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THEORY OF ELASTICITY
B. N. FRADLIN and S. M. SHAKHNOVSKII

CONSTRUCTION OF THE GREEN TENSOR
FOR THE PROBLEM OF EQUILIBRIUM OF A
SHALLOW SHELL OF DOUBLE CURVATURE

(Presented by Academician Yu. N. Rabotnov, 9 VII 1959)

1. As is known (13), by means of N. A. Kil' chevskii’ s method the system
of functional equations for a shallow shell rectangular in plan, in displace-
ments, under arbitrary boundary conditions, is represented in the form*

ugg(M, N) = vi(M, N)—

a b )
- / / K73 (Q M) (Q N) gy @ + Ay (M, N). 1)

Using the arbitrariness of the regular part of the auxiliary displacements, we
choose it so that the operators A; 5(M, N) vanish. For this purpose the aux-
iliary displacements vzki) 5 must satisfy the conditions of fastening of the shell
contour.

It may be verified that, when the shell contour is rigidly fastened, the desired
displacements vf;) ; may be given the form™**

i

Via(M N) = 035 (M,N) + Y 20, (M) Z3, (N); (2)
V(M N) =" AR 76, (M) ZL,,.(N), (3)
m,n
where
ZL . (M) = cos TN gin WT;JM, Z2, (M) = sin MTTM o mT;/M,

mmx,; . NIy
M gin M.
a b

Z3,,(M) = sin
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4E "ymn A(2)2 _ 45 5mn A(3)3 _ 48(1 — 1/2)60,2 1
m2Ehw?,’ "t r2Ehw?,) " mER3 w2’

Afun =

A2 _ qon _ A4 v?e mn s e,
mn mn TI'QEh wgﬂﬂ? mn mn b

Ymm = (L=12)m? + 2(1 + v)e?n?, Wy = M2 + €202,

* Here and below 4,5, 8,7 =1,2,3; a=1,2; m,n,k,1=1,2,...,00

** Tt can be shown that the operations performed subsequently on the series (2)
and (3) are valid in accordance with the theory of generalized functions.

Zpn (M) = P —a sin nﬂ-yM, 22 (M) = Pryn — b sin meM’
a a b a
m mnx
2y (M) =, () |9, — (ypy) — sin beM — 4, (ypy) sin - M.
mm

Vo (Tar) = FxM@M —a)(q,, Ty — a),

ap =1+ (=1, Br=1—(=1)k

On the basis of what has been said, system (1) is transformed into the system
of integral equations

U (M, N) = vf; 5(M, N) / / K3 (Q 0 (@, N) dzgq,Q,  (4)
whose kernels can be represented in the form

K(3(Q,M) = Zf Zf,(M). (5)
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We do not write out the expressions for the functions f,(f,)f (Q) because of their

unwieldiness.

2. We seek the solution of system (4) in the form

N) = 3 [BE ) 28

()8

M)+ AW 24, (N)28,,(M)], (6)

where the functions Eyyy, (V) are to be determined.

Substituting (6) into (4) and introducing the notation

RO = /0 / FEQZ1(Q) drge,@. TP, = /O / F29,(Q) dr Q.

we obtain the following infinite system of equations for the unknown functions:

+ZZRm”kl mn ) —Agn'gzl
J

Z Z Akl mnjk:lzi (N)
J

(7)

3. In the case of hinged fastening of the shell contour, one should take

Vi =g K3(QM) =Kl (Q,M) =" Bl Z3n(Q) ZE,,(M), (8)

where

B =B =0, BLE=-—

deky may,

m™a

m,n

mn

48¢%p kya n

@1 48epikia m (32 _
an — 7W@, an -
Ay, = p1m2 - (X — V= 2)527’L2

pr=1+vx P2 =V +X;

3h2 2
mh? Wi,

Bin = —

4e%ky nB,,,

2
Ta  Whyp

)

BB _ 48epskia 1

Bom = [1— (v + 2)x]Im? — pae®n?,

p3 = 1+2vx + X%,

ky

X= 5
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In this case the solution of the problem is considerably simplified, and the
components of the Green tensor are represented in the form

U (M, N) ZD“ Pz (NYZi (M), (9)
where the coefficients D%’? are determined from the system of equations
2
D+ = > B DLl = AR 10
Tt XJ: ipl , (10)

As a result of the calculations we obtain

D%)nl _ 4e 1 (’Y . Cm2a72nn) Dgrgl)ng _ 4e 1 (5 n Ce?n?p2,,

mn

m2Eh w2, Q Q

mn

2 2
mEh w2,

2
pes_ _de O 1 (1_09%)7

mn = 2 Eh k%aQ wr2nn an
4e? mn Ca, B
2R |
ps _ @t _ 40 man,  pos_ peo 422C nf,,,
mEhkia Q,,, ~ nEhk,a Q,,
where
12(1 — v2)a'k?
Uy = oy + OOy B = wm? 222, €= 2LV

m4h?

The expression for the deflection of a shell under the action of a normal con-
centrated unit force, found by V. Z. Vlasov (?), and the expressions for the
components of displacement caused by the action of a tangential concentrated
unit force, found by M. Mishonov (*), coincide respectively with the components
of the Green tensor u)s and w1, U(1)2, U(1)3, determined by formulas (9).

The results obtained indicate, in particular, the equivalence of the systems of
integral and differential equations of shell equilibrium.
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