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MATHEMATICS
E. Ya. Remez and V. D. Koromyslichenko

VL. MARKOV’S PROBLEM FOR POLYNOMI-
ALS OF A SYSTEM OF CHEBYSHEV FUNC-
TIONS AND THE NOTION OF A REGULAR
𝑇 -SYSTEM
(Presented by Academician N. N. Bogolyubov on VI 6, 1960)

1∘. Subject of the communication. Formulation of the basic defini-
tions.

In 1892 there appeared a remarkable work by V. A. Markov (1), in which there
was first considered a problem of considerable theoretical and practical inter-
est: the problem of a rational polynomial of least deviation from zero, in the
Chebyshev sense, on a given interval, in which the coefficients of the polynomial
are subject to a linear relation of general form. Later Vl. Markov’s problem
attracted the attention of a number of researchers; the literature devoted to it
continues to grow uninterruptedly down to our time. Among the works in this
direction, which have introduced new elements into the general development of
the problem, we note here in particular the investigations (2–4).
Questions naturally arise concerning the extension of this subject matter to
polynomials of more general systems of Chebyshev functions (𝑇 -systems, first
introduced into consideration by S. N. Bernstein (5)); these have been investi-
gated to a considerably lesser extent. In the present note, which is a preliminary
communication by the authors, there is indicated a natural specialization of the
concept of a 𝑇 -system, corresponding to the essence of the problem, which makes
it possible to single out important classes of 𝑇 -systems for which the methods
or results of the theory of rational polynomials of Vl. Markov admit the most
far-reaching generalization.

The known definition ((5), Chap. I) of a 𝑇 -system of functions {𝜑𝜈(𝑥)}𝑛
0 , con-

tinuous on the interval [𝑎, 𝑏], which we shall here regard as closed but not nec-
essarily finite, requires that every polynomial
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𝐹(𝑥) = ∑ 𝐴𝜈𝜑𝜈(𝑥) (∑ |𝐴𝜈| > 0)

have no more than 𝑛 zeros on [𝑎, 𝑏], thus ensuring the preservation of one of the
essential properties of the rational polynomial

𝑝𝑛(𝑥) =
𝑛

∑
0

𝐴𝜈𝑥𝜈.

Bearing in mind the preservation of another property of the polynomials 𝑝𝑛(𝑥),
especially essential here for us, consisting in the known (1) restriction on the
possible number for them of (≤ 𝑛 + 1) points at which the modulus-maximum

𝐿 = 𝐿[𝑝𝑛]

is attained—the so-called“points of (maximum) deviation (from zero)”—we shall
introduce the following specialized basic definitions:

Definition 1. A 𝑇 -system {𝜑𝜈(𝑥)}𝑛
0 (𝑎 ≤ 𝑥 ≤ 𝑏) will be called regular if every

one of its polynomials 𝐹(𝑥) ≢ const has no more than 𝑛 + 1 points of deviation
on [𝑎, 𝑏].* The formulation immediately extends—

* In the cases of an infinite interval [𝑎, 𝑏], in order to preserve also the basic
facts of connection with the theory of orthogonal polynomials (3), we shall, in
general, additionally assume the existence of the integrals

∫
𝑏

𝑎
𝜑𝜈(𝑥) 𝑑𝑥 (𝜈 = 0, … , 𝑛)

in conjunction with conditions of the type 𝜑𝜈(±∞) = 0.
also extends to the case of a 𝑇 -system with fixed zeros at one or both of the
points 𝑎, 𝑏, and also to a“periodic 𝑇 -system”(5 , p. 49, 11; 7, pp. 69, 68); in the
periodic case the maximum admissible number of deviation points on the exact
(half-closed) period [𝑎, 𝑏] decreases to 𝑛 = 2𝑚.

Definition 2. If a regular 𝑇 -system, ordinary or with one or two fixed zeros, is
a 𝑇 𝑀 -system (7) (i.e., each of its consecutive segments {𝜑𝜈(𝑥)}𝑘

0 is a 𝑇 -system),
we shall call it a regular 𝑇 𝑀-system. When this definition is extended to the
periodic case, only the segments {𝜑𝜈(𝑥)}2𝑟

0 (𝑟 = 0, … , 𝑚 − 1) are, naturally, to
be taken into account.

To justify these definitions, one must verify, first, that the concept of a regular 𝑇 -
system is already more general than the concept of a 𝑇 -system, and, second, that
the scope of the notions introduced by our definitions is nevertheless sufficiently
broad in practice.
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20. Existence of irregular 𝑇 -systems of any prescribed order 𝑛, possess-
ing polynomials with an arbitrarily large number of deviation points.
We begin by constructing an example of a two-member 𝑇 𝑀 -system {𝜑𝜈(𝑥)}1

0,
a polynomial of which may have an arbitrarily large, or even infinite, number
of deviation points without becoming identically constant.

Take [𝑎, 𝑏] = [0, 1] and, for an arbitrary choice of a natural number 𝑁 and a
proper fraction 𝜀 < 0,

𝜑0(𝑥) = 1 + 𝜀
2𝑁𝜋 sin 2𝑁𝜋𝑥, 𝜑1(𝑥) = 𝑥. (1)

These two functions, as is not hard to verify, form a 𝑇 𝑀 -system of order 𝑛 = 1.
This 𝑇 -system is not regular for 𝑁 > 2, since each of its polynomials obtained
for 𝐴1 = 0 has 𝑁 deviation points. The example may be modified by replacing,
for 0 ≤ 𝜈1 < 𝜈2 ≤ 𝑁 − 1, 𝜑0(𝑥) by

𝜑̄0(𝑥) =

⎧{{{
⎨{{{⎩

𝜑0(𝑥), for 0 ≤ 𝑥 < 1
4𝑁 + 𝜈1

𝑁 ,

1 + 𝜀
2𝑁𝜋 , for 1

4𝑁 + 𝜈1
𝑁 ≤ 𝑥 ≤ 1

4𝑁 + 𝜈2
𝑁 ,

𝜑0(𝑥), for 1
4𝑁 + 𝜈2

𝑁 < 𝑥 ≤ 1.

(2)

Here the corresponding polynomials have, in addition to 𝜈1 +𝑁 −𝜈2 −1 isolated
deviation points, a continuum of deviation points filling the middle part of the
interval [0, 1].
Taking into account, further, the possibility of successively extending the con-
structed 𝑇 𝑀 -system under an arbitrarily small narrowing of the interval [𝑎, 𝑏] =
[0, 1], which follows from a result of M. A. Rutman (see (6), p. 64), we are
convinced of the existence of an extended 𝑇 𝑀 -system of any order 𝑛, whose
polynomials with 𝐴1 = 𝐴2 = ⋯ = 𝐴𝑛 = 0 have either 𝑁 > 𝑛 + 1 deviation
points or even a continuum-infinite number of deviation points. If, however, we
replace the indicated 𝑇 -system {𝜑𝜈(𝑥)}𝑛

0 by some “equivalent”(5,7) 𝑇 -system
{𝜓𝜈(𝑥)}𝑛

0 (no longer necessarily a 𝑇 𝑀 -system), applying to the former one or
another nonsingular linear transformation, we can easily arrange matters so
that, in the expressions of the polynomials ∑ 𝐴′

𝜈𝜓𝜈(𝑥) with an arbitrarily large
number of deviation points, all 𝐴′

𝜈 (𝜈 = 0, … , 𝑛), or any preassigned part of
them, are nonzero.

Let us add that, by modifying the specification of the function 𝜑0(𝑥) in (1)
somewhat differently, one could obtain 𝑇 -systems with polynomials for which
the set of deviation points is countably infinite.

3°. Two sufficient criteria allowing one to establish the regularity of 𝑇 -systems
in fairly broad classes of cases. The notion of a 𝑇 -system regular in the strength-
ened sense.
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I. Regularity of a 𝑇 -system {𝜑𝜈(𝑥)}𝑛
0 (𝑎 ≤ 𝑥 ≤ 𝑏) is ensured in all cases when

among its polynomials 𝐹(𝑥) there is some

𝐹 ∗(𝑥) = ∑ 𝐴∗
𝜈(𝑥)𝜑𝜈(𝑥) ≡ 1.

Indeed, let 𝜄, 𝜂 be, respectively, the number of interior and boundary deviation
points of some arbitrarily chosen polynomial 𝐹(𝑥) of the given 𝑇 -system; 𝜄 =
𝜄0 +𝜄1, 𝜂 = 𝜂0 +𝜂1, where the lower index 𝑠 = 0 or 𝑠 = 1 refers to the number of
deviation points at which 𝐹(𝑥) = (−1)𝑠𝐿. The polynomial 𝐹(𝑥)−(−1)𝑠𝐿𝐹 ∗(𝑥)
has, evidently, on the interval [𝑎, 𝑏] 𝜄𝑠“double”((5), p. 8) roots and 𝜂𝑠“simple”
roots (𝑠 = 0, 1). Hence we derive ((5), p. 8, Lemma 1) the inequalities 2𝜄0 +𝜂0 ≤
𝑛, 2𝜄1 + 𝜂1 ≤ 𝑛; adding them, we obtain 2𝜄 + 𝜂 ≤ 2𝑛, 𝜄 + 𝜂 ≤ 1

2 (2𝜄 + 𝜂) ≤ 𝑛 + 1.
A slight modification of the argument makes it possible to extend criterion I also
to the case of a periodic 𝑇 -system. By virtue of the criterion established here,
the regularity of most of the important 𝑇 -systems cited in (5–7) as examples
is immediately revealed (as a rule, they are also 𝑇 𝑀 -systems), since in them
𝐹 ∗(𝑥) ≡ 1 occurs among the basic functions 𝜑𝜈(𝑥) (𝜈 = 0, … , 𝑛). Equally
regular is, for example, the 𝑇 𝑀 -system {𝑥𝜈/𝑞(𝑥)}𝑛

0 (𝑎 ≤ 𝑥 ≤ 𝑏), where 𝑞(𝑥) =
∑𝑛

0 𝑘𝑖𝑥𝑖 > 0 on [𝑎, 𝑏]: here 𝐹 ∗(𝑥) = ∑ 𝑘𝜈𝜑𝜈(𝑥) = 𝑞(𝑥)/𝑞(𝑥) ≡ 1. But criterion
I is obviously inapplicable to cases of 𝑇 -systems with fixed zeros.

II. For a 𝑇 -system {𝜑𝜈(𝑥)}𝑛
0 (𝑎 ≤ 𝑥 ≤ 𝑏) with possible 𝜉 fixed zeros (𝜉 =

1, 2 or 0), regularity is ensured also in the case when the polynomials 𝐹(𝑥)
(≢ const) possess, in the open interval (𝑎, 𝑏), a derivative 𝐹 ′(𝑥) which
vanishes at no more than 𝑛 − 1 + 𝜉 points.

Indeed, under the given condition we certainly have 𝜄 ≤ 𝑛−1+𝜉, 𝜂 ≤ 2−𝜉, 𝜄+
𝜂 ≤ 𝑛 + 1.
Examples of regular (by criterion II) 𝑇 𝑀 -systems with fixed zeros.

1) {𝑥𝛼𝜈}𝑛
𝜈=0 (0 < 𝛼0 < 𝛼1 < ⋯ < 𝛼𝑛) on [0, 𝑘] (0 < 𝑘 < ∞).

2) {𝑥𝛼0 , … , 𝑥𝛼𝑛−1 , 𝑥𝛼𝑛𝑓(𝑥)} (5) (0 < 𝛼0 < ⋯ < 𝛼𝑛) on [0, 𝑘], if
𝑓(𝑥), 𝑓 ′(𝑥), … , 𝑓 (𝑛)(𝑥) are nonnegative on (0, 𝑘) and nowhere vanish
simultaneously.

3) {sh(𝜈 + 1)𝑥}𝑛
𝜈=0 on any [0, 𝑘].

4–6) {sin(𝜈 + 1)𝑥}, {sin(𝜈 + 1
2 )𝑥}, {cos(𝜈 + 1

2 )𝑥}—each for 𝜈 = 0, … , 𝑛, on [0, 𝜋].

7) {𝑒− 1
2 𝑥2𝑥𝜈}𝑛

𝜈=0 on [−∞, +∞] (cf. (8)).
8) {𝑒− 1

2 𝑥𝑥𝜈}𝑛
𝜈=0 on [0, ∞].

9) {(1 − 𝑥)𝛼/2(1 + 𝑥)𝛽/2𝑥𝜈}𝑛
𝜈=0 (𝛼, 𝛽 > 0) on [−1, 1].

10) {𝑒𝑠0𝑥, 𝑥𝑒𝑠0𝑥, … , 𝑥𝑚0−1𝑒𝑠0𝑥, 𝑒𝑠1𝑥, … , 𝑥𝑚1−1𝑒𝑠1𝑥, … , 𝑒𝑠𝑟𝑥 , … , 𝑥𝑚𝑟−1𝑒𝑠𝑟𝑥},
where ∑ 𝑚𝑗 = 𝑛 + 1; 0 > 𝑠0 > 𝑠1 > ⋯ > 𝑠𝑟 on [𝑎, ∞] (−∞ < 𝑎 < +∞).
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Definition 3. A 𝑇 -system, ordinary or generalized ((5); (7), pp. 69 and 68),
regular on [𝑎, 𝑏], will be called regular in the strengthened sense if it satisfies,
with respect to the existence of the derivative 𝐹 ′(𝑥) and the number of its zeros,
either the conditions of criterion II, or, in the periodic case, analogous conditions
with replacement of 𝑛 − 1 + 𝜉 by 𝑛 (= 2𝑚) and of (𝑎, 𝑏) by [𝑎, 𝑏].
Let us denote by 𝜅 = 𝜄 + 𝜂 the number of deviation points 𝑥𝑠 of an arbitrarily
chosen nondegenerate polynomial 𝐹(𝑥) of the system {𝜑𝜈(𝑥)}𝑛

0 on [𝑎, 𝑏]; by
𝜗 is the number of sign changes in the sequence {𝐹(𝑥𝑠)}𝜒

1 (𝑥1 < 𝑥2 < … < 𝑥𝜒),
and 𝑟(= (𝜒 − 1) − 𝜗) is the number of repetitions of sign. In the case of
a (nonperiodic) 𝑇 -system, regular in the strengthened sense, the remarkable
relation (cf. (3), in the case [𝑥𝜈]𝑛0 with 𝜁 = 0) turns out to be applicable:

(𝜒 − 𝜂) + 𝑟 ⩽ 𝑛 − 1 + 𝜁 (3)

(respectively (𝜒 − 1
2 𝜂) + 𝑟 ⩽ 𝑛 in the periodic case). In particular, for 𝜒 = 𝑛 + 1

this implies the existence of an alternance (𝑟 = 0).
A straightforward verification shows that the conditions of Definition 3 are satis-
fied not only by the 𝑇 -systems of examples 1)–10) (which was already provided
for by the very formulation of Definition 3), but also by most of the most im-
portant 𝑇 -systems without fixed zeros mentioned above (cf. (5–7)).

The system 𝜑0(𝑥) = 1
1 + 𝑥 , 𝜑1(𝑥) = 𝑥 (0 ⩽ 𝑥 ⩽ 1) may serve as a simple exam-

ple of a regular 𝑇 -system for which relation (3) is violated (for 𝐴0 = 1, 𝐴1 =
−1/2) and which, consequently, is certainly not regular in the strengthened
sense.

4°. Extension to regular 𝑇 -systems of one of the fundamental facts
pertaining to the classical problem of V. A. Markov. In order to explain
here more closely, on one fundamental fact, the role of the principal concept
of regularity defined by us in § 1°, we give the formulation of a proposition
established by a direct generalization of the argument used by E. Ya. Remez
((9), pp. 313–319) in the case {𝑥𝜈}𝑛

0 :

If the generalization of V. A. Markov’s problem for a regular 𝑇 -system {𝜑𝜈(𝑥)}𝑛
0

is rewritten in terms of the general problem of Chebyshev approximation ((7),
p. 108) for a (continuously infinite) system of inconsistent equations with 𝑛
free parameters-unknowns, then the inconsistent system of equations just men-
tioned will always have a unique Chebyshev subsystem (certainly irreducible),
provided the existence of at least one nondegenerate Chebyshev solution is as-
sumed (𝐹 (𝑛)(𝑥) ≠ const).
Institute of Mathematics
Academy of Sciences of the Ukrainian SSR
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