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Abstract
Full Text

N. N. MEIMAN

ON POLYNOMIALS LEAST DEVIATING FROM ZERO
WITH AN ARBITRARY NUMBER OF PRESCRIBED
COEFFICIENTS

(Presented by Academician L. S. Pontryagin on 12 X 1959)

1. Let r numbers 1,a,...,a,_; be prescribed. We seek a real polynomial

P.(z 1,ay,...,a, 1) =2"+a 2" P+ +a, 12" "4+

with prescribed leading coefficients, least deviating from zero on the interval
[—1,+1], and the deviation F = E(1; a4, ..., a,_;) of this polynomial from zero.
For » = 1 the solution is expressed in terms of trigonometric functions; in this
case P,(z; 1) = 27 VU cosnarccosz (1). For r = 2, P, (2; 1,a,) is expressed
in terms of elliptic functions (?), and for r = 3, P,(2; 1,a,,a,) is expressed in
terms of special automorphic functions (). Our solution for arbitrary r is based
on the results of the work (*), whose notation we shall use without reference.

2. The maximal set of points of the segment [—1, +1] at which a polynomial
Q,,(z) assumes, with alternating signs, its deviation from zero on [—1, +1]
is usually called the Chebyshev set. We shall denote this set by Tsh(Q,,),
and the number of points of this set by N[Tsh(@Q,,)].

As is known, the polynomial P,(z; 1, a4, ..., a,_;) of least deviation is completely
characterized by the inequality N[Tsh(P,)] > n —r + 2 (!). We shall consider
polynomials P, (z; 1,aq,...,a,_1) in general position in the space (a,...,a,_ 1),
for which N[Tsh(P,)] =n—r+2. If —1 and 4+1 € Tsh(P,), then this inequality
is equivalent to the assertion that the number of arcs ¥ of the set u(P,; E),
intersecting (—1,+1) and degenerating into points, is equal to n — r. If at
least one of the points 4+1 does not belong to Tsh(P,), then the number of
such arcs is n —r + 1, and if both points +£1 € Tsh(Q,,), then the number of
such degenerate arcs is equal to n — r + 2. All parameters 7, corresponding to
degenerate arcs §” are equal to zero. We may assume that, for the polynomials

P,(z; 1,aq,...,a,_41), these are the only degenerate arcs §.*

Theorem 1. The half-strip T(P,; E) contains r — 1, r — 2, or r — 3 free
continuous parameters, depending on whether both points +1, one of these points,
or neither of them belongs to the set Tsh(P,).

3. Let [, 8] be the largest interval containing [—1,41] and belonging to
w(P,; E). There are four possibilities:
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1) a=—1, B=+1;
2) a<—1, f>+1;
3) a=-1, B> +1;

4) a<—1, B=+1.

We shall consider each of these cases.

5) a = —1, f = +1. In this case, inside (—1,41) there lie n — r points
of the set Tsh(P,), and the strip T(P,; E) cannot correspond to one
more polynomial P (z) least deviating from zero on [—1,+1]. If such a
polynomial f-’/n (2) existed, then, according to the theorem from (%),

* Between two neighboring points of the set Tsh(P,) there can be only an even
number of arcs ¢”.

P(z)=a"P,(az+b), E=a"E, a>0,

whence it follows that P, (z) assumes n—r+2 times the values +E on [b—a, b+a.
For a polynomial P,(z) in general position this is possible only whena =1, b =
0. In case 1) the points (aq,...,a,_;) are in one-to-one correspondence with the
parameters of the half-strips T'(P,; E), and

Bo(2) = Ecos p(2), (1)

where ¢(z), as always, is the function conformally mapping the fundamental
domain F(P,; E) onto T(P,; E):

n?

5 I,

o) =n / ~TG—a )T P E=)TT, " —2) (-2 dz
0= T 0) =T I e =)z = d) TT (= — a,)(= — a,)(= = b,) (=~ 5,)

(2)

where (c;, d;) are the intervals entering into j1;, and a;, b; are the endpoints of the

component v7. The path of integration lies in the domain F. This hyperelliptic

integral depends on 3(r — 1) unknown real parameters. If one adjoins the r — 1

unknown continuous parameters of the domain 7" and the deviation F, then in all

there will be 47 — 3 unknown real quantities. It can be shown that, for a certain

choice of the integer parameters of the half-strips T', all these quantities are

uniquely determined from equations analogous to the relations for determining

the constants in the Schwarz-Christoffel integral and from the equations for the

coeflicients a, ay, ..., a,_;.
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2) a < —1, > +1. In this case the polynomial P,(2;1,a,...,a,_;) in gen-
eral position has n—r+4 deviation points on [«, 8]. Define the quantities
a and b from the relations

—a+b=aq, a+b=p, (3)

then the polynomial -
P,(2) =a"P,(az+b) (4)

has on [—1,+1] n —r + 4 deviation points
1< gl << gn—r+2 <+1

and is the polynomial least deviating from zero with r — 2 prescribed
leading coefficients. Obviously,

. 1—bp -
<&, 1> —u > &y

(5)
Conversely, if P,(z) is a polynomial of the form (5), then P,(z) deviates
least from zero on [—1,+1] and o < —1, § > +1. Thus, in this case the
polynomials P, (z;1,a;,...,a,_;) are in one-to-one correspondence with

Pn<z>:an’ﬁn(2*b), 1<
a

the collection of half-strips T(/ﬁn; E\), depending on 7 — 3 continuous pa-
rameters, certain integer parameters, and two continuous parameters a
and b satisfying the inequalities (5). Obviously,

P.(z) = a”E\cosw(zT_l)) , (6)

where ¢(z) is the function mapping the fundamental domain F(P,; E)
onto the half-strip T(P,; E).

3) « = —1, f < +1. In this case the polynomial P,(z;1,a,...,a,_1) in
general position has on [—1, 8] n — r + 3 deviation points. The relations
(3) become

1 —1
_a+b:_17 a+b:ﬁ or a:/B%’ b:BTu

and the polynomial

Po- () (52 o

has on [—1,4+1] n — r + 3 points of deviation —1 < 51 < < E,HH < +1.
Obviously,

ra=(30) B (- 5), bem< i< @
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Conversely, if P, (z) is a polynomial of the form (8), then P, (z) deviates least
from zero on [—1,41] and @ = —1, § > +1. In this case the polynomials
P.(z1,a4,...,a,_1) are in one-to-one correspondence with the collection of
half-strips T(ﬁ’n; E), depending on r — 2 continuous parameters, certain inte-
ger parameters, and the continuous parameter 3, satisfying the inequality in

(8). Obviously,

P.(z)= (H—QB)HEA’COSQD< iﬂz—E>, (9)

where ¢(z) maps F(P,; E) onto T(P,; E).

n’

4) o < —1, B = +1. In this case

1—a\" -~ 2 14+« 3+a -
Pn(z)_(T ) Pn(liaz—ilia), Sl< 1T <d, )

where P(z) is a polynomial having n —r + 3 points of deviation —1 < 51 <<
&p_rya < +1on [—1,+1]. Consequently,

1—a\" - 2 14+«
P.(z)= (T) Ecosgo(l_az— 1—04)’ (11)

where ¢(z) maps F(P,; E) onto T(P,; E).

4. As z — o0,

. ow(z) 2
| ==
1m on E
(see (4)). Since Inw(z) = —ip(2), for the deviation F in case 1) we obtain the
following formula:
InE = lim[nlnz+ip(z)]+1n2. (12)

Z—00

In cases 2), 3), and 4), this formula determines E, respectively,

R 1 no 1_ n

E=a"l, E= (%ﬁ) E, E= (TO‘) E. (13)

5. The half-strip T'(P,; E), in addition to continuous parameters, depends
on certain combinations of integer parameters. A count shows that the
number M (n;r) of such different combinations in case 1) is equal to

sovietrxiv.org/items/ru-196001.55054 Machine Translation


https://sovietrxiv.org/items/ru-196001.55054

n—r+q\(m+p\ (P+e—2
M(n;?‘): Z p( 1)( m )( g )Rl,m,p+2q1+q27 (14)

P2q1,02:L,m el 2

where 1 <p, 0<¢q;, 0< gy (if p=1, then ¢, =0),0<m <, and

P+2q; +qy +20=r; (15)
here 2¢; is the number of arcs ¢¥ on (—1,+1), and ¢y is the number of the
remaining arcs ¢¥. The quantity R is defined by formulas (3) and (4) from (4).

Cases 3) and 4) are different; therefore the total number of different integer
combinations on which the polynomial P,(z;1,aq,...,a,_;) depends is equal to

M(n;r)+2M(nyr — 1) + M(n;r — 2). (16)

For ¢ = ¢, = 1 = 0, the fundamental domain F(P,;Q) reduces to the upper
half-plane, and T'(P,,; E) to a half-strip with base [—nm, 0], divided by r—1 cuts
into r segments, one of which has length

(n—r+ 1)m, and the remaining r — 1 intervals each have length 7. In this case
the function ¢(z) is expressed by the Schwarz-Christoffel formula

A= | e T

if the interval [c,,d,] coincides with [—1,4+1] and ¢; < dy < ¢y < - < ¢, <

vy v

d,, d; <§; <cjq. The constants c,d, & are found from the relations

T

d; &; Cj+1
n/ lf(2)|dz=m, i=1,..,v=1v+1,..,r—1, / |f(z)\dz:/ |f(2)|d=
¢ d; &;
(18)

and from the expansion in a neighborhood of the point z = co

) 2 a; | aq Q,_q 1
— (ch(z)+nlnz+lnﬁ) =1In (1+;+;+~-+F> +O(?> . (19)
We omit the description of the determination of ¢(z) in the general case, when

2¢s + qq + 21 # 0, for lack of space.

6. Examples. Consider r = 1,2,3. Only the case a« = —1, f = +1 is of
interest.
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I.Lr=1 Inthiscasep=1, ¢ =0, ¢ =0, Il =m =0. M(n;1) = 1. The
half-strip T does not depend on parameters and has no slits; F' is a half-plane;
©(z) maps F onto T in such a way that [—1,+1] passes into the base of T,
[—nm,0]. Obviously, ¢(z) = narccos z.

II. r =2. From p+2q; + ¢, + 20 =2 it follows that p =2, ¢y = ¢, =1=0
(the case p = ¢; = 1 is forbidden); M(n;2) = 2. F is a half-plane, and
the half-strip 7' depends only on one parameter—the length of a slit with
base either at the point —nm + (n— 1)7, or at the point —nm + 7. Let, for
definiteness, the first case occur. Then u(P;E) consists of the intervals
[—1,+1] and [¢,d], 1 < ¢, and

zZ)=mn ’ (z—9dz —nmw 1 c.
o =n | ey <€

The constants ¢,d and & are determined from (18) and n(c + d — 2¢) =
—2a; nE =

B n/d [(22 —1)(z —¢)(x — d)]1/2 dz+In2+nlnd.

III. »=3. From p + 2¢g; + g, + 21 = 3 there follow the cases:

P=3, 1 = =1=0;

p =4 QI:lzoa QQ:17

p=1q=1 ¢g=1=0;

p=1, Q1:q2:Oa l:]-v m = 0;

p=1,¢=¢=0,l=m=1. M(n;3)=n+09.

7. In the same way one solves the problem of the polynomial least deviating

from zero on several prescribed intervals, with any number of leading fixed
coefficients.

This method is also applicable to the solution of the problem of the polynomial
least deviating from zero when not the leading r coefficients are prescribed, but
any r linear relations between the coefficients of the polynomial.

Received
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