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Abstract
Full Text
MATHEMATICS
V. A. IL’IN and I. A. SHISHMAREV

SOME PROBLEMS FOR THE OPERATOR
𝐿𝑢 = div[𝑝(𝑥) grad 𝑢] − 𝑞(𝑥)𝑢 WITH DISCONTIN-
UOUS COEFFICIENTS
(Presented by Academician I. G. Petrovskii, 20 VI 1960)

In the present paper we consider the Dirichlet and Neumann problems and
the eigenfunction problem for the operator 𝐿𝑢 = div[𝑝(𝑥) grad𝑢] − 𝑞(𝑥)𝑢 with
discontinuous coefficients.

1∘. Let there be given an open 𝑁 -dimensional domain 𝑔 with boundary Γ, and
inside it an (𝑁 − 1)-dimensional surface 𝐶, homeomorphic to a sphere, which
divides 𝑔 into subdomains 𝑔1 and 𝑔2. Let 𝑇 be an open domain containing
within itself the closed domain (𝑔 + Γ). Consider in the domain (𝑔 + Γ) the
following Dirichlet problem:

𝐿1𝑢 = div[𝑝1(𝑥) grad𝑢] − 𝑞1(𝑥)𝑢 = 𝑓1(𝑥) in 𝑔1,

𝐿2𝑢 = div[𝑝2(𝑥) grad𝑢] − 𝑞2(𝑥)𝑢 = 𝑓2(𝑥) in 𝑔2, (1)

𝑢∣Γ = 𝜑(𝑥), [𝑢]∣𝐶 = 𝜓(𝑥), [𝑝 𝜕𝑢
𝜕𝑛] ∣

𝐶
= 𝜒(𝑥),

where

[𝑢]∣𝐶 ≡ 𝑢∣𝐶−0 − 𝑢∣𝐶+0; [𝑝 𝜕𝑢
𝜕𝑛] ∣

𝐶
= 𝑝1

𝜕𝑢
𝜕𝑛∣

𝐶−0
− 𝑝2

𝜕𝑢
𝜕𝑛∣

𝐶+0
;

𝑛 is the exterior normal for the domain 𝑔1; the symbols 𝐶 − 0 and 𝐶 + 0 mean
that the limiting values are taken, respectively, from the inner and the outer
side of the surface 𝐶 relative to 𝑔1.

Definition 1. By a classical solution of the Dirichlet problem (1) we shall mean
a function 𝑢(𝑥) satisfying the following conditions:
1) 𝑢(𝑥) belongs to the class ∗𝐶(0) in each of the closed domains (𝑔1 + 𝐶) and
(𝑔2 + 𝐶 + Γ); to the class 𝐶(1) in each of the domains (𝑔1 + 𝐶) and (𝑔2 + 𝐶); to
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the class 𝐶(2) in each of the open domains 𝑔1 and 𝑔2;
2) 𝑢(𝑥) satisfies, in the usual classical sense, all the conditions of problem (1).

Suppose the following 5 conditions are fulfilled:
1) the surface 𝐶 belongs to the Lyapunov class, and the surface Γ is regular∗∗;
2) the functions 𝑝𝑖(𝑥), 𝑞𝑖(𝑥), 𝑓𝑖(𝑥) (𝑖 = 1, 2) are defined and belong to the classes:
𝑝1(𝑥) ∈ 𝐶(1,𝜇) in the domain (𝑔1 + 𝐶); 𝑝2(𝑥) ∈ 𝐶(1,𝜇) in (𝑇 − 𝑔1); 𝑞1(𝑥) ∈ 𝐶(0,𝜇)

in (𝑔1 + 𝐶); 𝑞2(𝑥) ∈ 𝐶(0,𝜇) in (𝑇 − 𝑔1); 𝑓1(𝑥) ∈ 𝐶(0,𝜇) in 𝑔1; 𝑓2(𝑥) ∈ 𝐶(0,𝜇) in 𝑔2;
moreover, 𝑓1(𝑥) ∈ 𝐶(0) in (𝑔1 + 𝐶); 𝑓2(𝑥) ∈ 𝐶(0) in (𝑔2 + 𝐶 + Γ);
3) 𝑝𝑖(𝑥) > 0, 𝑞𝑖(𝑥) ⩾ 0 (𝑖 = 1, 2) everywhere in the domain of their definition;
4) the function 𝜑(𝑥) is defined and continuous on the surface Γ;
5) the functions 𝜓 and 𝜒 are defined on the surface 𝐶 and belong on it to the
classes: 𝜓 ∈ 𝐶(1,𝜇), 𝜒 ∈ 𝐶(0,𝜇).

* The classes 𝐶(𝑛), 𝐶(𝑛,𝜇) used in this article are defined in the book [1].
** The surface Γ is called regular if, in the domain 𝑔 bounded by this surface,
the Dirichlet problem for the Laplace equation is solvable for every continuous
boundary function.

The five conditions stated will be called conditions A. We have proved the
following two assertions:

Theorem 1 (uniqueness). Suppose that the first and third of conditions A
are satisfied. Then there can exist only one classical solution of the Dirichlet
problem (1).

Theorem 2 (existence). If conditions A are satisfied, then there exists a
(moreover unique) solution of the Dirichlet problem (1), and this solution belongs
to the class 𝐶(1,𝜇) in each of the domains (𝑔1 + 𝐶) and (𝑔2 + 𝐶).
In recent papers by O. A. Oleinik (2,3 ), existence theorems were proved for
the solution of the Dirichlet problem for a general linear elliptic equation with
discontinuous coefficients, but under the assumption that the boundaries of the
domains and the coefficients of the equation satisfy very stringent smoothness
requirements (in comparison with conditions A), which grow without bound as
the number 𝑁 of dimensions increases.

Remark 1. Theorems 1 and 2 extend to the case when the operators 𝐿𝑖
(𝑖 = 1, 2) have the form:

𝐿𝑖𝑢 = div[𝑝𝑖(𝑥) grad𝑢] −
𝑁

∑
𝑘=1

𝑏𝑖𝑘(𝑥) 𝜕𝑢
𝜕𝑥𝑘

− 𝑞𝑖(𝑥)𝑢,

where 𝑏1𝑘 ∈ 𝐶(0,𝜇) in (𝑔1 + 𝐶), 𝑏2𝑘 ∈ 𝐶(0,𝜇) in (𝑇 − 𝑔1).
Remark 2. Theorems 1 and 2 carry over to the case when inside the surface
Γ there lie 𝑛 closed surfaces of discontinuity of the coefficients 𝐶1, 𝐶2, … , 𝐶𝑛,
belonging to the Lyapunov class, on each of which its own boundary conditions
are prescribed:
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[𝑢]∣𝐶𝑖
= 𝜓𝑖, [𝑝 𝜕𝑢

𝜕𝑛] ∣
𝐶𝑖

= 𝜒𝑖.

Here some of the surfaces 𝐶𝑖 may lie inside others.

Remark 3. Results analogous to those formulated above have also been ob-
tained by us for the Neumann problem, i.e. for a problem of the form (1) in
which the condition 𝑢|Γ = 𝜑 is replaced by

(𝑝2
𝜕𝑢
𝜕𝑛2

+ ℎ𝑢) ∣
Γ

= 0,

where ℎ(𝑥) ≥ 0; 𝑛2 is the outward normal for the domain 𝑔.
If to the definition of a classical solution one adds that 𝑢(𝑥) ∈ 𝐶(1) in the
closed domain (𝑔2 + 𝐶 + Γ), and to conditions A one adds: 1) Γ is a surface
of Lyapunov type; 2) ℎ(𝑥) is continuous on Γ, then for the Neumann problem
theorems textually coinciding* with Theorems 1 and 2 will be valid.

2∘. The connection of the classical solution of the Dirichlet problem (1), for
𝜑 = 𝜓 = 𝜒 = 0, with the so-called generalized solution of this problem** has
been studied. By the method set forth in paper (6), it has been proved that the
classical solution of the indicated problem is at the same time a generalized one,
i.e. it has been proved that the classical solution has first derivatives square-
integrable over the closed domain (𝑔 + Γ).
3∘. The Green’s function 𝐾(𝑥, 𝑦) of problem (1) with discontinuous coefficients
has been constructed, its symmetry*** has been proved, and the following two
properties of this function have been established:

1) 𝐾(𝑥, 𝑦) is continuous as a function of the aggregate (𝑥, 𝑦) everywhere in
the closed domain (𝑔 + Γ) for 𝑥 ≠ 𝑦 (including also the surface 𝐶!);

* If ℎ(𝑥) ≡ 0, the uniqueness theorem for the solution of the Neumann problem
is valid up to an arbitrary constant term.

** The generalized solution is defined in the same way as in (4,5 ).
*** For the proof of symmetry, the results of item 2∘ and a lemma proved in
paper (7) are used essentially.

2) for 𝐾(𝑥, 𝑦) the following estimate, uniform in the closed domain (𝑔 + Γ),
is valid:

|𝐾(𝑥, 𝑦)| ≤ 𝑐1 + 𝑐2 ln
1

𝑟𝑥𝑦
, for 𝑁 = 2,
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|𝐾(𝑥, 𝑦)| ≤ 𝑐3𝑟 2−𝑁
𝑥𝑦 , for 𝑁 > 2, (2)

where 𝑐1, 𝑐2, 𝑐3 are certain constants.

Let us emphasize that these results were obtained by us under condition A, i.e.,
under the condition that the surface Γ satisfies only the regularity condition
and, generally speaking, is not smooth.

4∘. The eigenfunction problem for an operator with discontinuous coefficients
has been considered:

𝐿1𝑢 + 𝜆𝑢 = 0 in 𝑔1,
𝐿2𝑢 + 𝜆𝑢 = 0 in 𝑔2,

𝑢|Γ = 0, [𝑢]|𝐶 = 0, [𝑝 𝜕𝑢
𝜕𝑛]

𝐶
= 0.

(3)

(here 𝐿1 and 𝐿2 have the same meaning as in (1)).

Definition 2. A classical eigenfunction of problem (3) will mean a function
𝑢(𝑥), not identically equal to zero, which: 1) satisfies condition 1) of Definition 1;
2) for some 𝜆, in the usual classical sense, satisfies all the conditions of problem
(2).

Relying on the properties of the Green’s function stated above, we have proved:

Theorem 3. If the first three conditions of A are fulfilled, then there exists a
complete (in 𝐿2(𝑔)) system of orthonormal classical eigenfunctions of problem
(3), and each of these eigenfunctions, moreover, belongs to the class 𝐶(1,𝜇) in
each of the domains (𝑔1 + 𝐶), (𝑔2 + 𝐶).
The system of classical eigenfunctions of problem (3) is equivalent to the system
of eigenfunctions of the homogeneous integral equation

𝑢(𝑥) = 𝜆 ∫
𝑔

𝐾(𝑥, 𝑦)𝑢(𝑦) 𝑑𝑦, (4)

whose kernel is the Green’s function constructed above. (For the proof of such
an equivalence, the symmetry and the two properties of the Green’s function
established above play a fundamental role.)

Remark 4. Theorem 3 carries over to the case where inside the surface Γ
there lie 𝑛 closed coefficient-discontinuity surfaces 𝐶1, 𝐶2, … , 𝐶𝑛 belonging to
the Lyapunov class; on each of them the boundary conditions [𝑢]|𝐶𝑖

= 0 and

[𝑝 𝜕𝑢
𝜕𝑛]

𝐶𝑖

= 0 are prescribed. In this case some of the surfaces 𝐶𝑖 may lie inside

others.
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Remark 5. Analogous results have also been obtained by us for the eigenfunc-
tions of the Neumann problem, i.e., for the eigenfunctions of problem (3) in
which the condition 𝑢|Γ = 0 is replaced by the condition

[𝑝2
𝜕𝑢
𝜕𝑛2

+ ℎ𝑢]
Γ

= 0,

where ℎ(𝑥) ≥ 0. In this case it is additionally required that the surface Γ belong
to the Lyapunov class and that ℎ(𝑥) be continuous on Γ. To the definition of
an eigenfunction there is added the requirement 𝑢(𝑥) ∈ 𝐶(1).

in the closed domain (𝑔2 + 𝐶 + Γ), and a theorem completely analogous to
Theorem 3 is proved.

5∘. By the method set forth in paper (6), the following has been proved.

Theorem 4. The complete system of classical eigenfunctions of problem (3)
coincides with the complete system of generalized* eigenfunctions of this problem.

Thus, every classical eigenfunction of problem (3) has first derivatives that are
square-integrable over the closed domain (𝑔 + Γ).
This assertion, established for any surface Γ satisfying only the regularity con-
dition, is used essentially below in this paper, as well as in subsequent papers.

6∘. We have studied the question of a uniform estimate for the eigenfunctions
of problem (3). Relying on the results of item 5∘, on the estimate of the Green
function (2), and on the method proposed in §§2–4 of paper (7), we arrive at
the following assertion:

Theorem 5. Under the conditions of Theorem 4 there exists a constant 𝑐0 such
that, uniformly in the closed domain (𝑔 + Γ), the inequality holds:

|𝑢𝑛(𝑥)| ⩽ 𝑐0𝜆𝑁/4
𝑛 (5)

(here 𝑢𝑛(𝑥) is any eigenfunction of problem (3) corresponding to the eigenvalue
𝜆𝑛).

An estimate of the form (5) was obtained by D. M. Eidus (8) for the case
of the Laplace operator and under the condition that the boundary surface
Γ belongs to the Lyapunov class. In paper (7) an estimate of the form (5)
was established by us for the case of an arbitrary self-adjoint elliptic operator
with smooth coefficients, under the condition that Γ satisfies only the regularity
condition. It has now been possible to establish estimate (5) also for an operator
with discontinuous coefficients when the first three of conditions A are fulfilled,
i.e., under the assumption that Γ satisfies only the regularity condition. It
goes without saying that estimate (5) is also valid for the case when inside the
surface Γ there lies any number 𝑛 of surfaces of discontinuity of the coefficients
(see Remark 4).
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