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Abstract
Full Text

M. S. Pinsker
INFORMATIONAL STABILITY OF GAUSSIAN RAN-
DOM VARIABLES AND PROCESSES
(Presented by Academician A. N. Kolmogorov on 7 III 1960)

As shown in (1−4), the validity of the fundamental theorems of information
theory (Shannon’s theorems) is determined by the presence of informational
stability in random variables and processes. In the present note, necessary
and sufficient conditions for informational stability are indicated for Gaussian
random variables and processes. In addition, conditions are formulated for the
applicability of the central limit theorem to the information density of such
random variables and processes.

1∘. Informational stability of random variables. Let 𝜉 and 𝜂 be random
variables taking values in the spaces (𝑋, 𝑆𝑋), (𝑌 , 𝑆𝑌 ); let 𝑃𝜉𝜂(⋅), 𝑃𝜉(⋅), 𝑃𝜂(⋅)
be, respectively, the distributions of the random variables (𝜉, 𝜂), 𝜉, 𝜂, and let
𝑃𝜉×𝜂(⋅) = 𝑃𝜉 × 𝑃𝜂(⋅) be the direct product of the measures 𝑃𝜉(⋅), 𝑃𝜂(⋅).
If 𝑃𝜉𝜂(⋅) is absolutely continuous with respect to the measure 𝑃𝜉×𝜂, then set

𝑖𝜉𝜂(𝑥, 𝑦) = ln
𝑑𝑃𝜉𝜂(⋅)
𝑑𝑃𝜉×𝜂(⋅) , 𝐼(𝜉, 𝜂) = ∬

𝑋𝑌
𝑖𝜉𝜂(𝑥, 𝑦) 𝑃𝜉𝜂(𝑑𝑥 𝑑𝑦). (1)

If, however, the measure 𝑃𝜉𝜂(⋅) is not absolutely continuous with respect to the
measure 𝑃𝜉×𝜂(⋅), then set 𝐼(𝜉, 𝜂) = ∞, and in the case of singularity of the
measure 𝑃𝜉𝜂(⋅) with respect to the measure 𝑃𝜉×𝜂(⋅),

𝑖𝜉𝜂(𝑥, 𝑦)
𝐼(𝜉, 𝜂) = 1.

𝐼(𝜉, 𝜂), 𝑖𝜉𝜂(⋅, ⋅) are called, respectively, the information and the information
density of the pair of random variables (𝜉, 𝜂).
The expression 𝑖𝜉𝜂(𝜉, 𝜂) = 𝑖(𝜉, 𝜂) is a measurable function of the pair (𝜉, 𝜂) of
random variables and, consequently, is itself a random variable. Obviously,

𝐼(𝜉, 𝜂) = 𝑀𝑖(𝜉, 𝜂). (2)

A sequence of random variables {(𝜉𝑡, 𝜂𝑡)}, 𝑡 = 𝑡1, 𝑡2, … , lim
𝑛→8

𝑡𝑛 = ∞, will be
called informationally stable if, in probability,
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lim
𝑡→∞

𝑖(𝜉𝑡, 𝜂𝑡)
𝐼(𝜉𝑡, 𝜂𝑡) = 1.

A random variable 𝜉 = {𝜉𝜏}, 𝜏 ∈ 𝑁 , where 𝑁 is some set and which is formed
from one-dimensional random variables 𝜉𝜏 , is called Gaussian if, for any finite
set 𝜏1, … , 𝜏𝑛 ∈ 𝑁 of values of the parameter 𝜏 , the joint distribution of the
random variables 𝜉𝜏1

, … , 𝜉𝜏𝑛
is normal.

Theorem 1. For a sequence of Gaussian random variables (𝜉𝑡, 𝜂𝑡), 𝑡 = 𝑡1, 𝑡2, …,
to be informationally stable, it is necessary and sufficient that the condition

lim
𝑡→∞

𝐼(𝜉𝑡, 𝜂𝑡) = ∞ (3)

be satisfied.

Moreover, if

lim
𝑡→∞

𝐷𝑖(𝜉𝑡, 𝜂𝑡) = lim
𝑡→∞

𝑀(𝑖(𝜉𝑡, 𝜂𝑡) − 𝐼(𝜉𝑡, 𝜂𝑡))2 = ∞, (4)

then the distribution of the information density 𝑖(𝜉𝑡, 𝜂𝑡) converges to the normal
distribution.

2∘. Information stability of Gaussian random processes. Let 𝜉 = {𝜉(⋅)}
be a random process. Denote by 𝜉𝑇

0 the segment of this process—the random
variable formed from the random variables 𝜉(𝑡), 0 ≤ 𝑡 ≤ 𝑇 , if 𝜉 is an ordinary
random process, and from 𝜉(𝜑), 𝜑 ∈ Φ, 𝜑(𝑡) = 0 for 𝑡 ∉ [0, 𝑇 ], if 𝜉 is a generalized
random process.

We shall call a pair (𝜉, 𝜂) of random processes 𝜉 = {𝜉(⋅)} and 𝜂 = {𝜂(⋅)} infor-
mation stable if either

̄𝐼(𝜉, 𝜂) = lim
𝑇 →∞

1
𝑇 𝐼(𝜉𝑇

0 , 𝜂𝑇
0 ) = 0,

or every sequence of random variables (𝜉𝑡1
0 , 𝜂𝑡1

0 ), (𝜉𝑡2
0 , 𝜂𝑡2

0 ), …, lim𝑛→∞ 𝑡𝑛 = ∞, is
information stable.

Theorem 2. A pair of random processes 𝜉 and 𝜂 forming a Gaussian random
process (𝜉, 𝜂) is always information stable.

Let now 𝜉 and 𝜂 be one-dimensional random processes, stationary in the broad
sense. Introduce the notation

|𝑟𝜉𝜂(𝜆)|2 = |𝑓𝜉𝜂(𝜆)|2
𝑓𝜉𝜉(𝜆)𝑓𝜂𝜂(𝜆) , (5)
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where 𝑓𝜉𝜉(𝜆), 𝑓𝜂𝜂(𝜆), and 𝑓𝜉𝜂(𝜆) are, respectively, the derivatives of the spectral
and cross-spectral functions of the processes 𝜉 and 𝜂;

𝑄𝜉𝜂 = 1
𝜋 ∫ |𝑟𝜉𝜂(𝜆)|2 𝑑𝜆, (6)

where the integral is taken over the limits from 0 to 𝜋 if 𝜉 and 𝜂 are random
processes of a discrete argument, and over the limits from 0 to ∞ if 𝜉 and 𝜂 are
random processes of a continuous argument or generalized random processes.

Theorem 3. Let 𝜉 and 𝜂 be one-dimensional random processes forming a
two-dimensional Gaussian random process.

Then

lim
𝑇 →∞

1
𝑇 𝐷𝑖(𝜉𝑇

0 , 𝜂𝑇
0 ) = lim

𝑇 →∞
1
𝑇 𝑀∣𝑖(𝜉𝑇

0 , 𝜂𝑇
0 ) − 𝐼(𝜉𝑇

0 , 𝜂𝑇
0 )∣2 = 𝑄𝜉𝜂 (7)

in the following cases:

1) 𝜉 and 𝜂 are random processes of a discrete argument, one of which is
nonsingular;

2) 𝜉 and 𝜂 are random processes of a continuous argument or generalized
random processes, one of which has rational spectral densities.

From Theorems 1 and 3 there follows the corollary:

Corollary. If 𝑄𝜉𝜂 > 0, then under the conditions of Theorem 3

lim
𝑇 →∞

𝑃 {𝑎 < 𝑖(𝜉𝑇
0 , 𝜂𝑇

0 ) − 𝐼(𝜉𝑇
0 , 𝜂𝑇

0 )
𝑇 𝑄𝜉𝜂

< 𝑏} = 1√
2𝜋 ∫

𝑏

𝑎
𝑒−𝑥2/2 𝑑𝑥. (8)

In writing down the formula generalizing (9) to multidimensional random pro-
cesses, we shall use the result of the following lemma, which is also of indepen-
dent interest.

Lemma. Let 𝜉 = (𝜉1, … , 𝜉𝑛), 𝜂 = (𝜂1, … , 𝜂𝑚) be, respectively, 𝑛- and 𝑚-
dimensional random processes forming an (𝑛 + 𝑚)-dimensional Gaussian sta-
tionary random process (𝜉, 𝜂).
Then there exist, respectively, 𝑛- and 𝑚-dimensional Gaussian random processes
𝜉′ = (𝜉′

1, … , 𝜉′
𝑛) and 𝜂′ = (𝜂′

1, … , 𝜂′
𝑚) such that:

1) the random processes 𝜉′
1, … , 𝜉′

𝑛, 𝜂′
1, … , 𝜂′

𝑚, with the exception of the pairs
(𝜉′

𝑗, 𝜂′
𝑗), 𝑗 = 1, … , 𝑘 ⩽ min(𝑛, 𝑚), are mutually independent;

2) the random processes 𝜉 and 𝜉′, 𝜂 and 𝜂′ are stationarily related and sub-
ordinate to one another.
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Put now

𝑄𝜉𝜂 = 𝑄𝜉′𝜂′ =
𝑛

∑
𝑗=1

𝑄𝜉′
𝑗𝜂′

𝑗
= 1

𝜋
𝑘

∑
𝑗=1

∫ ∣𝑟𝜉′
𝑗𝜂′

𝑗
(𝜆)∣

2
𝑑𝜆, (9)

where the limits of integration are determined in the same way as in formula
(6).

Theorem 4. Let 𝜉 = (𝜉1, … , 𝜉𝑛) and 𝜂 = (𝜂1, … , 𝜂𝑚) be 𝑛- and 𝑚-dimensional
random processes forming a Gaussian (𝑛 + 𝑚)-dimensional stationary random
process (𝜉, 𝜂).
Then in the following cases formula (7) holds:

1) 𝜉 and 𝜂 are random processes of a discrete argument, and 𝜉 has regularity
rank equal to 𝑛;

2) 𝜉 and 𝜂 are random processes of a continuous argument or generalized
random processes, one of which has rational spectral densities.

From Theorems 1 and 4 the following corollary follows.

Corollary. If 𝑄𝜉𝜂 > 0, then under the conditions of Theorem 4 formula (8)
holds.

Remark. It can be shown that always

lim
𝑇 →∞

1
𝑇 𝐷𝑖(𝜉𝑇

0 , 𝜂𝑇
0 ) ⩾ 𝑄𝜉𝜂. (10)
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