Soviet-era science, translated into English

CLASSES OF DOMAINS
AND EMBEDDING
THEOREMS FOR
FUNCTIONAL SPACES

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items,/ru-196001.63959

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.63959

Abstract
Full Text

MATHEMATICS
V. G. Maz’ ya

CLASSES OF DOMAINS AND EMBEDDING
THEOREMS FOR FUNCTIONAL SPACES

(Presented by Academician V. I. Smirnov on 28 III 1960)

The embedding theorems of S. L. Sobolev (1) were proved for functions defined
in domains that can be divided into a finite number of domains star-shaped
with respect to a ball. The proof made essential use of S. L. Sobolev’ s inte-
gral representation and the properties of potential-type operators. Embedding
theorems are the subject of works by V. P. II' in (?), who, using an analogous
method, obtained new results. V. P. II' in considered functions defined in do-
mains satisfying the “cone condition.” In (3) E. Gagliardo gave a new proof of
embedding theorems for domains satisfying the “cone condition,” and obtained
some new results.

In the present note we formulate sufficient, and in some cases necessary and
sufficient, conditions on a domain under which various embedding theorems are
valid. The method of proof differs from the methods of S. L. Sobolev and E.
Gagliardo.

Let D be a domain of the n-dimensional Euclidean space E,. By the space
LY (D) we shall mean the closure of C?(D) in the norm

Jul0, = l gxad, ul ).

where

'
rad. u = , a,=1, 1>=0.
sraci {83@?18:5;2 ... Ozp" } 2 v -

By the space W,@(D) (p > 1) we shall mean the closure of C'Y)(D) in the norm

l
il = 3 Wl

In what follows the boundary of an arbitrary set E will be denoted by I'E.

Consider a function u(z) € CV(D). For simplicity assume that v > 0 and
| grad u| > 0 everywhere except, perhaps, on a set of n-dimensional measure
zero. Construct the level surfaces of the function u(z). These surfaces generate

a continuum of nested subsets £, where u = mes,, E,, such that u(z) > u(y)
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ifz ek, ye D\E,. The level surface corresponding to the set £, will be
denoted by S,. Suppose also that mes,, E{z; u(z) >t} < oo for ¢ € (0, 00).

Definition 1. A domain D belongs to the class I . (p > 1, ¢" > 1) if there
exist positive constants M < mes,, D and (M) < oo such that for every family
of level surfaces S L (0 < u < M) the inequality

M
g / oy (r) dr < A(M), (1)

dr p-1
p—1 — - .
op i (r) /S () s

dv is the distance along the normal to S, between S, and S, ,;,, and

holds, where

Definition 2. A domain D belongs to the class Jém (a > "7—:1) if there exist
positive constants M < mes,, D and B(M) < oo, depending only on the domain
D, such that for y < M the inequality

p < B(M)mes,_; S, (2)

holds.

Example 1. A domain satisfying the “cone condition” (2,®) belongs to the

class Jg, but, for example, the domain D € .J. @) composed of the squares

1/20
{27k <p<2Ml 0<y<2% (k=0,1,..),

does not satisfy the “cone condition.”

Example 2. The n-dimensional cone

- 1/2
{(Zw%) <x§,0<xn<1} (B=>1)
=1

)
belongs to the class Jﬁ(n_wﬁ(n_l)H-

Theorem 1. If p < g%, ¢ < ¢*, or p > ¢*, ¢ < ¢*, then, for the validity of the
inequality™

*(g=r)

*
s Q@) r(g*—q)

g

—q* q( ) =

Nz, o) lul 2y, ()
(D)

”u“Lq(D) <c {Ap” gradul (p)+M
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where s < ¢*, r < ¢, p > 1, it is necessary and sufficient that the domain D
belong to the class Iz(:q)* forp>1(A,= Qll/p/) and to the class J1(7;* forp=1
(A, =B).

In the case p > ¢*, ¢ = ¢*, the theorem is false.

One can prove the embedding

J(")

(n)
17q*+1/p/ C I

by (P>1).

A consequence of this is:
Theorem 2. If D € Jén), p>1,p(l—a)<1,

* p

T T 1 pla—1)

and if ¢ < ¢* for "Tfl <a <15 orq< g for > 1, then inequality (3) holds
(A, ='B).
Ifp>1 a <1, p(l1—a) =1, then for any positive ¢ inequality (3) holds
(A, =B).

If @ > 1, then for the limiting exponent ¢ = ¢* the theorem is false.

Remark. In Theorem 2, for p > 1 and ¢ < ¢*, condition (2) can be weakened
by replacing it, for example, by the inequality

pe (14 [Inpl®)~t < B’ (M)mes, ;S (6 >0).

o

Definition 3. A domain D belongs to the class INIEn; (p>1,¢">1),ifDe I;,flq)*
and infA(M) — 0 as M — 0.

Definition 4. A domain D belongs to the class j&n) (a > ”T_l), if D e J,gm
and infB(M) — 0as M — 0.

We now indicate conditions for complete continuity of the embedding operator.

Theorem 3. Let mes,, D < oo.

1) For complete continuity of the embedding operator L;,l)(D) N L (D) into
L, (D) (p < ¢*), it is necessary and sufficient that for p > 1, D € fz(;g*,
_ n)

and forp=1, D € Jl/q*'

2) Under the assumptions of Theorem 1, for p > ¢* > ¢, the embedding

operator Lél)(D) N Ly(D) into L, (D) is completely continuous.
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* Here and below ¢ denotes constants depending only on n,p,q, ¢*,r,s.

From the formulated results it follows:

-1
Theorem 4. If mes, D < oo, D € JSL) (a > n ) and if:

n
a) p(l1—a)=1, p>1, ¢g>1isan arbitrary number, or

b) p(l—a)< 1, p>1, g<q¢" = $, then the embedding operator

1+ pla—1)
L](Dl)(D) N Ly(D) into L, (D) is completely continuous.

In the limiting case ¢ = ¢* the theorem is false.

Remark. The Poincaré inequality

||UHL2(D) < K| gradu||L2(D) + HU”L(D)}»

as is known, is valid for domains of type : (4). It can be shown that every
domain of type R belongs to the class J{z), but, for example, the domain D €
J1<2) equal to the sum of the squares Q,{27" <z <3-27"1 0<y<2 !}
and the rectangles P, : {32772 <2 <2™, 0<y<1} (n=0,1..), is not a
finite sum of normal domains.

Consider the question of the embedding of Lél)(D) N L,(D) into C(D), where
C(D) is the space of functions continuous and bounded in D.

n —1
Theorem 5. If D € J >, where 1 > a > L, andif p(1—a)>1, r>0, s>
n
0, then the inequality holds

rlp(l—a)-1]

rlp(I—c)—1]+p
1-pl-a) 1 ™| —a)—1]+
ull o) < c{%<M>| gradul;, (p+ M7 s|u||LS(D>} Ju 770 7
(4)

If mes, D < oo, then the embedding operator L;,l)(D) N L, (D) into C(D) is
completely continuous.

In the limiting case p(1 — «) = 1 the theorem is false.

n —1
Corollary. If mes, D < coand D € g (1 > > L)7 and if Ip(1—a) > 1,
n

then the embedding operator W,gl)(D) into C(D) is bounded and completely
continuous.

There is also a similar corollary of Theorems 2 and 4.
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One may also consider other classes of domains, analogous to J;JZ)* and Jém,
and prove embedding theorems for them. Define, for example, a class of do-
mains satisfying the following condition. There exist constants M and § < oo,
depending only on the domain, such that for u > M the inequality

p* < §mes, 15, (5)

—1
holds, where 0 < o < n- Condition (5) is satisfied, for example, by the
n

two-dimensional domain

{0<z<o0, O<y<ata} (0<a<1/2).

Consider the conditions under which the space Lg)(D) N L, (TD) is embedded
in L, (D). Suppose that the boundary of the domain D is measurable (in the
Hausdorff sense).

Definition 5. A domain D belongs to the class Ké") (8 > 0) if there exist two
constants € and ®, depending only on the domain D, such that

pn < Cmes, S, +9 mesgfl(FEH \NS,)- (6)

Example 3. The two-dimensional domains D; : {0 < z < 1, 0 < y < 22711
(B>1)and D, : {0 <z < o0, 0<y< (z+1)271} (0 < B < 1) belong to the

()
class Kﬂ .
Let us formulate the theorem for the limiting exponent ¢* = P .
n—p
Theorem 6. 1) If D € Kgn), where 8 > 1, then the inequality
ks s o1 < ¢ { elgraduls o, + Dl o) (7)
P (n—p)B
holds;
2)if De Kgn), where 8 < 1, then the inequality
”u”Lnan(D) <c {¢|| grad u”LP(D) + QHU“Lﬁ(FD) HUHLg(rD)} ) (8)

holds,

where p = r[p(n — 1) — Bs(n — p)]/p(r — s)(n — 1), 0 = s[Br(n —p) — p(n —
D]/p(r—s)(n—1), s <p(n—1)/B(n—p) <r.

For p = 1, the condition D € K(ﬁn) is also necessary.
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-1
In the case § < L, for s = p(n —1)/B(n — p) the theorem is false.
n

If one assumes only that the boundary D is measurable, then D € K in), since
condition (6) is the classical isoperimetric inequality. In this case inequality (7)

for p = 1 has the form
1 1 n
Il 00 < 5 =0% (1 5) (Herad o) + )

The constant is sharp.

If De Jo(é") N Ké"), mes,, D < oo, then there exist constants B’ and ©’ such
that

' < B mes, ; S, +D mesBﬂYq/(n_l)(1"EM \S,) for n

n—

<y<a (9)

Starting from condition (9), one can prove inequalities analogous to (7), (8). We
<v<a<l, fgyn>n—1. Then for p > 1
n

and p(1 — ) < 1 the inequality holds

. n
restrict ourselves to the case

lile o1 < e{ ®lamadul, o+ 9lils_, o)}
Bn

P
I+(v-1)p p(v=1)+1]Bn
In conclusion, I express my sincere gratitude to Prof. S. G. Mikhlin for his
attention to the present work.
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