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Abstract
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PHYSICS
M. V. VOL' KENSHTEIN and Al. M. ELYASHEVICH

THE INFLUENCE OF THE SOLVENT AND
OF THE SPECIFICITY OF NUCLEOTIDE AD-
DITION ON THE REDUPLICATION OF DE-
OXYRIBONUCLEIC ACID

(Presented by Academician I. V. Obreimov, November 5, 1959)

In a paper by one of us (1), a model statistical theory of the reduplication of
deoxyribonucleic acid (DNA) was proposed. In the present paper we consider
the influence on the reduplication process of important entropic and energetic
factors: the interaction of DNA with the solvent (water), the specificity of
nucleotide addition, and also the flexibility of the free DNA chain.

We shall make use of the previously described model (). The double helix of
DNA consists of two polymer chains with N units in each. The surrounding
solution contains n — M water molecules and M free nucleotides of four types,
containing thymine, cytosine, guanine, and adenine (?). For simplicity we take
the quantities of all four nucleotides in the solution to be equal, M /4. The
energy released upon polymerization of a pair of nucleotides is —e;; the energy
of the hydrogen bond connecting two nucleotides in the double helix is —es.
We continue to assume that rupture of hydrogen bonds occurs at one of the
ends of the double helix. At the moment of reduplication there are 2r units of
separated chains, to which, with an energy gain €5, any nucleotides from the
solution may attach. If two “suitable” nucleotides have attached side by side,
then they polymerize with an energy gain ;. A water molecule may also attach
to a given free unit, with an energy gain €5 (3). We shall characterize the state
of an r-membered released chain by a set of quantities o; (j=1,2,...,r), where
o refers to the j-th unit and is equal to 0 if a “suitable” nucleotide has attached,
+1 if an “unsuitable” nucleotide has attached, and —1 if the unit has remained
free. For a state with the given set {0}, the number of “suitable” nucleotides
attached to the two released chains is equal to

21—2<ria§>. (1)

The total number of attached nucleotides is equal to
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1< 1<
2m=2<r—22(7j2-+220j). (2)
=1

J=1

The number of free units is equal to 2(r —m). The statistical sum is written in
the form

Q=33 01,0:Qu. (3)

r=0 {O'j}

where

2(N —1e; + (N —r)ey 72

r—m)
T (4)

Q12 = ¢*N exp
refers to the nucleotides of two partially separated chains. Here ¢ is the internal
statistical sum of such a nucleotide; Z is the number of additional conformations

of a unit to which a new nucleotide has not attached. Obviously, Z determines
the flexibility of the DNA chain.

()

Qs = > exp (221—1‘/7?“) 32(m—1)

kT
refers to 2m newly attached nucleotides, where

2e, + &4

Viji1=—€ —&+ TU’? +e,0%,, — 56205 — £,0%07,;. (6)
The factor 3201 accounts for the possibility of attachment, to each unit, of any
of the three “unsuitable” nucleotides. @), is the statistical sum of free nucleotides

and water molecules—free and adsorbed on DNA,

2(r—m)
s M—2m ,
Qs=4q > @, (7)
p=0

where ¢’ is the internal statistical sum of a free nucleotide, and @, is the statis-
tical sum of water molecules in the state corresponding to the attachment of p
water molecules to the free units of the two DNA chains. We have

’ p /n—M—p (2T — 2m)' DE3 R
Q) = %% p!(2r — 2m — p)! XY e (8)
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where ¢ is the internal statistical sum of an attached water molecule, and g¢{
that of a free water molecule, while R, characterizes the mixing of water with
nucleotides,

B — (n—2m —p)! ; )

" =M =p) T, (& —m,)!

m,; is the number of attached nucleotides of type ¢, m; + mqy + mg + my = 2m.

If n > M > my,my, ms, my, then R, practically does not depend on m,, but
only on their sum. Using Stirling’ s formula, we obtain

r= () (A (0T (Y g

By the binomial formula we obtain

a5 kT n— M
(11)
Finally we obtain
N
Q=> KePrj, (12)
r=0

where

M
B n 4(n— M) e M 2N 2¢;(N —1) 4 Ney
K= ( ) ( i ) 9@ "q" g™ exp T ;o (13)

T

J = Z exp [Z (Ao + Bojo7, | + 00]2-)1 , (14)
{o:}

j=1
2e1 + &, q M)
D=——=+42In|=— 1
kT + n(q/ 4n )’ (15)

€ q M gon—M €3
A= "2 +1 (77) m3—In(l1+2——exp-—=|—InZ 1
kT+ n 7 an +In3—1In +q6 ——eXp nZz, (16)
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2
B= 1, (17)

C:fﬁgtzfm(q

M gn—M €3
T ?E>+ln3+ln (lJrex — | +InZ, (18)

qQ n Prr

J is computed by the Ising method (*). J can be represented as the trace of a
certain matrix A”. The elements of the matrix A in our case have the form

A, =exp (Aa’ + Bo?oa’” + Ccm’2> , (19)

where o,0" = 0,+1,—1. The trace of the matrix A" is equal to the r-th power
of the largest root A, ,, of the characteristic equation

IA—1I) =0, (20)

I is the identity matrix. Equation (20) has the form

A3 — 2214 2ePT¢ch A) +2Xch A (ePTC — %) = 0. (21)
We have
N D N+1
r Amax) -1
S () = K Amas 22
Q g (e Ade) eD)\maX _ 1 ( )

For fixed r, the mean number of attached “suitable” nucleotides is equal to

- Oln A

| =pr — r——228%, 23
r—r 5C (23)

The mean value of r

OlnQ  NePWHINN2 (N — 1)ePIN+UNNHL 4 DXL

T T PN T = PN — P+ 1

(24)

Since €, is of the order of 10 kcal/mole, e > 1, and &, is of the order of 4
kcal/mole. Then the roots of equation (21) have the form

/\1 =0, )\2 ~ 1, )\3 ~ eB+C+A 4 eB+CfA,

where B+ C+A<0, [ B+C+ Al > 1.

Let us consider the following cases:
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1) B+C—A<0. Then A\, = Xy and [ =r. If D < 0, then 7 ~ 0; if D > 0,
then 7 ~ N. Thus, when D passes through zero, reduplication occurs;

2) B+C—A>0. Then A\, =X, [=0andm=0. f B+C—A+D <0,
then 7 ~ 0 and the double helix is preserved; but if B+ C — A+ D > 0,
then 7 ~ N, and the double helix separates into two solvated chains that
coil into globules (factor InZ), i.e., denaturation occurs. Denaturation
occurs at B+C — A+ D =0.

3) B+ C — A =0. In this case Ay =~ A3, and both roots must be used. We
have

Oln(A\y +A5) 7
50 =3 (25)

=1
If D <0, then 7 ~ 0; if D > 0, then 7 ~ N, [ = N/2, i.e., half the links of
the chain have adsorbed nucleotides and half have adsorbed water molecules.
For D > 0 a sufficiently small deviation of B + C' — A from 0 is enough for
reduplication or denaturation to occur.

Both transitions are the sharper, the larger N is (1). We see that the concen-
tration of nucleotides necessary for reduplication is 4 times greater than that
found without taking into account the specificity of nucleotide attachment (1).
The fate of DNA depends on the flexibility of the chain and on the difference
between the solvation and polymerization energies. At large Z and ¢34, not redu-
plication but denaturation is possible. In the future, it will be necessary in the
calculations also to take into account electrostatic interactions within the chain
and of DNA with dissolved ions.
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