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1°. Let a(z) and b(z) be certain complex-valued functions of bounded variation
on the interval [0,1] (0 < < +00), continuous at the endpoints of this interval
and such that the Riemann-Stieltjes integral exists

l
/ a(z) db(z). (1)
0

Further, let the real functions A;(z) (0 <z <1, i = 1,2,...,m) be differentiable
and satisfy the conditions

Az) >0, A<l  Az)<0<1 (0<z<li=12..m), (2)

and let the complex-valued functions ¢;(x) € L(0,1) be identically zero, respec-
tively, for x — A;(z) < 0 (i = 1,2,...,m). Finally, let the complex-valued kernel
K(z,t) (0 <t <z <) satisfy the condition

1.l
//|K(x,t)|dmdt<+oo. (3)
0 Jt

Denote

piz)=rc—A(z) 0<z<l;i=1,2,...,m). (4)

From conditions (2) it follows that there exist functions

(@) =il (@) =2+ Ajx),  Aj(x) >0 (5)

(p;(0) <<, (); i=1,2,...,m).
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In the class of functions of bounded variation on [0,!], consider the following
nonhomogeneous eigenvalue problems:

Problem (A).

Ly —alw)] + 3 g @le — D) + [ wwowoa =), o)
y(O) =, (7)

!
0t + [ vl i) = Ay ®)

Problem (A%*).
d m l

—%[z(x) +0(z)) + Z g (z)z(x + A (x)) + / K(t,x)z(t)dt = Mz(z), (6%)

1
02(0) + /0 +(z) da(z) = Ay, (7)
z(l) = B, (8%)

where «, 5, and A are certain complex constants and

qi(z) = {O’ foro)<e<b i qo m) (9

q;(Pi(x))i(z), for 0 <@ < @(l).

Denote by y(x, A) the solution of problem (6), (7), and by z(x, A) the solution of
problem (6*), (8*). These solutions exist, are unique* and are entire functions
of A.

It is established that:

1. The eigenvalues of problems (A) and (A*) coincide and are the Aj-points
of the entire function

l
w(N) = By(L,A) + / y(z, ) db(z). (10)
0

2. For arbitrary A and g the relation
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(11)

holds.

To each zero A, of the function w(\) — A, we assign two systems of functions:

y(xz, \) )
_— =0,1,... —1); 12
6A-7 A:A (] 0? ) 7pn )7 ( )
Pn—J—1 b(") k
Dp—J—k—1 0 Z(Z‘, /\) . *
- A=A

where p,, is the multiplicity of the zero A and

1 d [(A=A,)Pn
b = {"} (k=0,1,...,p, —1). (13)
k ELd\F | w(\) — A, A, '
Denote
Aol = nin Al (w(Ag) = Ag); (14)
n/—*0
el b;(zO)fkq O z(z, \)
vo(x) =yl Ag),  zlx) = Y P - (19)
k=0 :
A=Xg

Number all the remaining functions of the form (12) and (12*) in the order of
nondecreasing |\, |, so that each two j-th functions have identical numbers: for
Im A, > 0, positive numbers, and for Im A,, < 0, negative numbers. We denote
the resulting system of functions by

{yp(2), z,(x) } (k=0,%£1,42,...). (16)

* For definiteness, all functions of bounded variation will be assumed continuous
from the left.

According to Theorem 1 of paper (!), it follows from formula (11) that the
system (16) is biorthogonal on [0,!] in the sense

l
lyu@%umI—{a EEp, (17)

1, k=np.
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Thus, it is natural to call problems (A) and (A*) mutually adjoint.
2°. In this subsection we give formulations of some results on expansion with
respect to the system (16), when the functions g;(z)/Aj(x) (4,7 = 1,2,...,m)
have bounded variation on [0,!], the kernel K(z,¢) has bounded variation on
[0,1] in one of its arguments, uniformly with respect to the other argument (for
t > x we put K(z,t) =0), and

aBAy, # 0. (18)
In this case all eigenvalues of problems (A) and (A*) lie in a certain strip

0y <ReX <oy

(o <log|Ag|/|ap] < ay). Let

a(r) = a;(x) + ay(x) + az(x),

b(x) = by(x) + by(2) + bs(x), (19)

where a;(z) and b, (x) are absolutely continuous functions; a,(z) and by(z) are
jump functions; a(z) and b(x) are singular functions.

Denote

l l
A=\/(ay+a3), B=\/(by+by). (20)
0

0
Theorem 1. Suppose
|B|A + |a|B+ AB < min{| 4|, [aB]}. (21)

Then, if f(x) € Ly(0,1), then

! n .
n—>o<>/0 ‘f< ) k:Z_n yk( )/O f(t) k(t) t
1 n . 2
- 7}LHSO/O f(z) —k_anm)/O Ft)y,(t)dt| dz = 0. (22)

Before formulating propositions on pointwise convergence and on equiconver-
gence of expansions with respect to the system (16), we introduce some sets
characterized by the function a(z).
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By C{a(x)} we denote the set of all points of discontinuity of the function a(x)
on the interval (0,1). A set e € C{a(z)} will be called a set of type 5{a(x)} if
for every € > 0 there exists 6 = d(¢) > 0 such that |a(z) —a(t)| < e, if and only
ifxee te(0,0),and |x —t| <J. Obviously, every closed set e € C{a(z)} is a
set of type 5{(1(@}

Next, denote by L{a(z)} the set of all those points z € C{a(x)} for which there
exist constants 0 < § < min(x,l—x) and M(x) < 400 such that |a'(t)| < M (x)
for t € (x — 6(x), z + d(x)).

Finally, a set e € L{a(z)} will be called a set of type L{a(z)} if, for z € e, §(z)
and M (z) may be taken independent of z.

Let us note that each function of bounded variation a(z) obviously determines
a nonempty set C{a(x)}, whereas a nonempty set L{a(z)} may fail to exist.

Theorem 2. Let the functions a(x) and b(z) satisfy condition (21). Then:
1) If f(x) is a function of bounded variation on [0, ], then for z € C{a(z)}

o0

l
§jmmlﬂmww, (23)

k=—o0

S +0) + f(z —0)]

where the series on the right converges uniformly on every set of the type

Cla(x)}.
2) If

X

f(z)log € L,(0,1), (24)

14+

then for x € L{a(z)}

2mn

n ! ! sin <22 (x —
yg{g;%wlf@@@m—;éﬂw;ft”m}=a (25)

where the limit is attained uniformly on every set of the type L{a(z)}.

An analogous theorem is also valid for expansions with respect to the system
{z(z)} (k=0,41,...).

Let us also note that, when condition (21) is fulfilled, all sufficiently large (in
modulus) zeros of the function w(\) — A, are simple. However, one can give
examples where no zero of the function w(A) — A, is simple, but Theorems 1
and 2 remain valid.
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In conclusion I express my gratitude to Academician of the Academy of Sciences
of the Armenian SSR M. M. Dzhrbashyan, under whose guidance the present
work was carried out.
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