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Abstract
Full Text

MATHEMATICS
E. G. SHUTOV

DEFINING RELATIONS OF FINITE SEMI-
GROUPS OF PARTIAL TRANSFORMA-
TIONS
(Presented by Academician A. I. Mal’tsev on 15 II 1960)

1°. In the present note a system of defining relations is found for the semigroup
of all partial transformations of a finite set containing 𝑛 ≥ 4 elements, and also
for its subsemigroup of all one-to-one partial transformations.

Terms: a generating set of a semigroup, an irreducible generating set, a relation
of a semigroup with respect to a generating set, a consequence of relations, and
a system of defining relations of a semigroup are used in the usual sense (see,
for example, (2)). If a relation 𝑢 = 𝑣 of a semigroup is a consequence of the
relations Σ of this semigroup, then we shall say that 𝑢 is reduced to 𝑣 by
means of Σ.

2°. Let Ω be the set of the numbers 1, 2,… , 𝑛, 𝑛 ≥ 4; let Δ1 and Δ2 be subsets
of Ω, where Δ1 and Δ2 may be empty. A mapping of Δ1 into Δ2 is called a
partial transformation of the set Ω. If, under the partial transformation 𝑎,
the number 𝑖 is mapped to 𝑘, we shall write 𝑎𝑖 = 𝑘. The totality 𝑊𝑛 of all
partial transformations of the set Ω and the totality 𝑉𝑛 of all one-to-one partial
transformations of the set Ω, with respect to the usual multiplication of partial
transformations, are semigroups. Denote by 𝐻𝑛 the semigroup of all transfor-
mations of the set Ω, and by 𝑆𝑛 the group of all one-to-one transformations in
𝐻𝑛. Introduce the following notation:

𝑎1 = (2 3 ⋯ 𝑛
2 3 ⋯ 𝑛) , 𝑎 = (1 2 3 ⋯ 𝑛

1 1 3 ⋯ 𝑛) ,

𝑐𝑖 = (1 2 ⋯ 𝑖 − 1 𝑖 𝑖 + 1 ⋯ 𝑛
𝑖 2 ⋯ 𝑖 − 1 1 𝑖 + 1 ⋯ 𝑛) (2 ≤ 𝑖 ≤ 𝑛).

It is known that the set 𝑀1 of all 𝑐2, 𝑐3,… , 𝑐𝑛 is an irreducible generating set of
the group 𝑆𝑛, and the set 𝑀2 of all 𝑐2, 𝑐3,… , 𝑐𝑛, 𝑎 is an irreducible generating
set of the semigroup 𝐻𝑛 (1). Let 𝑀3 be the set of all 𝑐2, 𝑐3,… , 𝑐𝑛, 𝑎1, and 𝑀4
the set of all 𝑐2, 𝑐3,… , 𝑐𝑛, 𝑎, 𝑎1. It is not hard to show that 𝑀3 and 𝑀4 are
irreducible generating sets, respectively, of the semigroups 𝑉𝑛 and 𝑊𝑛.
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3°. Let 𝑐22 = 𝑒, 𝑐𝑖𝑎1𝑐𝑖 = 𝑎𝑖. Consider the following system of relations of the
semigroup 𝑉𝑛 with respect to the set 𝑀3:

1. Defining relations of the group 𝑆𝑛 with respect to 𝑀1 (see (2)).
2. 𝑎1𝑒 = 𝑒𝑎1 = 𝑎1, 𝑎1𝑎2 = 𝑎2𝑎1, 𝑎21 = 𝑎1.
3. 𝑎2𝑐𝑖 = 𝑐𝑖𝑎2, 𝑎𝑖𝑐2 = 𝑐2𝑎𝑖 (3 ≤ 𝑖 ≤ 𝑛).
4. 𝑐2𝑎1𝑎2 = 𝑎1𝑎2.

(Σ1)

4∘. The following three lemmas can be proved.

Lemma 1. If 𝑢𝑖 = 𝑘 (𝑢 ∈ 𝑆𝑛, 𝑖 ∈ Ω), then the relation

𝑢𝑎𝑖 = 𝑎𝑘𝑢

of the semigroup 𝑉𝑛 is a consequence of the relations (Σ1).
Lemma 2. The relations

𝑎𝑖𝑎𝑘 = 𝑎𝑘𝑎𝑖, 𝑎2𝑖 = 𝑎𝑖 (1 ≤ 𝑖, 𝑘 ≤ 𝑛)

of the semigroup 𝑉𝑛 are consequences of the relations (Σ1).
Lemma 3. Let 𝑖1, 𝑖2,… , 𝑖𝑛 be a permutation of the numbers 1, 2,… , 𝑛, and let
2 ≤ 𝑚 ≤ 𝑛. If, for 𝑢, 𝑣 from 𝑆𝑛, we have

𝑢𝑖𝑘 = 𝑣𝑖𝑘 (𝑚 + 1 ≤ 𝑘 ≤ 𝑛),

then the relation

𝑢𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚 = 𝑣𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚
of the semigroup 𝑉𝑛 is a consequence of the relations (Σ1).
5∘. Theorem 1. The system of relations (Σ1) is a system of defining relations
for the semigroup 𝑉𝑛(20) with respect to the generating set 𝑀3(20).
Proof. By Lemmas 1 and 2, every word of the semigroup 𝑉𝑛 with respect to
𝑀3 is reduced, using the relations (Σ1), to a word of the form

𝑢𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚 (𝑢 ∈ 𝑆𝑛, 𝑖1 < 𝑖2 < ⋯ < 𝑖𝑚, 0 ≤ 𝑚 ≤ 𝑛).

In view of what was said above, to prove the theorem it suffices to prove that
every relation of the semigroup 𝑉𝑛 of the form
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𝑢𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚 = 𝑣𝑎𝑗1𝑎𝑗2 ⋯𝑎𝑗𝑚1
, (1)

where 𝑢, 𝑣 ∈ 𝑆𝑛; 𝑖1 < 𝑖2 < ⋯ < 𝑖𝑚; 𝑗1 < 𝑗2 < ⋯ < 𝑗𝑚1
, 0 ≤ 𝑚,𝑚1 ≤ 𝑛,

is a consequence of the relations (Σ1). Let 𝑖1, 𝑖2,… , 𝑖𝑛 be a permutation of
the numbers 1, 2,… , 𝑛. It is easy to see that if the relation (1) holds in the
semigroup 𝑉 , then

𝑚 = 𝑚1, 𝑖𝑘 = 𝑗𝑘, 𝑢𝑖𝑟 = 𝑣𝑖𝑟 (1 ≤ 𝑘 ≤ 𝑚, 𝑚 + 1 ≤ 𝑟 ≤ 𝑛).

It follows that the relation (1) has the form

𝑢𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚 = 𝑣𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚 , (2)

where 𝑢𝑖𝑘 = 𝑣𝑖𝑘 (𝑚 + 1 ≤ 𝑘 ≤ 𝑛, 0 ≤ 𝑚 ≤ 𝑛). If 𝑚 = 0, 1, then 𝑢 and 𝑣 are
identical, and therefore in this case relation (2) is a consequence of the relations
(Σ1). Let 2 ≤ 𝑚 ≤ 𝑛. Then, by Lemma 3, relation (2) is a consequence of the
relations (Σ1).
6∘. Consider the following system of relations for the semigroup 𝑊𝑛(20) with
respect to the generating set 𝑀4(20):

1. Defining relations of the semigroup 𝐻𝑛 with respect to 𝑀2(?).
2. Relations 2 and 3 from the system of relations (Σ1).
3. 𝑎2𝑎 = 𝑎, 𝑎1𝑎 = 𝑎𝑎1𝑎2, 𝑎3𝑎 = 𝑎𝑎3.
4. 𝑎𝑎2 = 𝑎2.

(Σ2)

7∘. The following two lemmas can be proved.

Lemma 4. Let 𝑢 ∈ 𝐻𝑛; 𝑖 ∈ Ω; and let 𝑖1, 𝑖2,… , 𝑖𝑚 be the set of all those
elements of Ω which under 𝑢 are mapped to 𝑖. Then the relation

𝑎𝑖𝑢 = 𝑢𝑎𝑖1𝑎𝑖2 ⋯𝑎𝑖𝑚
of the semigroup 𝑊𝑛 is a consequence of the relations (Σ2).
Lemma 5. Let 𝑖1, 𝑖2,… , 𝑖𝑛 be a permutation of the numbers 1, 2,… , 𝑛, 1 ⩽
𝑚 ⩽ 𝑛. If, for 𝑢, 𝑣 in 𝐻𝑛, one has

𝑢𝑖𝑘 = 𝑣𝑖𝑘 (𝑚 + 1 ⩽ 𝑘 ⩽ 𝑛),

then the relation
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𝑢𝑎𝑖1𝑎𝑖2 …𝑎𝑖𝑚 = 𝑣𝑎𝑖1𝑎𝑖2 …𝑎𝑖𝑚
of the semigroup 𝑊𝑛 is a consequence of the relations (Σ2).
8∘. By Lemmas 2, 4, 5, analogously to the proof of Theorem 1, the following
theorem can be proved:

Theorem 2. The system of relations (Σ2) is a system of defining relations of
the semigroup 𝑊𝑛 (2∘) with respect to the generating set 𝑀4 (2∘).
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