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Abstract
Full Text

S. N. KRUZHKOV
ON THE CAUCHY PROBLEM IN THE LARGE FOR
CERTAIN NONLINEAR DIFFERENTIAL EQUATIONS
OF THE FIRST ORDER
(Presented by Academician I. G. Petrovskii, 28 XII 1959)

In the present note the Cauchy problem is considered for the equation

𝑢𝑡 + 𝜑(𝑢𝑥) = 0, 𝜑″(𝑣) ≥ 𝑎 > 0, 𝜑(0) = 𝜑′(0) = 0 (1)

in the half-plane 𝑡 ≥ 0 with the initial condition

𝑢(0, 𝑥) = 𝑢0(𝑥), (2)

where 𝑢0(𝑥) is an arbitrary bounded function.

We shall define a generalized solution of problem (1), (2), prove its existence,
uniqueness, continuous dependence on the initial conditions, and clarify certain
properties of generalized solutions. One of the characteristic properties of these
solutions, substantially distinguishing them from generalized solutions of the
Cauchy problem for quasilinear equations of the first order (1, 2), is that they
are continuous in the half-plane 𝑡 > 0 for arbitrary initial conditions.

As a consequence of the study of the Cauchy problem (1), (2) with discontinuous
initial functions, the Cauchy problem for the equation

𝑣𝑡 + (𝜑(𝑣))𝑥 = 0, 𝜑″(𝑣) ≥ 𝑎 > 0, 𝜑′(0) = 0 (3)

will be considered in the case when the initial conditions may be identified with
certain functionals.

Let ℒ = ⋃𝑘 ℒ(𝐾), where ℒ(𝐾) is the set of bounded functions satisfying the
Lipschitz condition on the whole line with constants ≤ 𝐾.

1. The case of a continuous initial function 𝑢0(𝑥) ∈ ℒ.

Definition 1. A continuous bounded function 𝑢(𝑡, 𝑥) is called a generalized
solution of the Cauchy problem (1), (2), if: 1) 𝑢(𝑡, 𝑥) satisfies the Lipschitz
condition in both variables with constants bounded for 𝑡 ≥ 0; 2) 𝑢(𝑡, 𝑥) satisfies
equation (1) almost everywhere; 3) 𝑢(0, 𝑥) = 𝑢0(𝑥); 4) Δ𝑢𝑥/Δ𝑥 ≤ 𝐶/𝑡.
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Theorem 1. The generalized solution 𝑢(𝑡, 𝑥) of the Cauchy problem (1), (2)
exists and is unique, and

𝑢(𝑡, 𝑥) = min
−∞<𝜎<∞

𝐼(𝜎, 𝑡, 𝑥), 𝐼(𝜎, 𝑡, 𝑥) = 𝑢0(𝑥 − 𝑡𝜑′(𝜎)) + 𝑡 ∫
𝜎

0
𝜉𝜑″(𝜉) 𝑑𝜉.

(4)

The proof of uniqueness is not difficult to obtain by using the theorem on unique-
ness of generalized solutions of the Cauchy problem for quasilinear equations (1),
observing that 𝑣(𝑡, 𝑥) = 𝜕𝑢/𝜕𝑥 is a generalized solution of the Cauchy problem
for equation (3) with initial condition 𝑣0(𝑥) = 𝑢′

0(𝑥).
For the proof of existence, consider the function equal to

min
−∞<𝜎<∞

𝐼(𝜎, 𝑡, 𝑥).

Let 𝜎(𝑡, 𝑥) be the leftmost point of minimum of the function 𝐼(𝜎, 𝑡, 𝑥) for fixed
𝑡 and 𝑥. One can show that

𝜎(𝑡, 𝑥) = Φ((𝑥 − 𝑠+(𝑡, 𝑥))/𝑡),

where Φ(𝑣) is the inverse function to 𝜑′(𝑣), and 𝑠+(𝑡, 𝑥) is the function consid-
ered in (2), p. 436. Using certain

properties of the function 𝑆+(𝑡, 𝑥) indicated in (2), and the fact that, for 𝑢0(𝑥) ∈
ℒ(𝐾), |𝜎(𝑡, 𝑥)| ≤ 𝐾, we obtain that the function

min
−∞<𝜎<∞

𝐼(𝜎, 𝑡, 𝑥)

is a generalized solution of the Cauchy problem (1), (2).
Let us consider the connection between the generalized solutions of problem
(1), (2) and the solutions of the Cauchy problem for nonlinear parabolic equa-
tions

𝑢𝑡 + 𝜑(𝑢𝑥) = 𝜀𝑢𝑥𝑥, 𝜑(0) = 0, 𝜀 > 0. (5)

Theorem 2. There exists a unique bounded function 𝑢𝜀(𝑡, 𝑥), having for 𝑡 > 0
continuous derivatives entering equation (5), with |𝜕𝑢𝜀/𝜕𝑥| ≤ 𝐾, satisfying
equation (5) and the initial condition

𝑢𝜀(0, 𝑥) = 𝑢0(𝑥) ∈ ℒ. (6)

The uniqueness of the function 𝑢(𝑡, 𝑥) follows from the fact that the difference
of two such functions satisfies an equation with the maximum principle.
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It is not difficult to show the existence of a solution of the Cauchy problem
(5), (6) in the case of a finite initial function 𝑢0(𝑥) ∈ 𝐶(2). Relying on this
fact and using Bernstein estimates for the derivatives of solutions of equation
(5), one can carry out the construction of a solution of problem (5), (6) also for
𝑢0(𝑥) ∈ ℒ.

The following assertion is a theorem on the continuous dependence of the solu-
tions of the Cauchy problem (5), (6) on the initial conditions (see (3)).
Theorem 3. Let 𝑢0(𝑥) and 𝑢̃0(𝑥) ∈ ℒ(𝐾), |𝑢0(𝑥)| ≤ 𝑀 , |𝑢̃0(𝑥)| ≤ 𝑀 ; let
𝑢𝜀(𝑡, 𝑥) and 𝑢̃𝜀(𝑡, 𝑥) be the corresponding solutions of problem (5), (6), with
𝜀 ≤ 𝜀0. Then for any rectangle 𝑅{|𝑥| ≤ 𝑙, 0 ≤ 𝑡 ≤ 𝑇 } and 𝛾 > 0 one can
specify such 𝑁 and 𝛿 > 0, independent of 𝜀, that |𝑢𝜀(𝑡, 𝑥) − 𝑢̃𝜀(𝑡, 𝑥)| ≤ 𝛾 in 𝑅,
if |𝑢0(𝑥) − 𝑢̃0(𝑥)| ≤ 𝛿 for |𝑥| ≤ 𝑁 .

Let us note that in Theorems 2 and 3 the convexity of the function 𝜑(𝑣) was
not used. If 𝜑(𝑣) is convex, then the following holds.

Lemma 1. Let 𝑢𝜀(𝑡, 𝑥) be a solution of problem (5), (6), with 𝑢0(𝑥) ∈ ℒ(𝐾)
and 𝜑″(𝑣) ≥ 𝑎 > 0 for |𝑣| ≤ 𝐾. Then 𝜕2𝑢𝜀/𝜕𝑥2 ≤ 1/𝑎𝑡.
Theorem 4. As 𝜀 → 0, the solutions 𝑢𝜀(𝑡, 𝑥) of the Cauchy problem (5), (6)
converge to the generalized solution of the Cauchy problem (1), (2) uniformly in
every rectangle of the half-plane 𝑡 ≥ 0.

It can be shown that the family {𝑢𝜀(𝑡, 𝑥)}, for 𝜀 ≤ 𝜀0, is compact in the space
𝐶 on any rectangle in the half-plane 𝑡 ≥ 0, and, if 𝑢0(𝑥) ∈ ℒ(𝐾), the estimates
|𝜕𝑢𝜀/𝜕𝑥| ≤ 𝐾 for 𝑡 > 0 and |𝜀 𝜕2𝑢𝜀/𝜕𝑥2| ≤ 𝐾1(𝑡0), |𝜕𝑢𝜀/𝜕𝑡| ≤ 𝐾2(𝑡0) for
𝑡 ≥ 𝜀𝑡0 hold. In consequence of Lemma 1 and the estimate |𝜕𝑢𝜀/𝜕𝑥| ≤ 𝐾, we
obtain that

𝜀 ∫
𝑏

𝑎
∣𝜕

2𝑢𝜀
𝜕𝑥2 ∣ 𝑑𝑥 → 0

as 𝜀 → 0 uniformly for 𝑡 ≥ 𝛿 > 0. On the basis of the results of (1, 3), {𝜕𝑢𝜀/𝜕𝑥}
converges as 𝜀 → 0 in the norm 𝐿1 on each rectangle of the half-plane 𝑡 > 0 to
a bounded function 𝑣(𝑡, 𝑥), with Δ𝑣/Δ𝑥 ≤ 𝐶/𝑡.
Relying on these properties of the sequence {𝑢𝜀(𝑡, 𝑥)} and using the uniqueness
of the generalized solution of problem (1), (2), one can prove the assertion of
Theorem 4.

Theorems on the stability of generalized solutions of problem (1), (2) with re-
spect to changes of the initial functions will be given below in a more general
case of initial conditions.

2. The case of an arbitrary bounded initial function 𝑢0(𝑥).
Definition 2. A bounded function 𝑢(𝑡, 𝑥) is called a generalized solution of
problem (1), (2) if: 1) in every half-plane 𝑡 ≥ 𝛿 > 0 the function 𝑢(𝑡, 𝑥) satisfies a
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Lipschitz condition in both variables with bounded constants; 2) 𝑢(𝑡, 𝑥) satisfies
equation (1) almost everywhere; 3)

lim
𝑡→0

𝑢(𝑡, 𝑥) = 𝜇(𝑥) = lim
𝛾→0

inf
𝜉∈[𝑥−𝛾,𝑥+𝛾]

𝑢0(𝜉)

(𝜇(𝑥) is the lower Baire function for 𝑢0(𝑥)); 4) Δ𝑢𝑥/Δ𝑥 ≤ 𝐶/𝑡.
Theorem 5. The function

𝑢(𝑡, 𝑥) = min
−∞<𝜎<∞

𝐼(𝜎, 𝑡, 𝑥), 𝐼(𝜎, 𝑡, 𝑥) = 𝜇(𝑥 − 𝑡𝜑′(𝜎)) + 𝑡 ∫
𝜎

0
𝜉𝜑″(𝜉) 𝑑𝜉 (7)

is a generalized solution of the Cauchy problem (1), (2) with initial function
𝑢0(𝑥).
From the definition of the function 𝑢(𝑡, 𝑥) there follows the following assertion,
with the aid of which it is not difficult to show that 𝑢(𝑡, 𝑥) satisfies requirements
1) and 3) of a generalized solution.

Lemma 2. Let |𝑢0(𝑥)| ≤ 𝑀 ; let 𝐾+(𝑡) and 𝐾−(𝑡) be the roots of the equation

∫
𝐾

0
𝜉𝜑″(𝜉) 𝑑𝜉 = 2𝑀

𝑡 .

Then

𝑢(𝑡, 𝑥) = min
𝐾−(𝑡)≤𝜎≤𝐾+(𝑡)

𝐼(𝜎, 𝑡, 𝑥)

and

lim
𝑡→0

𝑡𝜑′(𝐾−(𝑡)) = lim
𝑡→0

𝑡𝜑′(𝐾+(𝑡)) = 0.

Applying the following Lemma 3 and using Theorem 1, we obtain that require-
ments 2) and 4) of a generalized solution are fulfilled for 𝑢(𝑡, 𝑥).
Lemma 3. Let

𝑢(𝑡, 𝑥) = min
−∞<𝜎<∞

𝐼(𝜎, 𝑡, 𝑥), 𝑢𝛼(𝑡, 𝑥) =

= min
−∞<𝜎<∞

[𝑢(𝛼, 𝑥 − 𝑡𝜑′(𝜎)) + 𝑡 ∫
𝜎

0
𝜉𝜑″(𝜉) 𝑑𝜉] .

Then
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𝑢𝛼(𝑡, 𝑥) = 𝑢(𝑡 + 𝛼, 𝑥).

For the proof, consider the function

𝐺(𝜎, 𝑠) = 𝜇(𝑥 − 𝑡𝜎 − 𝛼𝑠) + 𝑡 ∫
Φ(𝜎)

0
𝜉𝜑″(𝜉) 𝑑𝜉 + 𝛼 ∫

Φ(𝑠)

0
𝜉𝜑″(𝜉) 𝑑𝜉

for fixed 𝑥 and 𝑡 > 0. It is not hard to see that the assertion of the lemma is
equivalent to the equality

min
−∞<𝜎,𝑠<∞

𝐺(𝜎, 𝑠) = min
−∞<𝜎<∞

𝐺(𝜎, 𝜎).

Using the convexity of the function

𝑔(𝜎) = ∫
Φ(𝜎)

0
𝜉𝜑″(𝜉) 𝑑𝜉,

one can show that

𝐺(𝜎, 𝑠) ≥ 𝐺(𝜎0, 𝜎0),

where

𝜎0 = 𝑡𝜎 + 𝛼𝑠
𝑡 + 𝛼 .

Hence

min
−∞<𝜎,𝑠<∞

𝐺(𝜎, 𝑠) ≥ min
−∞<𝜎<∞

𝐺(𝜎, 𝜎);

the inequality in the other direction is obvious.

Theorem 6. Let {𝑢𝑛(𝑥)} be a nondecreasing sequence of discontinuous func-
tions, with |𝑢𝑛(𝑥)| ≤ 𝑀 , 𝑢𝑛(𝑥) ∈ ℒ(𝐾𝑛); let 𝑢𝑛(𝑡, 𝑥) be the corresponding
generalized solutions of the Cauchy problem (1), (2) according to Definition 1.
Then {𝑢𝑛(𝑡, 𝑥)} converges uniformly on every rectangle in the half-plane 𝑡 > 0
to the function

𝑢(𝑡, 𝑥) = min
−∞<𝜎<∞

[𝜇(𝑥 − 𝑡𝜑′(𝜎)) + 𝑡 ∫
𝜎

0
𝜉𝜑″(𝜉) 𝑑𝜉] ,

where
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𝜇(𝑥) = lim
𝑛→∞

𝑢𝑛(𝑥).

Using representation (4) for the functions 𝑢𝑛(𝑡, 𝑥), one can obtain pointwise
convergence of the nondecreasing sequence {𝑢𝑛(𝑡, 𝑥)} to 𝑢(𝑡, 𝑥). But since 𝑢(𝑡, 𝑥)
is continuous for 𝑡 > 0, the sequence {𝑢𝑛(𝑡, 𝑥)} converges to 𝑢(𝑡, 𝑥) uniformly
in every rectangle of the half-plane 𝑡 > 0.

Theorem 7. The generalized solution of the Cauchy problem (1), (2) with an
arbitrary bounded initial function 𝑢0(𝑥) is unique.

Let 𝑢(𝑡, 𝑥) be some solution for the initial function 𝑢0(𝑥). From the definition
of a generalized solution, 𝑢𝛼(𝑥) = 𝑢(𝛼, 𝑥) ∈ ℒ(𝐾𝛼) for every 𝛼 > 0. Since
𝜑(𝑣) ≥ 0, it follows from equation (1) that {𝑢𝛼(𝑥)} is a nondecreasing sequence
as 𝛼 → 0. Denote by 𝑢𝛼(𝑡, 𝑥) the generalized solution of the Cauchy problem
(1), (2) with initial condition 𝑢𝛼(𝑥) according to Definition 1; by Theorem 1,

𝑢𝛼(𝑡, 𝑥) = 𝑢(𝑡 + 𝛼, 𝑥).

Applying Theorem 6 to the sequence {𝑢𝛼(𝑡, 𝑥)}, and taking into account that

lim
𝛼→0

𝑢𝛼(𝑥) = 𝜇(𝑥),

we have

𝑢(𝑡, 𝑥) = lim
𝛼→0

𝑢(𝑡 + 𝛼, 𝑥) = lim
𝛼→0

𝑢𝛼(𝑡, 𝑥) =

= min
−∞<𝜎<∞

[𝜇(𝑥 − 𝑡𝜑′(𝜎)) + 𝑡 ∫
𝜎

0
𝜉𝜑″(𝜉) 𝑑𝜉] .

Thus, it has been shown that initial functions having the same lower Baire
function correspond to one and the same generalized solution of the Cauchy
problem (1), (2).

Theorem 8. Let 𝜇1(𝑥) and 𝜇2(𝑥) be lower Baire functions for 𝑢1(𝑥) and 𝑢2(𝑥),
|𝜇1(𝑥)| ≤ 𝑀 , |𝜇2(𝑥)| ≤ 𝑀 ; let 𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥) be generalized solutions of the
Cauchy problem (1), (2) with initial functions 𝑢1(𝑥), 𝑢2(𝑥), respectively. Then,
for any rectangle 𝑅{|𝑥| ≤ 𝑙, 0 ≤ 𝑡 ≤ 𝑇 } and 𝛾 > 0, one can indicate an 𝑁 such
that

|𝑢1(𝑡, 𝑥) − 𝑢2(𝑡, 𝑥)| ≤ 𝛾
in 𝑅, if

|𝜇1(𝑥) − 𝜇2(𝑥)| ≤ 𝛾
for |𝑥| ≤ 𝑁 .
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The proof follows from (7), if Lemma 2 is used.

Theorem 8 shows that the solutions of the Cauchy problem (1), (2) have a
finite domain of dependence on the initial conditions. Theorem 6 may also be
regarded as a theorem on the stability of generalized solutions of problem (1),
(2) with respect to changes in the initial functions.

From (7) it is not difficult to obtain the following property of generalized solu-
tions:

Theorem 9. Let 𝑢(𝑡, 𝑥) be a generalized solution of problem (1), (2) with
initial condition 𝑢0(𝑥), |𝑢0(𝑥)| ≤ 𝑀 ,

𝜇0 = inf
−∞<𝑥<∞

𝑢0(𝑥).

Then 𝑢(𝑡, 𝑥) → 𝜇0 as 𝑡 → ∞, uniformly on every interval |𝑥| ≤ 𝑙.
3. On the Cauchy problem for the quasilinear equation (3).

On any [𝑎, 𝑏] consider the space 𝐴[𝑎,𝑏] of absolutely continuous functions with
norm

‖𝜓‖ = |𝜓(𝑎)| + ∫
𝑏

𝑎
|𝜓′(𝑥)| 𝑑𝑥.

With the aid of a bounded lower semicontinuous function 𝜇(𝑥), given on the
whole line, define a linear continuous functional on each of the spaces 𝐴[𝑎,𝑏] by
the formula

(𝑓, 𝜓) = − ∫
𝑏

𝑎
𝜇(𝑥)𝜓′(𝑥) 𝑑𝑥 + 𝜇(𝑏)𝜓(𝑏) − 𝜇(𝑎)𝜓(𝑎).

We note that in those cases when 𝜇(𝑥) is continuous or has bounded variation
on [𝑎, 𝑏], the functional 𝑓 is a functional of measure type, i.e.

(𝑓, 𝜓) = ∫
𝑏

𝑎
𝜓(𝑥) 𝑑𝜇(𝑥).

Definition 3. A generalized solution of the Cauchy problem for equation (3)
with initial condition 𝑓 is a measurable function 𝑣(𝑡, 𝑥), bounded for 𝑡 ≥ 𝛿 > 0,
such that: 1) for any piecewise-smooth contour Γ in the half-plane 𝑡 ≥ 0,

∮
Γ

𝑣 𝑑𝑥 − 𝜑(𝑣) 𝑑𝑡 = 0,

and moreover

∫
𝑏

𝑎
𝑣(0, 𝑥) 𝑑𝑥 = 𝜇(𝑏) − 𝜇(𝑎) (3,4);

2)
Δ𝑣/Δ𝑥 ≤ 𝐶/𝑡.
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The corresponding theorems on the existence and uniqueness of such generalized
solutions, and on their stability with respect to changes in the initial data, can
be obtained from the preceding results, relying on the fact that

𝑣(𝑡, 𝑥) = 𝜕𝑢/𝜕𝑥,

where 𝑢(𝑡, 𝑥) is a generalized solution of the Cauchy problem (1), (2) with initial
condition 𝑢0(𝑥) = 𝜇(𝑥).
It is not difficult to show that

∫
𝑏

𝑎
𝑣(𝑡, 𝑥)𝜓(𝑥) 𝑑𝑥 → (𝑓, 𝜓)

as 𝑡 → 0 for 𝜓 ∈ 𝐴[𝑎,𝑏], for arbitrary 𝑎 and 𝑏.

I express my gratitude to Prof. O. A. Oleinik for posing the problem and for
her great attention to this work.

Moscow State University
named after M. V. Lomonosov
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