, the second is the
equation of motion, the third is the energy equation, and the last is Maxwell’s
equation written with Ohm’s law taken into account.

Thus, the problem consists in finding the unknowns 𝑃 , 𝜌, 𝐻, and 𝑢 in a suffi-
ciently general form, i.e., in such a way that they contain arbitrary functions
which can then be determined from the initial and boundary conditions.

Since the energy equation is not exact (thermal conductivity and radiation are
not taken into account), while the exact equation has an excessively complicated
form (10), it is reasonable, in determining the quantities 𝑃 , 𝜌, 𝐻, and 𝑢, to use
only three equations of system (4), specifying 𝑢 in a definite form up to an
arbitrary function and a constant.

We proceed to the solution of the stated problem. Introducing the pseudoscalar
potential 𝜑 by means of the relation 𝐻 = 𝜕𝜑/𝜕𝑥, the last equation of system
(4) can be written in the form
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𝜕𝜑
𝜕𝑡 + 𝑢𝜕𝜑

𝜕𝑥 = 𝜘𝜕2𝜑
𝜕𝑥2 . (5)

We shall seek a solution of equation (5) by setting

𝜑 = 𝐴(𝑥, 𝑦, 𝑧, 𝑡)𝑒𝑖𝜔𝑓(𝑥,𝑦,𝑧,𝑡). (6)

Substituting (6) into (5) and separating the real and imaginary parts, we find
that

𝜕𝐴
𝜕𝑡 + 𝑢𝜕𝐴

𝜕𝑥 = 𝜘 [𝜕2𝐴
𝜕𝑥2 − 𝜔2𝐴 (𝜕𝑓

𝜕𝑥)
2
] ; (7)

𝜕𝑓
𝜕𝑡 + 𝑢𝜕𝑓

𝜕𝑥 = 𝜘 [𝜕2𝑓
𝜕𝑥2 + 2𝜕𝑓

𝜕𝑥
𝜕

𝜕𝑥 ln 𝐴] . (8)

For 𝜔 ≫ 1 one can show that

𝜕2𝐴
𝜕𝑥2 ≪ 𝜔2𝐴 (𝜕𝑓

𝜕𝑥)
2

; (9)

in this case equation (7) takes the form

𝜕
𝜕𝑡(ln 𝐴) + 𝑢 𝜕

𝜕𝑥(ln 𝐴) + 𝜘𝜔2 (𝜕𝑓
𝜕𝑥)

2
= 0. (10)

In what follows we shall consider the class of solutions (6) subject to an addi-
tional condition, i.e., we shall assume that

𝜔√𝜘 𝜕𝑓
𝜕𝑥 = 𝐵 = const. (11)

(It is also possible to consider the more general case 𝐵 = 𝐵(𝑡); in this case the
solution of equation (8) is not fundamentally complicated.)

Set 𝜔√𝜒 = 𝛼, and we shall choose the order of 𝜔 so that the order of 𝛼 cor-
responds to the order of the remaining terms of the equation. With the aid of
(11) we obtain

𝑓 = 𝐵
𝛼 𝑥 + 𝑇 (𝑡). (12)

Substituting (11) into (8) and taking (12) into account, we shall have
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𝑢 = 2𝜘 𝜕
𝜕𝑥 ln 𝐴 − 𝛼

𝐵
̇𝑇 . (13)

Eliminating 𝑢 from (10) and (13), we arrive at the equation

̇𝑇 𝛼
𝐵

𝜕
𝜕𝑥 ln 𝐴 − 𝜕

𝜕𝑡 ln 𝐴 − 𝐵2 = 2𝜘 ( 𝜕
𝜕𝑥 ln 𝐴)

2
.

Differentiating with respect to 𝑥 and denoting 𝜃 = (ln 𝐴)𝑥, we obtain

𝜕𝜃
𝜕𝑡 + [4𝜘𝜃 − 𝛼

𝐵
̇𝑇 ] 𝜕𝜃

𝜕𝑥 = 0. (14)

The solution of this equation has the form

𝑥 = 4𝜘𝑡𝜃 − 𝛼
𝐵 𝑇 + 𝐹(𝜃), (15)

where 𝐹(𝜃) is an arbitrary function.

Thus, to determine 𝜃 and 𝑢 we have two arbitrary functions 𝑇 (𝑡) and 𝐹(𝜃),
and one arbitrary constant 𝐵. Consider the case when 𝐹(𝜃) = 𝛽𝜃, where 𝛽 =
const < 0. In this case we arrive at a linear function for 𝑢 = 𝑢(𝑥, 𝑡). Indeed,
from (15) we have

𝑥 = (4𝜘𝑡 + 𝛽)𝜃 − 𝛼
𝐵 𝑇 . (16)

Substituting the value of 𝜃 from (16) into (13), we obtain:

𝑢 = 2𝜘
𝑥 + 𝛼

𝐵 𝑇
4𝜘𝑡 + 𝛽 − 𝛼

𝐵
̇𝑇 . (17)

Moreover, taking (16) into account, we have:

𝐴 = 𝐴0(𝑡) exp
⎡⎢⎢
⎣

𝑥2

2 + 𝛼
𝐵 𝑥𝑇

4𝜘𝑇 + 𝛽
⎤⎥⎥
⎦

. (18)

Consequently, our solution of equation (3) will take the form

𝜑 = 𝐴0(𝑡) exp
⎡⎢⎢
⎣

𝑥2

2 + 𝛼
𝐵 𝑥𝑇

4𝜘𝑡 + 𝛽
⎤⎥⎥
⎦

cos 𝜔 (𝐵
𝛼 𝑥 + 𝑇 ) . (19)
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Hence, for the magnetic-field strength we obtain

𝐻 = 𝐴0(𝑡)
⎧{
⎨{⎩

𝑥 + 𝛼
𝐵 𝑥𝑇

4𝜘𝑡 + 𝛽 cos 𝜔 (𝐵
𝛼 𝑥 + 𝑇 ) − 𝐵𝜔

𝛼 sin 𝜔 (𝐵
𝛼 𝑥 + 𝑇 )

⎫}
⎬}⎭

exp
⎡⎢⎢
⎣

𝑥2

2 + 𝛼
𝐵 𝑥𝑇

4𝜘𝑡 + 𝛽
⎤⎥⎥
⎦

.

(20)

Thus, one of the unknown quantities entering the system (4) has been obtained
by us.

The arbitrary function 𝑇 (𝑡) can be determined by introducing some condition
for 𝑢, for example, assuming that at 𝑥 = 𝑥0, 𝑢 = 0 (at the wall), or, in a
more general case, that the wall moves according to the law 𝑥 = 𝜓(𝑡). Then
𝑢 = ̇𝑥 = ̇𝜓(𝑡). From equation (17) we obtain

̇𝑇 = 2𝜘𝑇
4𝜘𝑡 + 𝛽 − 𝐵

𝛼 [ ̇𝜓 − 2𝜘𝜓
4𝜘𝑡 + 𝛽 ] . (21)

or

𝑇 = √4𝑥𝑡 + 𝛽 {const + 𝛽
𝛼 ∫ [ 2𝑥𝜓

4𝑥𝑡 + 𝛽 − ̇𝜓] 𝑑𝑡√4𝑥𝑡 + 𝛽 } . (22)

The constant can be determined by assuming that at 𝑡 = 0, 𝑇 = 0. If the value
of ̇𝑇 from (21) is substituted into (17), then the latter expression takes the form

𝑢 = 2𝑥(𝑥 − 𝜓)
4𝑥𝑡 + 𝛽 + ̇𝜓. (23)

Next, from the first equation of system (4) we find the value of the density 𝜌.
Since, taking (23) into account,

2𝑥
4𝑥𝑡 + 𝛽 + 𝜕

𝜕𝑡(ln 𝜌) + [2𝑥(𝑥 − 𝜓)
4𝑥𝑡 + 𝛽 + ̇𝜓] 𝜕

𝜕𝑥(ln 𝜌) = 0,

we have

𝜌 = √4𝑥𝑡 + 𝛽 Φ(𝑧), (24)

where Φ(𝑧) is an arbitrary function, with

𝑧 = 𝑥√4𝑥𝑡 + 𝛽 + ∫ [ 2𝑥𝜓
4𝑥𝑡 + 𝛽 − ̇𝜓] 𝑑𝑡√4𝑥𝑡 + 𝛽 . (25)
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After this, from the second equation of system (4) we find the pressure 𝑃 :

𝑃 + 𝐻2

8𝜋 = 𝑃0(𝑡) − ∫ 𝜌 (𝑢𝑡 + 𝑢𝑢𝑥) 𝑑𝑥, (26)

where 𝑃0(𝑡) is an arbitrary function of time.

The arbitrary functions Φ(𝑧) and 𝑃0(𝑡) must be determined from the boundary
conditions; for example, in the case of motion with a shock wave, assuming that
on its front the known relations between 𝜌 = 𝜌(𝑢) and 𝑃 = 𝑃(𝑢) are satisfied.

Solving the problem for a concrete form 𝜓 = 𝜓(𝑡) presents no difficulty.

Thus, with the aid of relations (20), (23), (24), and (26), we determine all the
quantities entering system (4).

In conclusion, we note that in integrating equation (7) we neglected the term
1
𝐴

𝜕2𝐴
𝜕𝑥2 in comparison with 𝜔2 ( 𝜕𝑓

𝜕𝑥 )2 = 𝐵2
𝑥 . It is not hard to see that

𝑥
𝐵2

1
𝐴

𝜕2𝐴
𝜕𝑥2 = 𝑥

𝐵2 [(𝑥 + 𝑎
𝐵 𝑇

4𝑥𝑡 + 𝛽 )
2

+ 1
4𝑥𝑡 + 𝛽 ] ≈ 1

𝜔2 ( 𝜕𝑓
𝜕𝑥 )2 ≪ 1,

i.e., our assumption is justified.
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