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Theorem 1. Let u(r, ¢, z) be a harmonic function in the cylinder
r<a, 0<¢<2r, —00 < x < oo. If the conditions

ou
ua,p) =0, [Fhapa)| < (1
max |u(r, ¢, z)| < C exp e™lzl/(2+e)a, e >0, (2)

(rye)

are satisfied, then u(r, p,z) = 0.

Theorem 2. Let u(r, 6, ) be a harmonic function in the cone
0<r<oo, 0<p<2m 0<0<0,<m. If the conditions

Ju
U(Ta 00790) = 07 %(Ta 007@)‘ < C? (1,)
w/200—¢
ma))c |u(r, 8, 0)| < Cexp (r + ;) , e>0, (27

are satisfied, then u(r,0,¢) = 0.

The proof of these two results is based on the following uniqueness theorem for
Dirichlet series:

Theorem 3. Let
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n=1
be an entire function, and
C
1/n .
la,,| < o e > 0;
..on
lim — = a, 0 < a<oo, A, > 0.

n

If, moreover, |F(z)| < C, —oo < & < o0, then F(z) = 0.
We begin with the proof of Theorem 3. Put

oo
F(2) = / F(t)exp (—eP*2) 4 p(t — 2)) dt.
Lemma 1. If

|F(t)] < Celt] —00 < t < 00, 0<d<p,

then F(x + iy) is regular in the strip

—00 < & < 00, ly| < 7/2p—n, n >0,

and satisfies in this strip the inequality

; —dlx
|F(z +iy)| < Ce I,

(®)

Proof. The uniform convergence of (5) in the strip (7) follows from the estimate

| (t) exp(—e? ") 4 p(t —z —iy))| <

< Cexp(—0|t| — ePt=) cos py — p(t — x)),

since there cos py > 0. Let us estimate F (x + iy). For z > 0 we have

|[F (2 +1y)| < C’p/ exp(—6|u + x| — e cos py + pu) du < Ce 9%,
—00

since |u + x| > u + x. The estimate for < 0 is analogous.
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Lemma 2. If

(oo}
F(z) = Z a,e*n”
n=1

is an entire function and conditions (3), (4) are satisfied, and p > 1/(2 + ¢€)a,
then

F,(z) = ianr (%” + 1) et (9)

Proof. Put z = z in formula (5) and make the change of variable u = e(*=),

t= %lnu + 2. Then we obtain

F,(z) :/ (Z a, e’?® >‘"/p> e " du.
0 n=1

Applying the theorem on termwise integration (see (1), Ch. I, § 7.9), we ob-
tain that F,(z) is representable by the Dirichlet series (9), provided this se-
ries converges. The condition for convergence of the series (9) has the form
p>1/(2+¢)a, 0 < e <e, since, when it is fulfilled, the coefficients of the
series (9) satisfy the inequality

a, T\, /p+1) < C-n—%2", g5 > 0.
n n 2

Lemma 3. Let the function f(¢ + ¢)\) be regular in the strip || < v, —c0 <
t < oo, and satisfy there the inequality
|f(t+iN)| < Ce oM,

Then for the function

o(2) = / F(tye = dt,

regular in the domain |Re z| < 4, the estimate
l(iy)| < Ce

holds.
Proof. Since f(t +1i\) — 0 as t — +00, |A| < v, we have

i8+o00
o(z) = / fQed, 1<,

1P—00
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therefore, for y > 0,
iy+00 ) oo )
sl = [ @ mdc=em [ pa—ive e
1y—00 —00

whence |¢(iy)| < Ce Y, y > 0, and analogously for y < 0.

Lemma 4. Denote

G, () = ﬁ (1 - ;‘;) /: F (e t=di,  p> ﬁ (10)

The function G p(z) can be analytically continued into the half-plane Rez > 0
and satisfies there the inequalities

|G, (iy)| < Cemlvl(e—z5+es) (g5 > 0 arbitrary); (11)

G, (2)] < CellAl, (12)

Proof. Consider the functions

®1(2) = /OOO Fp(t)eitz dt, Py(2) = /O Fp(t)eitz dt.

Since, by Lemma 1, |F,(t)| < Ce % the function ®,(z) is regular for Re z >
0, and the integral for ®,(z) when Rez < J can be evaluated by termwise
integration. Namely, since p > 1/(2 + ¢)a,

0 ) o]
w0 = [ (Z ot (22 41) A) et =y el 2D )

n—=1 n

The formula obtained gives an analytic continuation of ®,(z) to the whole z-
plane. Thus G,(2) is continued into the half-plane Re z > 0, and from represen-
tations (10) and (13) it is clear that G ,(z) is regular for Rez > 0.

We now prove inequality (11). Apply Lemma 3 to the function Fp(t +1i\). By
Lemma 1 we obtain for the parameter v in Lemma 3 the value v = 7/2p — 1,
where 77 > 0 is arbitrary. Therefore

‘ [ Ee dt’ < Ce-tw/20-n, (14)
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For the canonical product

the inequality (see, for example, (2), p. 87)

max [¢)(2)| = ¢(Liy) < Celmotelll (15)

|z|=y

holds, where € > 0 is arbitrary. From (14) and (15), (11) follows.

To prove (12), note that the function ®4(z) is bounded on a sequence of circles
|z| = 1y, 7 = 00, Ty — 1 < C, since outside the circles |z — \,| < n™? we
have

2)| < CZn’E"Tﬂ <C
n=1

and the sum of the diameters of the circles inside which this inequality is not
valid is less than a constant. This observation and inequality (15) prove (12).

Proof of Theorem 3. Note that without loss of generality we may assume
that F(z) satisfies inequality (6), since otherwise we could take the function
F(z)e *0%/2 for which all the conditions would be fulfilled.

Now apply Lemmas 1-4 successively, taking p = 1/(2 + ;)a. The constructed
function G,(2) is regular in the half-plane Rez > 0 and satisfies inequalities
(11), (12). But from the Phragmén—Lindel6f principle it follows (see (3), Sec.
M1, Ch. 6, No. 327) that such a G,(z) = 0. This, in turn, means that F},(z) =0,
ie.a,=0,n=12,..

Proof of Theorem 1. Since u(r,p,z) has in the cylinder r < a, 0 < ¢ <
2w, —o00 < & < o0 two continuous derivatives and satisfies the boundary condi-
tion u(a, v, x) = 0, it can be expanded in the series

’I" y Py T Z Z eln‘PJ ( ) ﬁ (a‘n,me)\"‘mx/a + bn,me n mm/a) ,

n=— n,m

where J,(z) are Bessel functions; A is the m-th positive root, in order of

magnitude, of J,(z) = 0. Put

n,m

. T
T o, Z Z J’;L n7n zn(pJn ()\n7ma> eAanx/a'
n=
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It is clear that conditions (1), (2) hold also for v(r, ¢, ), if only they hold for
u(r, ¢, z). Therefore it suffices to consider v(r, p,x).

By virtue of the boundedness of — (a, ¢, ) we have

5, (@

27 81}
- —ing
/O ar(a,go,a:)e de| < C

oo
E A z/a

a’n,mAn,me e <C.
m=1

Consider the entire function

(oo}
z
: :a n,m nme e

=1

and show that it satisfies all the conditions of Theorem 3.

First, it is well known that

1
lim l:,’

m—oo A, T

i.e. condition (4) is fulfilled and o« = 1/7. Secondly, from condition (2) of
Theorem 1 we have

/ / lo(r, p,z)?rdrdp = Z Z|0an|2 Pnmela < Cexp 2pr,

n=—oo0 m=

where p = 7/(2 + €)a. Consequently,

A A
|y <Cminexp{px—)\nm£}20exp [— i (hﬁ”’m—l)] ,
’ z a a

which gives us (for fixed n)

(An,mlan,le/m < Cm_2_6'
Thus all the conditions of Theorem 3 are satisfied, f,,(z) = 0, and hence also
v(r, p,z) = 0. The theorem is proved.

The proof of Theorem 2 is carried out in exactly the same way; only, for u(r, 8, ),
one uses the expansion into the series

u(r,0,p) = Z Ze”wH ( rnm+b Anm L)

n=—oo m=
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Here ), ,, are eigenvalues, and H,, ,, () are eigenfunctions of the problem

Hf/(9)+H/<9)ctge+<A(A+1)+ mj )H(@):o, |H(0)] < 00, H(f,) = 0.

sin” 6

By refining Theorem 3 one could obtain, in Theorems 1 and 2, the replacement
of conditions (2) and (2') respectively by the conditions

In r(na)>< lu(r, ,x)| = ofemz!/2a) | T — +o00,
e
1 /20,
Inmax |u(r, 8, 9)| = o (7«4_,) , r — 0, 00.
(0,) r

A further strengthening of Theorems 1 and 2 is already impossible. In the case
of Theorem 2 and 0, = 7/2, this is seen from the example

u(r, 0, p) = cos(ursin  cos @) sh(ur cos ) (1t > 0 arbitrary).

Theorems 1 and 2 contain the answer to certain questions posed by S. N.
Mergelyan in (4).
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