Soviet-era science, translated into English

MATHEMATICS

V. A. PLISS

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196001.64141

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.64141

Abstract

Full Text
MATHEMATICS
V. A. PLISS

ON INVARIANT SURFACES OF A SYSTEM
OF TWO DIFFERENTIAL EQUATIONS

(Presented by Academician V. I. Smirnov, 18 XII 1959)

Consider a system of two differential equations

dx
o = f1($,y,t) +MR1<xayat7M)v
dt (1)

dy

E = f2<xayat> + NRQ(x7yat7N’)7
where the functions fi, f5, Ry, and R, are continuous, periodic in ¢ with period w,
and uniformly analytic in «,y in a neighborhood of each point z,y for ¢ € [0, w]
and sufficiently small |pu].

We shall assume that for ;1 = 0 system (1) has an invariant surface M|, homeo-
morphic to a torus, and we pose the question of when one can specify a p, > 0
such that, for [u| < pg, system (1) has an invariant surface M,,. An analogous
question was solved by Levinson (1), Diliberto and Hufford (2), Marcus (), and
Coddington (*). All these authors assumed that either the rotation number on
the toroidal surface M, is irrational, or all solutions situated on this surface are
periodic. We shall consider the case in which the rotation number on M, is
rational and not all solutions situated on M, are periodic.

It is natural to consider system (1) in the toroidal space obtained by identifying
the planes t = nw (n =0, £1, 42, ...).

Let

zz@(x07y07ta,u‘)7 y:w(x05y07tﬂu‘) (2)

be the solution of system (1) with initial data x = z,, y = y, at ¢ = 0. Suppose
that the solution of system (1) with initial data z = x4, y = y, at t = 0 can
be continued to the interval 0 <t < w. Associate to the point z,y, the point
x = o(Tgy Yo, W, ), Y = P(Zg, Yo, w, ). The transformation obtained in this way
will be denoted by I,,.

In what follows we shall assume that there exists a closed Jordan curve I, with-
out self-intersections, invariant with respect to the transformation I,. Through
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the curve I'y draw all possible integral curves of system (1) for u = 0; then we
obtain an invariant surface M, homeomorphic to a torus. Suppose that on M,
there are closed integral curves (periodic solutions) of system (1) for p = 0. It
is known (°°) that all these solutions have a common period kw (k natural).
We shall assume that these periodic solutions have no characteristic exponents
equal to zero. In addition, we shall suppose that the invariant surface M, is
asymptotically stable (for stability of invariant sets, see (7)).

1. Let us clarify somewhat more fully the structure of the surface M,. Note
that on M, there can be only a finite number of closed integral curves. From
the stability of the set M, it follows that one of the characteristic exponents of
any periodic solution lying on M|, is negative.

To each periodic solution there correspond on I'y & points fixed with respect to
IF. We shall say that a point p, fixed with respect to I}, is unstable if, for every
point ¢ € I'y lying sufficiently close to p, the relation

Ig*"(q) —p n—+oo (3)

holds.

In the opposite case we shall call the fixed point p stable. For a stable point the
relation

I§"(q) — p, n— o0, (4)

holds if ¢ € Iy and ¢ is situated sufficiently close to p. It is not difficult to see
that on I'y the stable and unstable fixed points alternate.

Let p; = (xj,yj) be a point of the curve I'j unstable and fixed with respect
to I(}f . Then one of the characteristic exponents of the periodic solution x =
e(r;,9;,t,0), y = ¥(z;,y;,t,0) is positive. It can be shown that the roots of
the characteristic equation corresponding to this periodic solution are positive.
Then'®, in a neighborhood of the solution x = o(r,9;,t,0), y = ¥(z;,y;,1,0),
system (1) can be represented in the form

d d
dé = ME+ Fy(&m,1), d—Z = A1+ Fy (€1, 1), ()

where A; > 0, Ay < 0; F} and F,, are series in powers of £ and 7 with continuous
and kw-periodic coefficients.

A. M. Lyapunov® proved that, in a neighborhood of the solution & = n = 0,
system (5) has a one-parameter family of solutions

E=ceMt £ 3 Ly (ememnt, g= " My(Hememt,  (6)
m=2

m=2
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where the functions L, (t) and M,,(t) are periodic, and the series on the right
in (6) converge uniformly for sufficiently small |¢| and all £ < 0.

Consider the curve Aj of the form

E=ct S Lo, =3 M 0" forld<a, (7
m=2 m=2

where a > 0 is sufficiently small. Tt is not difficult to prove that the curve A;
lies on I'y. Introduce the set

I, = i]g(/\j). (8)

s=0

This set consists of k open arcs lying on I'y. By their ends these arcs adjoin
stable points fixed with respect to Ié“. If, besides the solution passing through p;,
system (1) for 4 = 0 has no periodic solutions on M, with positive characteristic
exponents, then the closure of the set J; coincides with T'y. If, however, such
solutions exist, then for each of them one should construct a set J(;, and the
closure of the sum of all these sets will give I'y.

2. Theorem 1. Suppose that:
1) for =0 system (1) has an invariant surface M, homeomorphic to a torus;

2) the surface M, is asymptotically stable;
3) on the surface M, there are periodic solutions;

4) both characteristic exponents of each of the periodic solutions lying on
M, are nonzero.

Then there exists a py > 0 such that, for |u| < g, system (1) has an invariant
surface M,,, homeomorphic to a torus.

The assumptions we have made make it possible to prove not only the existence
of the surface M, but also its stability.

Theorem 2. If the assumptions of Theorem 1 are satisfied, then there exists a
o > 0 such that, for |u| < g, the surface M ., 1s asymptotically stable.

3. Let us investigate the question of the structural stability of system (1)
for = 0. As follows from the results of E. A. Barbashin (7), under the
assumptions made there exist two smooth surfaces S; and S,, homeomor-
phic to a torus and such that: a) S, lies inside the region bounded by
S1; b) all solutions of system (1) for 4 = 0, as ¢ increases, enter into the
region G bounded by the surfaces S; and Sy; ¢) the surface M, lies inside
G; d) any solution of system (1) with u = 0, beginning in G, tends to M,
as t — +00.
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Definition. We shall call system (1) with © = 0 structurally stable in G if,
for every e > 0, one can specify a § > 0 such that, for all |u,| < J, there exists
a topological transformation T of the region G onto itself with the following
properties: 1) the distance between the points p € G and T'(p) is less than ¢;
2) T transforms the integral curves of system (1) with x4 = 0 into the integral
curves of system (1) with u = pg.

We note that this definition is a modification of the definition given by A. A.
Andronov and L. S. Pontryagin (?).

Theorem 3. If the conditions of Theorem 1 are satisfied, then system (1) with
w = 0 is structurally stable in G.

4. Under certain additional assumptions concerning the behavior of solutions
of system (1) for u = 0, it is possible to prove the smoothness of the curve
I',, and, consequently, of the surface M.

Let ¢ € T'y be a stable fixed point with respect to the transformation Ié“.
Through the point g passes the periodic solution x = ¢(t), y = ¥(t). Sup-
pose that the roots of the characteristic equation corresponding to this solution
are positive and distinct. Then, in a neighborhood of the solution = = ¢(t),
y = 1(t), system (1) can be represented in the form (5), where A\, < A\; < 0. We
shall call the direction corresponding, in the plane z,y (¢t = 0), to the direction
of the O¢ axis the principal direction.

Theorem 4. Suppose that the conditions of Theorem 1 are satisfied. Suppose,
in addition, that:

1) the characteristic equation corresponding to each stable periodic solution
lying on M, has positive and distinct roots;
2) the curve T, is smooth;
3) at each stable invariant point of the curve I'y with respect to Igf, the curve
I’y is tangent to the principal direction.
Then the surface M, is smooth.
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