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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1960. Vol. 131, No. 1

MATHEMATICS
S. A. SMOLYAK

𝜀-ENTROPY OF THE CLASSES 𝐸𝛼,𝑘
𝑠 (𝐵) AND

𝑊 𝛼
𝑠 (𝐵) IN THE METRIC 𝐿2

(Presented by Academician A. N. Kolmogorov on 16 XI 1959)

An 𝜀-net for a set 𝐺 in a normed space 𝑅 is a subset 𝐺𝜀 of elements of 𝑅 such
that for every 𝑓 ∈ 𝐺 there exists ̃𝑓 ∈ 𝐺𝜀 such that ‖𝑓 − ̃𝑓‖ ≤ 𝜀 (1). Suppose 𝐺
has a finite 𝜀-net for every 𝜀 > 0. If 𝑁𝜀 is the smallest number of elements in
an 𝜀-net for 𝐺, then lg2 𝑁𝜀 = 𝐻𝜀(𝐺) is called the 𝜀-entropy of the set 𝐺 relative
to 𝑅.

Denote by 𝐸𝛼,𝑘
𝑠 (𝐵) for 𝛼 > 1/2 (𝑊 𝛼

𝑠 (𝐵) for 𝛼 > 0) the class of complex-valued
functions 𝑓(𝑥1, … , 𝑥𝑠) having period 1 in each variable and expandable in a
Fourier series convergent in the mean,

𝑓(𝑥1, … , 𝑥𝑠) =
∞

∑
𝑚1…𝑚𝑠=−∞

𝐶𝑚1…𝑚𝑠
exp[2𝜋𝑖(𝑚1𝑥1 + ⋯ + 𝑚𝑠𝑥𝑠)],

where

|𝐶𝑚1…𝑚𝑠
| ≤ 𝐵 ln𝑘(𝑚̄1 ⋯ 𝑚̄𝑠) + 1

(𝑚̄1 ⋯ 𝑚̄𝑠)𝛼 ,

respectively

(
∞

∑
𝑚1…𝑚𝑠=−∞

∣(𝑚̄1 ⋯ 𝑚̄𝑠)𝛼𝐶𝑚1…𝑚𝑠
∣2 = ‖𝑓‖2

𝑊 𝛼𝑠
≤ 𝐵2) ,

where 𝑚̄ = |𝑚|, if 𝑚 ≠ 0, and ̄0 = 1. (Concerning the classes 𝐸𝛼,𝑘
𝑠 (𝐵), see (2,3),

where the case 𝑘 = 0 and in fact any 𝑘 < −𝛼𝑠 is considered.)

It can be shown that 𝑊 𝛼
𝑠 (𝐵), for integral 𝛼, is the set of complex-valued

functions 𝑓(𝑥1, … , 𝑥𝑠) having period 1 in each variable and possessing square-
summable partial derivatives
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𝜕𝛼1+⋯+𝛼𝑠𝑓/𝜕𝑥𝛼1
1 ⋯ 𝜕𝑥𝛼𝑠𝑠 , 0 ≤ 𝛼𝑖 ≤ 𝛼.

Below the 𝜀-entropy of the classes 𝐸𝛼,𝑘
𝑠 (𝐵) and 𝑊 𝛼

𝑠 (𝐵) relative to 𝐿2 is esti-
mated. For the estimates the method described in (1) is used. To describe the
limiting behavior of functions, besides the symbol 𝑂, the notations 𝑓 ∼ 𝑔, if
lim 𝑓/𝑔 = 1; 𝑓 ≾ 𝑔 or 𝑔 ≿ 𝑓 , if lim 𝑓/𝑔 ≤ 1, are used.

Theorem 1.

2𝑠+1

(𝑠 − 1)! ln 2
1

𝛼𝑠−2 (𝐵
𝜀 )

1/𝛼
ln𝑠−1 (𝐵

𝜀 ) ≾

≾ 𝐻𝜀(𝑊 𝛼
𝑠 (𝐵)) ≾ 2𝑠+1

(𝑠 − 1)! ln 2
(3

√
2)1/𝛼

𝛼𝑠−2 (𝐵
𝜀 )

1/𝛼
ln𝑠−1 (𝐵

𝜀 ) . (1)

Proof. If there is an 𝜀-net for 𝑊 𝛼
𝑠 (𝐵) consisting of 𝑁 elements, then there exist

𝑁 points

𝑓𝑖 = (… , 𝐶(𝑖)
𝑚1…𝑚𝑠 , …) (𝑖 = 1, 2, … , 𝑁)

such that 𝑁 “balls”‖𝑓 − 𝑓𝑖‖𝐿2
⩽ 𝜀 cover the “ellipsoid”‖𝑓‖𝑊 𝛼𝑠

⩽ 𝐵.

In particular, for any 𝑄, 𝑁 balls

∑
𝑚̄1…𝑚̄𝑠≤𝑄

∣𝐶𝑚1…𝑚𝑠
− 𝐶(𝑖)

𝑚1…𝑚𝑠 ∣
2

⩽ 𝜀2 (2)

cover the ellipsoid

∑
𝑚̄1…𝑚̄𝑠≤𝑄

∣(𝑚̄1 … 𝑚̄𝑠)𝛼𝐶𝑚1…𝑚𝑠
∣2 ⩽ 𝐵2; (3)

therefore 𝑁 ⩾ 𝑉 /𝑣, where 𝑉 is the volume of (3), and 𝑣 is the volume of (2).
Using the formula for the volume of an 𝑛-dimensional ellipsoid, we obtain

𝑁 ⩾ ∏
𝑚̄1…𝑚̄𝑠≤𝑄

𝐵2

𝜀2(𝑚̄1 … 𝑚̄𝑠)2𝛼 = ( 𝐵
𝜀𝑄𝛼 )

2 ∑ 1
𝑚̄1…𝑚̄𝑠≤𝑄

∏
𝑚̄1…𝑚̄𝑠≤𝑄

( 𝑄
𝑚̄1 … 𝑚̄𝑠

)
2𝛼

.

The first of inequalities (1) will be obtained if we take 𝑄 = (𝐵/𝜀)1/𝛼 and use
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∑
𝑚̄1…𝑚̄𝑠≤𝑄

1 ∼ ∑
𝑚̄1…𝑚̄𝑠≤𝑄

ln ( 𝑄
𝑚̄1 … 𝑚̄𝑠

) ∼ 2𝑠

(𝑠 − 1)! 𝑄 ln𝑠−1 𝑄. (4)

To obtain the second of inequalities (1), one must construct a suitable 𝜀-net for
𝑊 𝛼

𝑠 (𝐵). Let 𝑁0 be the maximal number of nonintersecting balls of radius 𝜀/2
√

2
with centers in the ellipsoid (3). We shall prove that, for 𝑄 = (𝐵

√
2/𝜀)1/𝛼,

the centers of the latter form an 𝜀-net for 𝑊 𝛼
𝑠 (𝐵). Indeed, let 𝑓0 ∈ 𝑊 𝛼

𝑠 (𝐵),
𝑓0 = (… , 𝐶(0)

𝑚1…𝑚𝑠 , …). Since 𝑓0 satisfies (3), the ball ‖𝑓 − 𝑓0‖𝐿2
⩽ 𝜀 must

intersect one of our 𝑁0 balls; then the distance between their centers does not
exceed 𝜀/

√
2, i.e., for some 𝑘, 1 ⩽ 𝑘 ⩽ 𝑁0,

∑
𝑚̄1…𝑚̄𝑠≤𝑄

∣𝐶(0)
𝑚1…𝑚𝑠 − 𝐶(𝑘)

𝑚1…𝑚𝑠 ∣
2

⩽ 𝜀2

2 ,

therefore,

∑
𝑚̄1…𝑚̄𝑠≤𝑄

∣𝐶(0)
𝑚1…𝑚𝑠 − 𝐶(𝑘)

𝑚1…𝑚𝑠 ∣
2

+ ∑
𝑚̄1…𝑚̄𝑠>𝑄

∣𝐶(0)
𝑚1…𝑚𝑠 ∣

2
⩽

⩽ 𝜀2

2 + ∑
𝑚̄1…𝑚̄𝑠>𝑄

1
𝑄2𝛼 ∣(𝑚̄1 … 𝑚̄𝑠)𝛼𝐶(0)

𝑚1…𝑚𝑠 ∣
2

⩽ 𝜀2

2 + 𝐵2

𝑄2𝛼 = 𝜀2,

i.e., the points with zero coordinates for 𝑚̄1 … 𝑚̄𝑠 > 𝑄 and with coordinates
𝐶(𝑘)

𝑚1…𝑚𝑠 for 𝑚̄1 … 𝑚̄𝑠 ≤ 𝑄 form an 𝜀-net for 𝑊 𝛼
𝑠 (𝐵). The number of elements

of this 𝜀-net is equal to 𝑁0. If a point 𝜑 lies in one of our 𝑁0 balls, then it
can be represented in the form 𝜑 = 𝜑1 + 𝜑2, where 𝜑1 ∈ (3), ‖𝜑2‖𝐿2

⩽ 𝜀/2
√

2.
Then, if 𝜑2 = (… , 𝐶𝑚1…𝑚𝑠

, …), then

‖𝜑‖𝑊 𝛼𝑠
⩽ ‖𝜑1‖𝑊 𝛼𝑠

+ ‖𝜑2‖𝑊 𝛼𝑠
⩽ 𝐵 + ( ∑

𝑚̄1…𝑚̄𝑠≤𝑄
∣(𝑚̄1 … 𝑚̄𝑠)𝛼𝐶𝑚1…𝑚𝑠

∣2)
1/2

⩽

⩽ 𝐵 + 𝑄𝛼 ( ∑
𝑚̄1…𝑚̄𝑠<𝑄

∣𝐶𝑚1…𝑚𝑠
∣2)

1/2

⩽ 𝐵 + 𝑄𝛼 ⋅ 𝜀
2
√

2
= 3𝐵

2 .

Consequently, all our 𝑁0 balls lie inside the “ellipsoid”‖𝜑‖𝑊 𝛼𝑠
⩽ 3𝐵/2,

therefore 𝑁0 ⩽ 𝑉1/𝑣1, where 𝑉1 is the volume of this “ellipsoid,”and 𝑣1 is the
volume of a ball of the same dimension of radius 𝜀/2

√
2, i.e.
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𝑁 ⩽ ∏
𝑚1…𝑚𝑠<𝑄

⎛⎜⎜⎜
⎝

3𝐵/2
𝜀

2
√

2
(𝑚1 … 𝑚𝑠)𝛼

⎞⎟⎟⎟
⎠

2

= (3
√

2 𝐵
𝜀𝑄𝛼 )

∑
𝑚1…𝑚𝑠≤𝑄

1

∏
𝑚1…𝑚𝑠≤𝑄

( 𝑄
𝑚1 … 𝑚𝑠

)
2𝛼

.

Using (4) and recalling that 𝑄 = (𝐵
√

2/𝜀)1/𝛼, we obtain the second of inequali-
ties (1). The theorem is proved. For the classes 𝐸𝛼,𝑘

𝑠 (𝐵) an analogous theorem
holds.

Theorem 2.

𝐻𝜀 (𝐸𝛼,𝑘
𝑠 (𝐵)) ≳ 2

ln 2 ( 2𝑠

(𝑠 − 1)!)
2𝛼

2𝛼−1

( 1
𝛼 − 1/2)

2𝑘+2𝛼(𝑠−1)
2𝛼−1 −1

(𝐵
𝜀 )

1
𝛼−1/2

ln
2𝑘+2𝛼(𝑠−1)

2𝛼−1 (𝐵
𝜀 ) ,

𝐻𝜀 (𝐸𝛼,𝑘
𝑠 (𝐵)) ≲ 2𝜇

ln 2 ( 2𝑠

(𝑠 − 1)!)
2𝛼

2𝛼−1

( 1
𝛼 − 1/2)

2𝑘+2𝛼(𝑠−1)
2𝛼−1

(𝐵
𝜀 )

1
𝛼−1/2

ln
2𝑘+2𝛼(𝑠−1)

2𝛼−1 (𝐵
𝜀 ) ,

(5)

where

𝜇 = ⎛⎜
⎝

4.27 (1 + 3√ 4
2𝛼 − 1)

3
⎞⎟
⎠

1
2𝛼−1

.

Proof. The proof of the first of inequalities (5) is carried out analogously to
the proof of the first of inequalities (1), with the only difference that instead of
the ellipsoid (3) one must consider the “parallelepiped”

|𝐶𝑚1…𝑚𝑠
| ⩽ 𝐵 ln𝑘(𝑚1 … 𝑚𝑠) + 1

(𝑚1 … 𝑚𝑠)𝛼 , 𝑚1 … 𝑚𝑠 ≤ 𝑄, (6)

the ratio of whose volume to the volume of the ball (2) will be

𝑉
𝑣 = ( ∑

𝑚1…𝑚𝑠≤𝑄
1)! ∏

𝑚1…𝑚𝑠≤𝑄
(𝐵

𝜀
ln𝑘(𝑚1 … 𝑚𝑠) + 1

(𝑚1 … 𝑚𝑠)𝛼 )
2

.

Using (4), we obtain

𝑁 ≳ exp { 2𝑠

(𝑠 − 1)!𝑄 ln𝑠−1 𝑄 (2𝛼 − 1 + ln 𝐵2

𝜀2 − ln2𝑘+𝑠−1 𝑄
𝑄2𝛼−1

2𝑠

(𝑠 − 1)!)} .
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Taking

𝑄2𝛼−1

ln2𝑘+𝑠−1 𝑄
= 2𝑠

(𝑠 − 1)!
𝐵2

𝜀2 ,

we obtain the first of inequalities (5).

To obtain the second of inequalities (5), we shall prove that the set of functions

𝑓(𝑘)(𝑥1, … , 𝑥𝑠) = ∑
𝑚1…𝑚𝑠≤𝑄

𝛿 (𝑘′
𝑚1…𝑚𝑠

+ 𝑖𝑘″
𝑚1…𝑚𝑠

) exp[2𝜋𝑖(𝑚1𝑥1 + ⋯ + 𝑚𝑠𝑥𝑠)],

where 𝑘𝑚1…𝑚𝑠
= 𝑘′

𝑚1…𝑚𝑠
+ 𝑖𝑘″

𝑚1…𝑚𝑠
are integer complex numbers in the disks

|𝑘𝑚1…𝑚𝑠
| ⩽ 𝐵

𝛿
ln𝑘(𝑚1 … 𝑚𝑠) + 1

(𝑚1 … 𝑚𝑠)𝛼 +
√

2
2 , (7)

for suitable 𝛿 and 𝑄, forms an 𝜀-net for 𝐸𝛼,𝑘
𝑠 (𝐵). Indeed, if |𝐶| ≤ 𝐵, then there

exist integers 𝑘′ and 𝑘″ such that |𝑘′ +𝑖𝑘″| ≤ 𝐵+
√

2/2, |𝐶 −(𝑘′ +𝑖𝑘″)| ≤
√

2/2.
Denote 𝑘′ + 𝑖𝑘″ = [𝐶]. Let 𝑓 ∈ 𝐸𝛼,𝑘

𝑠 (𝐵),

𝑓(𝑥1, … , 𝑥𝑠) =
∞

∑
𝑚1…𝑚𝑠=−∞

𝐶𝑚1…𝑚𝑠
exp[2𝜋𝑖(𝑚1𝑥1 + ⋯ + 𝑚𝑠𝑥𝑠)],

̃𝑓(𝑥1, … , 𝑥𝑠) = ∑
𝑚1…𝑚𝑠≤𝑄

𝛿 [
𝐶𝑚1…𝑚𝑠

𝛿 ] exp[2𝜋𝑖(𝑚1𝑥1 + ⋯ + 𝑚𝑠𝑥𝑠)].

Then 𝑓 is one of the functions 𝑓(𝑘)(𝑥1, … , 𝑥𝑠), and

‖𝑓 − ̃𝑓‖2
𝐿𝑠

2
= ∑

𝑚̄1…𝑚̄𝑠≤𝑄
∣𝐶𝑚̄1…𝑚̄𝑠

− 𝛿 [
𝐶𝑚̄1…𝑚̄𝑠

𝛿 ]∣
2

+ ∑
𝑚̄1…𝑚̄𝑠>𝑄

|𝐶𝑚̄1…𝑚̄𝑠
|2 ≤

≤ 𝛿2

2 ∑
𝑚̄1…𝑚̄𝑠≤𝑄

1 + 𝐵2 ∑
𝑚̄1…𝑚̄𝑠>𝑄

( ln𝑘(𝑚̄1 … 𝑚̄𝑠) + 1
(𝑚̄1 … 𝑚̄𝑠)𝛼 )

2

.

If 0 < 𝜆 < 1 and

𝐵2 ∑
𝑚̄1…𝑚̄𝑠>𝑄

( ln𝑘(𝑚̄1 … 𝑚̄𝑠) + 1
(𝑚̄1 … 𝑚̄𝑠)𝛼 )

2

= 𝜆𝜀2, 𝛿2

2 ∑
𝑚̄1…𝑚̄𝑠<𝑄

1 = (1 − 𝜆)𝜀2, (8)
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then ‖𝑓 − ̃𝑓‖𝐿2
≤ 𝜀, i.e. 𝑓(𝑘)(𝑥1, … , 𝑥𝑠) indeed form an 𝜀-net for 𝐸𝛼,𝑘

𝑠 (𝐵). The
number of elements in this 𝜀-net is

𝑁 ≤ ∏
𝑚̄1…𝑚̄𝑠<𝑄

𝜋 (𝐵
𝛿

ln𝑘(𝑚̄1 … 𝑚̄𝑠) + 1
(𝑚̄1 … 𝑚̄𝑠)𝛼 +

√
2)

2

≤

≤ ⎛⎜
⎝

𝜋 (
√

2 + 𝐵 ln𝑘 𝑄
𝛿𝑄𝛼 )

2
⎞⎟
⎠

∑ 1

𝑚̄1…𝑚̄𝑠<𝑄

∏
𝑚̄1…𝑚̄𝑠<𝑄

( 𝑄
𝑚̄1 … 𝑚̄𝑠

)
2𝛼

( ln𝑘(𝑚̄1 … 𝑚̄𝑠) + 1
ln𝑘 𝑄

)
2

,

for the 𝑘𝑚̄1…𝑚̄𝑠
independently run through all integer points in the circles (7),

and the number of integer points in a circle of radius 𝑅 does not exceed the
area of the circle of radius 𝑅 +

√
2/2. Using (9), (4), and

∑
𝑚̄1…𝑚̄𝑠>𝑄

( ln𝑘(𝑚̄1 … 𝑚̄𝑠) + 1
(𝑚̄1 … 𝑚̄𝑠)𝛼 )

2

∼ 2𝑠

(𝑠 − 1)!(2𝛼 − 1)
ln2𝑘+𝑠−1 𝑄

𝑄2𝛼−1 , (9)

one can obtain the second of the inequalities (5) with

𝜇 = 1
[𝜆(2𝛼 − 1)] 1

2𝛼−1
(1 + 1 + ln 𝜋 + 2 ln(

√
2 + 𝜆(2𝛼 − 1)/2(1 − 𝜆))
2𝛼 − 1 ) <

< ⎡⎢
⎣

𝜋𝑒 (
√

2√
𝜆(2𝛼 − 1)

+ 1√
2(1 − 𝜆)

)
2
⎤⎥
⎦

1
2𝛼−1

.

Putting

𝜆 = 1
1 + ( 2𝛼−1

4 )1/3

and noting that 𝜋𝑒
2 < 4.27, we obtain the required result.

The theorem is proved.

In conclusion, the author expresses his gratitude to N. M. Korobov and V. I.
Arnol’d for their attention to the work and valuable suggestions.

Moscow State University
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