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Abstract
Full Text
THEORY OF ELASTICITY
B. N. FRADLIN and S. M. SHAKHNOVSKII

CONSTRUCTION OF THE GREEN TENSOR
FOR THE PROBLEM OF EQUILIBRIUM OF A
SHALLOW SHELL OF DOUBLE CURVATURE
(Presented by Academician Yu. N. Rabotnov, 9 VII 1959)

1. As is known (1,3), by means of N. A. Kil’chevskii’s method the system
of functional equations for a shallow shell rectangular in plan, in displace-
ments, under arbitrary boundary conditions, is represented in the form*

𝑢(𝑖)𝛽(𝑀, 𝑁) = 𝑣(𝑖)𝛽(𝑀, 𝑁)−

− ∫
𝑎

0
∫

𝑏

0
𝐾𝑗

(𝑖𝛽)(𝑄, 𝑀) 𝑢(𝑖)𝑗(𝑄, 𝑁) 𝑑𝑥𝑄𝑑𝑦𝑄 + 𝐴(𝑖)𝛽(𝑀, 𝑁). (1)

Using the arbitrariness of the regular part of the auxiliary displacements, we
choose it so that the operators 𝐴(𝑖)𝛽(𝑀, 𝑁) vanish. For this purpose the aux-
iliary displacements 𝑣∗

(𝑖)𝛽 must satisfy the conditions of fastening of the shell
contour.

It may be verified that, when the shell contour is rigidly fastened, the desired
displacements 𝑣∗

(𝑖)𝛽 may be given the form**

𝑣∗
(𝑖)𝛽(𝑀, 𝑁) = 𝑣(𝑖)𝛽(𝑀, 𝑁) + ∑

𝑚,𝑛
𝑧𝛽

𝑚𝑛(𝑀) 𝑍𝑖
𝑚𝑛(𝑁); (2)

𝑣(𝑖)𝛽(𝑀, 𝑁) = ∑
𝑚,𝑛

𝐴(𝑖)𝛽
𝑚𝑛 𝑍𝛽

𝑚𝑛(𝑀) 𝑍𝑖
𝑚𝑛(𝑁), (3)

where

𝑍1
𝑚𝑛(𝑀) = cos 𝑚𝜋𝑥𝑀

𝑎 sin 𝑛𝜋𝑦𝑀
𝑏 , 𝑍2

𝑚𝑛(𝑀) = sin 𝑚𝜋𝑥𝑀
𝑎 cos 𝑛𝜋𝑦𝑀

𝑏 ,

𝑍3
𝑚𝑛(𝑀) = sin 𝑚𝜋𝑥𝑀

𝑎 sin 𝑛𝜋𝑦𝑀
𝑏 ;
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𝐴(1)1
𝑚𝑛 = 4𝜀

𝜋2𝐸ℎ
𝛾𝑚𝑛
𝜔2𝑚𝑛

, 𝐴(2)2
𝑚𝑛 = 4𝜀

𝜋2𝐸ℎ
𝛿𝑚𝑛
𝜔2𝑚𝑛

, 𝐴(3)3
𝑚𝑛 = 48(1 − 𝜈2)𝜀𝑎2

𝜋4𝐸ℎ3
1

𝜔2𝑚𝑛
,

𝐴(1)2
𝑚𝑛 = 𝐴(2)1

𝑚𝑛 = −4(1 + 𝜈)2𝜀2

𝜋2𝐸ℎ
𝑚𝑛
𝜔2𝑚𝑛

, 𝐴(𝛼)3
𝑚𝑛 = 𝐴(3)𝛼

𝑚𝑛 = 0;

𝛾𝑚𝑛 = (1 − 𝜈2)𝑚2 + 2(1 + 𝜈)𝜀2𝑛2, 𝜔𝑚𝑛 = 𝑚2 + 𝜀2𝑛2,

𝛿𝑚𝑛 = 2(1 + 𝜈)𝑚2 + (1 − 𝜈2)𝜀2𝑛2, 𝜀 = 𝑎
𝑏 ;

* Here and below 𝑖, 𝑗, 𝛽, 𝛾 = 1, 2, 3; 𝛼 = 1, 2; 𝑚, 𝑛, 𝑘, 𝑙 = 1, 2, … , ∞.

** It can be shown that the operations performed subsequently on the series (2)
and (3) are valid in accordance with the theory of generalized functions.

𝑧1
𝑚𝑛(𝑀) = 𝛽𝑚𝑥𝑀 − 𝑎

𝑎 sin 𝑛𝜋𝑦𝑀
𝑎 , 𝑧2

𝑚𝑛(𝑀) = 𝛽𝑛𝑦𝑀 − 𝑏
𝑏 sin 𝑚𝜋𝑥𝑀

𝑎 ,

𝑧3
𝑚𝑛(𝑀) = 𝜓𝑚(𝑥𝑀) [𝜓𝑛 − (𝑦𝑀) − sin 𝑛𝜋𝑦𝑀

𝑏 ] − 𝜓𝑛(𝑦𝑀) sin 𝑚𝜋𝑥𝑀
𝑎 ;

𝜓𝑚(𝑥𝑀) = 𝑚𝜋
𝑎3 𝑥𝑀(𝑥𝑀 − 𝑎)(𝛼𝑚𝑥𝑀 − 𝑎),

𝜓𝑛(𝑦𝑀) = 𝑛𝜋
𝑏3 𝑦𝑀(𝑦𝑀 − 𝑏)(𝛼𝑛𝑦𝑀 − 𝑏),

𝛼𝑘 = 1 + (−1)𝑘, 𝛽𝑘 = 1 − (−1)𝑘.

On the basis of what has been said, system (1) is transformed into the system
of integral equations

𝑢(𝑖)𝛽(𝑀, 𝑁) = 𝑣∗
(𝑖)𝛽(𝑀, 𝑁) − ∫

𝑎

0
∫

𝑏

0
𝐾∗𝑗

(𝛽)(𝑄, 𝑀)𝑢(𝑖)𝑗(𝑄, 𝑁) 𝑑𝑥𝑄𝑑𝑦𝑄, (4)

whose kernels can be represented in the form

𝐾∗𝑗
(𝛽)(𝑄, 𝑀) = ∑

𝑚,𝑛
𝑓 (𝛽)𝑗

𝑚𝑛 (𝑄)𝑍𝛽
𝑚𝑛(𝑀). (5)
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We do not write out the expressions for the functions 𝑓 (𝛽)𝑗
𝑚𝑛 (𝑄) because of their

unwieldiness.

2. We seek the solution of system (4) in the form

𝑢(𝑖)𝛽(𝑀, 𝑁) = ∑
𝑚,𝑛

[𝐸(𝑖)𝛽
𝑚𝑛 (𝑁)𝑍𝛽

𝑚𝑛(𝑀) + 𝐴(𝑖)𝛽
𝑚𝑛 𝑍𝑖

𝑚𝑛(𝑁)𝑧𝛽
𝑚𝑛(𝑀)] , (6)

where the functions 𝐸(𝑖)𝛽
𝑚𝑛 (𝑁) are to be determined.

Substituting (6) into (4) and introducing the notation

𝑅(𝛽)𝑗
𝑚𝑛𝑘𝑙 = ∫

𝑎

0
∫

𝑏

0
𝑓 (𝛽)𝑗

𝑚𝑛 (𝑄)𝑍𝑗
𝑘𝑙(𝑄) 𝑑𝑥𝑄𝑑𝑦𝑄, 𝑇 (𝛽)𝑗

𝑚𝑛𝑘𝑙 = ∫
𝑎

0
∫

𝑏

0
𝑓 (𝛽)𝑗

𝑚𝑛 𝑧𝑗
𝑘𝑙(𝑄) 𝑑𝑥𝑄𝑑𝑦𝑄,

we obtain the following infinite system of equations for the unknown functions:

𝐸(𝑖)𝛽
𝑚𝑛 (𝑁) + ∑

𝑗
∑
𝑘,𝑙

𝑅(𝛽)𝑗
𝑚𝑛𝑘𝑙𝐸

(𝑖)𝛽
𝑚𝑛 (𝑁) = 𝐴(𝑖)𝛽

𝑚𝑛 𝑍𝑖
𝑚𝑛(𝑁) − ∑

𝑗
∑
𝑘,𝑙

𝐴(𝑖)𝑗
𝑘𝑙 𝑇 (𝛽)𝑗

𝑚𝑛𝑘𝑙𝑍𝑖
𝑚𝑛(𝑁).

(7)

3. In the case of hinged fastening of the shell contour, one should take

𝑣∗
(𝑖)𝛽 = 𝑣(𝑖)𝛽, 𝐾∗𝑗

(𝛽)(𝑄, 𝑀) = 𝐾𝑗
(𝛽)(𝑄, 𝑀) = ∑

𝑚,𝑛
𝐵(𝛽)𝑗

𝑚𝑛 𝑍𝑗
𝑚𝑛(𝑄)𝑍𝛽

𝑚𝑛(𝑀), (8)

where

𝐵(𝛼)1
𝑚𝑛 = 𝐵(𝛼)2

𝑚𝑛 = 0, 𝐵(1)3
𝑚𝑛 = −4𝜀𝑘1

𝜋𝑎
𝑚𝛼𝑚𝑛
𝜔2𝑚𝑛

, 𝐵(2)3
𝑚𝑛 = −4𝜀2𝑘1

𝜋𝑎
𝑛𝛽𝑚𝑛
𝜔2𝑚𝑛

,

𝐵(3)1
𝑚𝑛 = −48𝜀𝜌1𝑘1𝑎

𝜋3ℎ2
𝑚

𝜔2𝑚𝑛
, 𝐵(3)2

𝑚𝑛 = −48𝜀2𝜌1𝑘1𝑎
𝜋3ℎ2

𝑛
𝜔2𝑚𝑛

, 𝐵(3)3
𝑚𝑛 = 48𝜀𝜌3𝑘1𝑎

𝜋4ℎ2
1

𝜔2𝑚𝑛
,

𝛼𝑚𝑛 = 𝜌1𝑚2 − (𝜒 − 𝜈 − 2)𝜀2𝑛2, 𝛽𝑚𝑛 = [1 − (𝜈 + 2)𝜒]𝑚2 − 𝜌2𝜀2𝑛2,

𝜌1 = 1 + 𝜈𝜒, 𝜌2 = 𝜈 + 𝜒, 𝜌3 = 1 + 2𝜈𝜒 + 𝜒2, 𝜒 = 𝑘2
𝑘1

.
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In this case the solution of the problem is considerably simplified, and the
components of the Green tensor are represented in the form

𝑢(𝑖)𝛽(𝑀, 𝑁) = ∑
𝑚,𝑛

𝐷(𝑖)𝛽
𝑚𝑛 𝑍(𝛽)

𝑚𝑛(𝑁)𝑍𝑖
𝑚𝑛(𝑀), (9)

where the coefficients 𝐷(𝑖)𝛽
𝑚𝑛 are determined from the system of equations

𝐷(𝑖)𝛽
𝑚𝑛 + 𝑎2

4𝜀 ∑
𝑗

𝐵(𝛽)𝑗
𝑚𝑛 𝐷(𝑖)𝑗

𝑚𝑛 = 𝐴(𝑖)𝛽
𝑚𝑛 . (10)

As a result of the calculations we obtain

𝐷(1)1
𝑚𝑛 = 4𝜀

𝜋2𝐸ℎ
1

𝜔2𝑚𝑛
(𝛾𝑚𝑛 + 𝐶𝑚2𝛼2

𝑚𝑛
Ω𝑚𝑛

) , 𝐷(2)2
𝑚𝑛 = 4𝜀

𝜋2𝐸ℎ
1

𝜔2𝑚𝑛
(𝛿𝑚𝑛 + 𝐶𝜀2𝑛2𝛽2

𝑚𝑛
Ω𝑚𝑛

) ,

𝐷(3)3
𝑚𝑛 = 4𝜀

𝜋2𝐸ℎ
𝐶

𝑘2
1𝑎2

1
𝜔2𝑚𝑛

(1 − 𝐶𝜃2
𝑚𝑛

Ω𝑚𝑛
) ,

𝐷(1)2
𝑚𝑛 = 𝐷(2)1

𝑚𝑛 = − 4𝜀2

𝜋2𝐸ℎ
𝑚𝑛
𝜔2𝑚𝑛

[(1 + 𝜈)2 + 𝐶𝛼𝑚𝑛𝛽𝑚𝑛
Ω𝑚𝑛

] ,

𝐷(1)3
𝑚𝑛 = 𝐷(3)1

𝑚𝑛 = 4𝜀𝐶
𝜋𝐸ℎ𝑘1𝑎

𝑚𝛼𝑚𝑛
Ω𝑚𝑛

, 𝐷(2)3
𝑚𝑛 = 𝐷(3)2

𝑚𝑛 = − 4𝜀2𝐶
𝜋𝐸ℎ𝑘1𝑎

𝑛𝛽𝑚𝑛
Ω𝑚𝑛

,

where

Ω𝑚𝑛 = 𝜔4
𝑚𝑛 + 𝐶𝜃2

𝑚𝑛, 𝜃𝑚𝑛 = 𝜘𝑚2 + 𝜀2𝑛2, 𝐶 = 12(1 − 𝜈2)𝑎4𝑘2
1

𝜋4ℎ2 .

The expression for the deflection of a shell under the action of a normal con-
centrated unit force, found by V. Z. Vlasov (2), and the expressions for the
components of displacement caused by the action of a tangential concentrated
unit force, found by M. Mishonov (4), coincide respectively with the components
of the Green tensor 𝑢(3)3 and 𝑢(1)1, 𝑢(1)2, 𝑢(1)3, determined by formulas (9).

The results obtained indicate, in particular, the equivalence of the systems of
integral and differential equations of shell equilibrium.

Kyiv Polytechnic Institute
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