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Abstract
Full Text

Fluid Mechanics
A. S. Monin

On Lagrangian Characteristics of Turbulence

(Presented by Academician A. N. Kolmogorov, 7 IV 1960)

1. In the theoretical study of turbulent diffusion (i.e., the spreading of ad-

mixtures in a turbulent medium as a result of their transport by moving
fluid particles) and of other similar phenomena, it is more convenient (see
below formulas (17)—(18)) to use not the Eulerian but the Lagrangian
method of describing fluid motions, in which the principal characteristic
of the fluid flow (we shall consider only an incompressible fluid) is the
function x(¢ | x,, ty), which determines, for any instant ¢ > ¢, the coordi-
nates (in the fixed reference frame S;) of fluid particles that at the initial
instant ¢t = t, were at the points x;. Once this function is known, the
velocities of the fluid particles are also known,

V{t [ X0, 10) = (1 % 1o) = wx(t | g, o). 1], (1)

where u(x, t) is the Eulerian velocity field.

2. In the case of small-scale turbulence (whose external scale is small in

comparison with the scale of observation), the values of the functions x,
v, u entering (1) are statistically stable, so that x, v, u may be regarded
as random functions; in particular, for the values of the coordinates x
and velocities v of any finite number of fluid particles at any finite set
of instants of time there exist probability distributions. The collection
of all possible such distributions is a complete statistical description of
turbulence in Lagrangian variables.

. Lagrangian characteristics of small-scale turbulence were first introduced
into the theory by G. Taylor (!), who obtained (for the case of isotropic
turbulence) a formula expressing the variance of the coordinate of a fluid
particle x(¢ | xq,t,) in terms of the Lagrangian correlation function of
the velocity. For small 7 = t — ¢,, the increment x(t | xg,t5) — X is
approximately equal to u(xg,t,)7, and its variance grows as 72. The
increments of the function x(¢ | x,%,) over nonoverlapping time intervals
7, large in comparison with the external time scale of the turbulence, are
statistically independent, so that the sequence x,, = x(n7 | x4,0) may

be regarded as Markovian. The well-known semiempirical equation of
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turbulent diffusion has meaning only as a continuum approximation of the
corresponding difference equation for the indicated Markov sequence. It
follows from Taylor’s formula that, in the case of homogeneous turbulence,
for sufficiently large 7 the variance of the increment x(¢ | x,,%,) — X, is
asymptotically proportional to 7; in the presence of a gradient of the
Eulerian mean velocity this result is sharply distorted (?).

4. The probability distribution for the random variable v(x,,t; | X, %), de-
fined as v(t,, X, to) for fixed x(; | x4, ty) = X1, does not coincide with the
distribution for the random variable u(x,, t; ), since the values of the latter
are the velocities of all possible fluid particles that are at the point x;
at the instant ¢, whereas the values of v(x;,t; | X, ;) are the velocities
only of those among the indicated fluid particles,

which at the instant ¢, were located at the point x,. However, for sufficiently
large values of t; —t, (in comparison with the external time scale of the turbu-
lence), the random quantities v(x,,%; | Xq,%,) and u(x;,?;) may be regarded as
equivalent.

5. By the theorem on total probability,

OV, ey Vs Ty ey by | Xqgs oo Xpos to) =
:/(pl(vl,...,vn | Xqyee s X3ty ooy Es Xq0s e s Xno3 L) X (2)
X D(Xyy ooy Xty oo s by | Xygs e s Xpos o) dXq -+ dX,,,

where ¢ and p are, respectively, the probability densities for the velocities v(#; |
X105 t0)s s V(E, | Xpostp) and the coordinates x(t; | xq¢,tg), ..., x(t,, | X0, to)
of a finite number n of fluid particles, while ¢, is the probability density for

V(Xq, b1 | X10,t0)s - V(Xps by | Xpnos o) If all the intervals ¢, —tg, ..., t,, —t, are
sufficiently large, then ¢, may be identified with the probability density for the
Eulerian characteristics v; = u(xy,t1),...,v,, = u(x,,,t,).

One special case of formula (2) is the relation

v(t | xg,t0) = /V(x,t | X0, ) P(X, | X, 1) dX, (3)

which determines the mean value of the velocity of a fluid particle (the bar above
denotes mathematical expectation). For sufficiently large t — ¢,, here one may
put v(x,t | X, ty) = u(x,t).

6. In the case of stationary homogeneous turbulence, the velocity of a fixed
fluid particle is a stationary random function of time. This is not true for
x(t | xq,tg), but the probability density P for r = x(t; | xq,%y) — x(t5 |
Xg,to) depends only on 7 = t; —t,. For t; > t, and sufficiently large
ty —ty, (2) gives
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By(1) = /bij(r,T)P(I‘,T) dr, (4)

where B,;; is the Lagrangian correlation function of the velocity, and b;; =
v;(r,7 ] 0,0)u;(0,0).

7. The asymptotic laws indicated in §§ 3-6, valid for sufficiently large time
intervals, have real significance only in the case of small-scale turbulence.
In a number of problems, atmospheric turbulence cannot be regarded as
small-scale; in this case only local hydrodynamic characteristics, but not
the values x, v, u, can be considered statistically stable.

Let the initial velocity v(t, | x4,%,) of a fluid particle located at the instant
t, at the point x,; have the fixed value v,. Introduce an inertial frame of
reference S, moving with velocity v; the coordinates in this frame will be the
quantities y = x —xy —vT, T = t — t,. The relative (with respect to the frame
S,) coordinates y(7 | y;) and velocities v(7 | y;) of fluid particles which at the
initial instant 7 = 0 were at the points y; will be local Lagrangian characteristics
of the flow, provided only that the values |y;| and 7 are sufficiently small in
comparison with the external scales of the turbulence.

8. Consider, for fixed y; and 7, the probability distribution for the local
characteristics y(7 | y1), v(7 | y1). According to A. N. Kolmogorov’ s
theory of locally isotropic turbulence (?), this distribution:

A. Does not depend on t,, %, V.

B. Depends only on y,, 7, and the parameters £ (the rate of dissipation of
turbulent energy) and v (the kinematic viscosity).

The probability density of this distribution may be written in the form

Fvor | y1) = / B0y, vo 7 | Y1, V1)V | y1) dva, (5)

where ¢ is the probability density for the Eulerian velocity difference v, =
u(xy+y,tg) —u(xg,ty), and ¢ is the probability density for y(7 | y;), v(7 | ¥1
with fixed v(0 | y;) = vy, which, in consequence of condition A, has the form

VY, v, T Y1, V1) = Po(y —y1 — ViT, V=V, T) (6)

(Galilean invariance).

9. Let us dwell on the form of the probability density 1, (y, v, 7). In consequence
of condition B,

v T

wolyover) = o) (308 2, T, (7)

9 ) )
A A'U)\ Uy Tx
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3/4 .—1/4 1/2,.-1/2

where A = v°/%¢ , Uy = pl/4el/4, Ty =V/%€ are the microscales of length,
velocity, and time. According to (3), in the so-called inertial range (for 7 > 7,)
the dependence of 1), on v must become insignificant, and instead of (7) one
obtains

oty = (ert) 0w (L L2 2. (®)

er3’ er?’er

The particular probability density for the relative coordinate of a fluid particle
y(7 | 0) then has the form

Yy
ers

P(y,7) = (e73)73/?P, ( i ) : (9)

This formula is of great importance for the description of relative turbulent
diffusion.

10. Note that y(7]0) = v(7]0) = 0, and consider the form of the second
moments of the distribution 1,. One can prove the relations

v;(T | 0)”3‘(7' | 0) = D(7)é ij (10)

i) y; (7 | O)Uj(T | 0) = %TD(T)(S

y:(1 [0)y;(110) = 6, /0 rD(r) dr.

Here D(7) is the Lagrangian structure function of velocity. For very small 7 we
have v(7 | 0) ~ wr and y(7 | 0) ~ w72, where w is the initial acceleration of
the fluid particle. In this case

- I
v (T | 0)1}]»(7' | 0) ~ w2725ij; y; (7 | O)Uj(T | 0) ~ 5“’27351‘]‘% (11)

- q__
y; (7 | O)yj(T | 0) ~ Zw27—451j7

and the correlation coefficient between y,(7 | 0) and v;(7 | 0) is equal to unity.
In the inertial range one obtains

- 1
v, (T | O)Uj(T |0) = CeTdy 3 y; (T | O)Uj<’l' |0) = 505725”; (12)

_ 1
y; (T | 0)yj<T |0) = 305735@‘7
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where C' is a positive numerical constant. The correlation coefficient between
y;(7 | 0) and v;(7 | 0) is then equal to v/3/2. A. M. Obukhov(*) showed that,
under the assumption of a Markovian character of the six-dimensional random
function {y(7 | y1,vy),v(7 | ¥1,v;)} and the condition of Galilean invariance
(6), the distribution ), proves to be normal with second moments (12).

11. Sometimes it is more convenient to use not the inertial reference system
S,, but a non-inertial reference system S, moving together with a fixed fluid
particle (which at the moment ¢, was at the point x;). The local Lagrangian
characteristics will then be the coordinates of fluid particles in the system S,
(i.e. the quantities (7 | 1j) = x(ty + 7 | xo+

+1y, ty) —x(ty+7 | Xg,to), as well as the velocities of fluid particles in the system
Sy, for sufficiently small |1;| and 7.

12. As a consequence of local isotropy, the probability density for the quantity
01 =1(7 | 1) — 1, has the form

(13)

q(61,7|lo)=/\3Q<5I| L b T).

AT A, AT,

For [, > [, the dependence on v in (13) becomes immaterial, and one obtains

2 2

/ — 3\—3/2 |51| ol-1y Ig

g0, 7" 1) = (e7%)*?Q, (5737 m» o (14)

There exists such a small 7; that for 7 < 7, one may set 01 ~ du - 7, where
du = u(x, + 1y, ty) — u(xg, ) is the Eulerian velocity difference. In this case

ol

q(0L, 7 | 1y) = 773 (*
-

). (15)

where ¢(du | 1) is the probability density for du. On the other hand, since
the mean square distance between two fluid particles increases with time, there
exists such a 7, that for 7 > 7, one will have |1(7 | 1,)|? > %, and the dependence
of q(01,7 ] 1y) on 1, will become immaterial (according to the supposition of G.
K. Batchelor®, for small [, this occurs before the motions of the two particles
become independent). In this case formulas (13) and (14) take the form

ot =300, (5L 1) (13)
A
2
a(01,7) = (er) 27y (25 ). (1)
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Formula (14”), analogous to (9), is also obtained from (13") for 7 > 7,. Let us
note that the quantities 7, /7y and 7,/7, are functions of [,/A, and the relation
between 7, 75, and 7, is determined mainly by the magnitude of .

13. The transport of an admixture by moving fluid particles in an incompress-
ible fluid is described by the equation

0s Ou,s
Z2 a® _ 1
ot + ox 0, (16)

[0}

where s(x,t) is the volumetric concentration. The mathematical expectation of
the solution of this equation, for a fixed initial concentration field s,(x), has the
form

s(x,t) = /p(x,t | X, o) 80(%0) dxo, (17)

where p is the probability density for the coordinate of the fluid particle x(t |
X, tp)- This formula is fundamental for the theory of turbulent diffusion*. Pass-
ing in equation (16) to the inertial frame of reference S;, we obtain an analogue
of formula (17) for relative diffusion:

s(y,7) = /p(y,T | y1) 80(y1) dy1, (18)

where p is obtained from function (5) by integration with respect to v. An
analogous formula is also valid in the frame of reference .S,.
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* Accounting for molecular diffusion reduces, roughly speaking, to Gaussian
smoothing with respect to x of the function p in (13), which can be significant
only if the dispersion of the distribution p is not too large in comparison with
2x(t —t,), where x is the coefficient of molecular diffusion. For ¢t —t, > 2x/ w?,
molecular diffusion may be neglected in (13).
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