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Abstract
Full Text

MATHEMATICS
V. F. ZHDANOVICH

FORMULAS FOR THE ZEROS OF DIRICH-
LET POLYNOMIALS AND QUASIPOLYNO-
MIALS
(Presented by Academician I. G. Petrovskii, 28 VI 1960)

1. From the work of M. G. Krein and B. Ya. Levin (1) (see also (2)) it follows
that for the zeros of the Dirichlet polynomial

𝑒𝛼0𝜆 + 𝑎1𝑒𝛼1𝜆 + ⋯ + 𝑎𝑝−1𝑒𝛼𝑝−1𝜆 + 𝑎𝑝, (1)

where 𝛼𝑠 (𝑠 = 0, 1, … , 𝑝 − 1) are real numbers; 𝛼𝑠−1 > 𝛼𝑠 > 0 (𝑠 = 1, 2, … , 𝑝),
𝑎𝑠 (𝑠 = 1, 2, … , 𝑝) are complex numbers, 𝑎𝑝 ≠ 0, the formula

𝜆𝑛 = 2𝜋𝑛𝑖
𝛼0

+ 𝜓(𝑛), (2)

(𝑛 = 0, ±1, …), holds, where 𝜓(𝑛) is a certain bounded complex-valued function
of 𝑛, which is not computed in the cited works. For the computation of the
function 𝜓(𝑛) in the case of the polynomial (1), the following scheme may be
proposed. Let 𝑃1(𝑡(1)

1 , 𝑡(1)
2 , … , 𝑡(1)

𝑝−1) be a point of the (𝑝 − 1)-dimensional torus
𝑇𝑝−1 (0 ≤ 𝑡𝑠 < 2𝜋, 𝑠 = 1, 2, … , 𝑝 − 1). In a certain neighborhood of the point
𝑅1(𝑒𝑖𝑡(1)

1 , 𝑒𝑖𝑡(1)
2 , … , 𝑒𝑖𝑡𝑝−1

(1)) of the (𝑝 − 1)-dimensional complex space, find the
solution 𝑧 = 𝑧(𝜇1, 𝜇2, … , 𝜇𝑝−1) of the equation

𝑒𝛼0𝑧 +
𝑝−1
∑
𝑠=1

𝑎𝑠𝜇𝑠𝑒𝛼𝑠𝑧 + 𝑎𝑝 = 0, (3)

normalized by the condition

0 ≤ Im 𝑧(𝑒𝑖𝑡(1)
1 , 𝑒𝑖𝑡(1)

2 , … , 𝑒𝑖𝑡𝑝−1
(1)) < 2𝜋

𝛼0
. (4)

We shall assume that the point 𝑃1 was chosen so that the point 𝑅1 is not a
branch point of the solution of equation (3), and we compute the coefficients
in the expansion of the function 𝑧 = 𝑧(𝜇1, 𝜇2, … , 𝜇𝑝−1) into a power series at
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this point by the known formulas for the coefficients of the Taylor series of an
implicit function. We analytically continue the function thus obtained along
the torus 𝑇𝑝−1 to a set 𝐸1 ⊂ 𝑇𝑝−1 in such a way that the resulting analytic
continuation 𝑧 = 𝑧1(𝜇1, 𝜇2, … , 𝜇𝑝−1) satisfies on 𝐸1 the inequality

0 ≤ Im 𝑧1(𝜇1, 𝜇2, … , 𝜇𝑝−1) < 2𝜋
𝛼0

(5)

and 𝐸1 admits no enlargement preserving the properties indicated above; we also
adjoin to the set 𝐸1 those branch points which lie on the boundary of the set
𝐸1 and to which the function 𝑧 = 𝑧1(𝜇1, 𝜇2, … , 𝜇𝑝−1) is continued continuously
with preservation of condition (5). On the complement of 𝐸1 in 𝑇𝑝−1 choose a
point 𝑃2(𝑡(2)

1 , 𝑡(2)
2 , … , 𝑡(2)

𝑝−1) and construct in an analogous way the set 𝐸2 and the
function 𝑧 = 𝑧2(𝜇1, 𝜇2, … , 𝜇𝑝−1), etc. It is not difficult to prove that after a finite
number of steps the whole torus will be covered by the sets 𝐸𝑠 (𝑠 = 1, 2, … , 𝑘),
on which

continuous functions 𝑧 = 𝑧𝑠(𝜇1, 𝜇2, … , 𝜇𝑝−1), analytic at all interior points of
the set 𝐸𝑠, are defined. These functions give a function defined on the whole
torus 𝑧 = 𝜓(𝑒𝑖𝑡1 , 𝑒𝑖𝑡2 , … , 𝑒𝑖𝑡𝑝−1), satisfying the condition 0 ≤ Im 𝜓 < 2𝜋

𝑎0
. Then

for the zeros of the Dirichlet polynomial (1) the formula

𝜆𝑛 = 2𝜋𝑛𝑖
𝑎0

+ 𝜓 (exp [𝑖2𝜋𝛼1𝑛
𝑎0

] , exp [𝑖2𝜋𝛼2𝑛
𝑎0

] , … , exp [𝑖2𝜋𝛼𝑝−1𝑛
𝑎0

]) (6)

(𝑛 = 0, ±1, …).
2. We shall now obtain formulas for sufficiently large, in modulus, zeros of

the quasipolynomial

𝑝
∑
𝑠=0

𝑎𝑠𝜆𝑘𝑠𝑒𝛼𝑠𝜆, (7)

where 𝑘𝑠 (𝑠 = 0, 1, … , 𝑝) are nonnegative integers, with min 𝑘𝑠 = 0 (𝑠 =
0, 1, … , 𝑝); 𝛼𝑠 and 𝑎𝑠 (𝑠 = 0, 1, … , 𝑝) are the same as for the polynomial (1);
𝛼𝑝 = 0, 𝑎0 = 1, 𝑎𝑝 ≠ 0. The distribution of zeros of quasipolynomials was
studied by N. G. Chebotarev and N. N. Meiman (3), L. S. Pontryagin (4), and
others.

We shall seek the zeros of the quasipolynomial (7) in the form

𝜆 = 𝛾 ln |𝜏 | + 𝑖𝜏 + 𝜆0, (8)
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where 𝛾 and 𝜏 are real, and 𝜆0 is complex. Substituting into the quasipolynomial
(7) and setting it equal to zero, we obtain

𝑝
∑
𝑠=0

𝑎𝑠 (𝑖 sgn 𝜏 + 𝜆0
|𝜏 | + 𝛾 ln |𝜏 |

|𝜏 | )
𝑘𝑠

|𝜏 |𝛼𝑠𝛾+𝑘𝑠𝑒𝑖𝛼𝑠𝜏𝑒𝛼𝑠𝜆0 = 0. (9)

For fixed 𝛾 and 𝜆0 and |𝜏 | → ∞, the left-hand side of equality (9) can tend to
zero only for those 𝛾 for which the numbers 𝛿𝑠 = 𝛼𝑠𝛾 + 𝑘𝑠 (𝑠 = 0, 1, … , 𝑝) are
not all distinct. Let, for the broken line 𝑦 = max𝑠(𝛼𝑠𝑥 + 𝑘𝑠) (𝑠 = 0, 1, … , 𝑝),
the vertices be the points 𝑃𝑟(𝛾𝑟, 𝛿𝑟) (𝑟 = 1, 2, … , 𝑚 ≤ 𝑝). At each such vertex
the numbers 𝛿𝑠 (𝑠 = 0, 1, … , 𝑝) will not all be distinct, and each such vertex
will correspond to an asymptotic formula for the zeros of the quasipolynomial.
If two straight lines intersect at one vertex, for example 𝑦 = 𝛼𝑠1

𝑥 + 𝑘𝑠1
and

𝑦 = 𝛼𝑠2
𝑥+𝑘𝑠2

(𝑠1 < 𝑠2), then these formulas are obtained as follows. If equation
(9) is divided by |𝜏 |𝛿𝑠1 , then, since 𝛼𝑠𝛾+𝑘𝑠 < 𝛿𝑠1

(𝑠 = 0, 1, … , 𝑝, 𝑠 ≠ 𝑠1, 𝑠 ≠ 𝑠2),
as |𝜏 | → ∞ we obtain, for determining 𝜏 and 𝜆0, an equation of the form

𝑎𝑠1
(𝑖 sgn 𝜏)𝑘𝑠1 exp[𝛼𝑠1

(𝜆0+𝑖𝜏)]+𝑎𝑠2
(𝑖 sgn 𝜏)𝑘𝑠2 exp[𝛼𝑠2

(𝜆0+𝑖𝜏)]+𝑂 ( ln |𝜏 |
|𝜏 | ) = 0,

(10)

from which, for 𝜏 > 0, we obtain

𝜆0 + 𝑖𝜏 = 2𝜋𝑛𝑖
𝛼𝑠1

− 𝛼𝑠2

+ 𝑖
𝛼𝑠1

− 𝛼𝑠2

ln (−
𝑎𝑠2

𝑎𝑠1

𝑖𝑘𝑠2 −𝑘𝑠1 ) + 𝜀𝑛 (11)

(𝑛 = 1, 2, …), where 𝜀𝑛 = 𝑂 ( ln 𝑛
𝑛 ) .

Put

𝜏 = 𝜏𝑛 = 2𝜋𝑛
𝛼𝑠1

− 𝛼𝑠2

; 𝜆0 = 𝑖
𝛼𝑠1

− 𝛼𝑠2

ln (−
𝑎𝑠2

𝑎𝑠1

𝑖𝑘𝑠2 −𝑘𝑠1 ) + 𝜀𝑛

and substitute into equation (9). If by 𝛽1, 𝛽2, … , 𝛽𝑞 we denote a basis of the
system of numbers

1,
𝛼𝑠 − 𝛼𝑠1

𝛼𝑠2
− 𝛼𝑠1

(𝑘𝑠1
− 𝑘𝑠2

) + 𝑘𝑠 − 𝑘𝑠1
(12)

(𝑠 = 0, 1, … , 𝑝, 𝑠 ≠ 𝑠1, 𝑠 ≠ 𝑠2)
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(i.e., a system of numbers such that each of the numbers in the system (12) is a
linear combination of these numbers with nonnegative integer coefficients), and
if instead of ln 𝑛/𝑛 we write 𝜇0, and instead of 1/𝑛𝛽𝑠 we write 𝜇𝑠 (𝑠 = 1, 2, … , 𝑞),
then for determining 𝜀𝑛 we obtain from equation (6) an equation of the form

𝐹 (𝜀𝑛, 𝜇0, 𝜇1, … , 𝜇𝑞; exp [
2𝜋𝑛(𝛼0 − 𝛼𝑠2

)𝑖
𝛼𝑠1

− 𝛼𝑠2

] , … , exp [
2𝜋𝑛(𝛼𝑝 − 𝛼𝑠2

)𝑖
𝛼𝑠1

− 𝛼𝑠2

]) = 0,

(13)

which turns into equation (9) when 𝜇0 = ln 𝑛/𝑛, 𝜇𝑠 = 1/𝑛𝛽𝑠 (𝑠 = 1, 2, … , 𝑞).
From this equation we determine 𝜀𝑛 = 𝜀𝑛(𝜇0, 𝜇1, … , 𝜇𝑞) in the form of a power
series

𝜀𝑛 =
∞

∑
𝑘0+𝑘1+⋯+𝑘𝑞=1

𝑎𝑘0𝑘1…𝑘𝑞
(𝑛)𝜇𝑘0

0 𝜇𝑘1
1 ⋯ 𝜇𝑘𝑞

𝑞 , (14)

where the Taylor coefficients 𝑎𝑘0𝑘1…𝑘𝑞
(𝑛) are analytic functions of

𝜂𝑠 = exp [
2𝜋𝑛(𝛼𝑠 − 𝛼𝑠2

)
𝛼𝑠1

− 𝛼𝑠2

𝑖] (𝑠 = 0, 1, … , 𝑝, 𝑠 ≠ 𝑠1, 𝑠 ≠ 𝑠2).

This series converges for sufficiently small |𝜇𝑠| (𝑠 = 0, 1, … , 𝑞), uniformly in 𝑛.
Substituting in (14) 𝜇0 = ln 𝑛/𝑛, 𝜇𝑠 = 1/𝑛𝛽𝑠 (𝑠 = 1, 2, … , 𝑞), we obtain 𝜀𝑛.
Formulas (14), (11), and (8) give the formula

𝜆𝑛 = 𝛾 ln 𝜏𝑛+𝑖𝜏𝑛+𝜆0+
∞

∑
𝑘0+𝑘1+⋯+𝑘𝑞=1

𝑎𝑘0𝑘1…𝑘𝑞
(𝑛) ( ln 𝑛

𝑛 )
𝑘0

( 1
𝑛𝛽1

)
𝑘1

⋯ ( 1
𝑛𝛽𝑞

)
𝑘𝑞

,

(15)

where

𝛾 =
𝑘𝑠2

− 𝑘𝑠1

𝛼𝑠1
− 𝛼𝑠2

, 𝜏𝑛 = 2𝜋𝑛
𝛼𝑠1

− 𝛼𝑠2

, 𝜆0 = 𝑖
𝛼𝑠1

− 𝛼𝑠2

ln (
𝑎𝑠2

𝑎𝑠1

𝑖𝑘𝑠2 −𝑘𝑠1 ) ,

and where the series converges absolutely and uniformly for 𝑛 > 𝑛0, with 𝑛0
sufficiently large.

A completely analogous formula is obtained for 𝜏 < 0, and also for other vertices
at which two straight lines intersect. If, however, more than two straight lines
intersect at one vertex, for example 𝑦 = 𝛼𝑠𝑗

𝑥 + 𝑘𝑠𝑗
(𝑗 = 1, 2, … , 𝑟, 𝑠𝑗 < 𝑠𝑗+1),

then instead of equation (10) we obtain the equation
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𝑟
∑
𝑗=1

𝑎𝑠𝑗
(𝑖 sgn 𝜏)𝑘𝑠𝑗 exp[𝛼𝑠𝑗

(𝜆0 + 𝑖𝜏)] + 𝑂 ( ln |𝜏 |
|𝜏 | ) = 0,

and for 𝛾, 𝜏𝑛, and 𝜆0 we obtain the expressions

𝛾 =
𝑘𝑠𝑟

− 𝑘𝑠1

𝛼𝑠1
− 𝛼𝑠𝑟

, 𝜏𝑛 = 2𝜋𝑛
𝛼𝑠1

− 𝛼𝑠𝑟

, 𝜆0 = 𝜓(𝑛),

where the function 𝜓(𝑛) is taken from formula (2). Instead of formula (15), for
𝑛 > 0 the formula will be

𝜆𝑛 = 𝛾 ln 𝜏𝑛+𝑖𝜏𝑛+𝜓(𝑛)+
∞

∑
𝑘0+𝑘1+⋯+𝑘𝑞=1

𝑎𝑘0𝑘1…𝑘𝑞
(𝑛) ( ln 𝑛

𝑛 )
𝑘0

( 1
𝑛𝛽1

)
𝑘1

⋯ ( 1
𝑛𝛽𝑞

)
𝑘𝑞

.

(16)

𝑛 > 𝑛0, where the Taylor coefficients 𝑎𝑘0𝑘1…𝑘𝑞
(𝑛) are analytic functions of 𝑝 − 1

variables

𝜂𝑠 = exp [
2𝜋𝑛(𝛼𝑠 − 𝛼𝑠𝑟

)
𝛼𝑠1

− 𝛼𝑠𝑟

𝑖] (𝑠 = 0, 1, … , 𝑝, 𝑠 ≠ 𝑠1, 𝑠 ≠ 𝑠2)

and of the variable 𝜂 = 𝜓(𝑛). An analogous formula also holds for 𝑛 < 0.

Thus, we obtain:

Theorem 1. To each vertex of the broken line 𝑦 = max𝑠(𝛼𝑠𝑥 + 𝑘𝑠) (𝑠 =
0, 1, … , 𝑝) there corresponds a sequence of zeros of the quasipolynomial (7). If
at the vertex two of the lines 𝑦 = 𝛼𝑠𝑥 + 𝑘𝑠 (𝑠 = 0, 1, … , 𝑝) intersect, then for
zeros of the quasipolynomial (7) sufficiently large in modulus formula (15) holds;
but if more than two lines intersect at the vertex, then for zeros sufficiently large
in modulus formula (16) holds.

3. The method set forth for determining zeros is also applicable in the case
when, in the polynomials (1) and (7), the exponents 𝛼𝑠 (𝑠 = 0, 1, … , 𝑝)
are complex.

Theorem 2. If the polynomial (1) has complex exponents 𝛼𝑠 (𝑠 = 0, 1, … , 𝑝),
then to each side of the polygon that is the convex hull of the numbers 𝛼𝑠
(𝑠 = 0, 1, … , 𝑝) there corresponds a sequence of zeros 𝜆𝑛 (𝑛 = 1, 2, …), and for
these zeros the formula

𝜆𝑛 = 𝑒−𝑖𝜃 2𝜋𝑛𝑖
ℎ + 𝜑(𝑛) (17)
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holds (𝑛 = 1, 2, …), where 𝜃 is the angle between the side of the polygon and the
real axis; ℎ is the length of this side; 𝜑(𝑛) is a bounded complex-valued function
admitting the representation

𝜑(𝑛) =
∞

∑
𝑘=0

𝑏𝑘(𝑛) ( 1
𝑒𝛼𝑛 )

𝑘
,

where 𝛼 > 0, and 𝑏𝑘(𝑛) (𝑘 = 0, 1, …) are the Taylor coefficients of a certain
analytic function with parameter 𝑛.

Theorem 3. If the quasipolynomial (7) has complex exponents 𝛼𝑠
(𝑠 = 0, 1, … , 𝑝), then to each side of the polygon that is the convex hull
of the numbers 𝛼𝑠 (𝑠 = 0, 1, … , 𝑝) there corresponds a finite number 𝑗0 of
sequences 𝜆(𝑗)

𝑛 (𝑗 = 1, 2, … , 𝑗0; 𝑛 = 1, 2, …) of zeros of the quasipolynomial (7),
the number 𝑗0 being equal to the number of vertices of a certain broken line (for
each side, its own). For the zeros 𝜆(𝑗)

𝑛 of each sequence the formula

𝜆(𝑗)
𝑛 = 𝑒−𝑖𝜃(𝛾𝑗 ln 𝜏 (𝑗)

𝑛 + 𝑖𝜏 (𝑗)
𝑛 ) + 𝜑𝑗(𝑛) (18)

holds (𝑗 = 1, 2, … , 𝑗0; 𝑛 = 1, 2, …), where 𝜃 is the angle between the side of
the polygon and the real axis; 𝛾𝑗, 𝜏 (𝑗)

𝑛 (𝑗 = 1, 2, … , 𝑗0; 𝑛 = 1, 2, …) are real
numbers; 𝜏 (𝑗)

𝑛 → ∞ as 𝑛 → ∞; 𝜑𝑗(𝑛) (𝑗 = 1, 2, … , 𝑗0) are bounded complex-
valued functions admitting a representation of the form

𝜑𝑗(𝑛) =
∞

∑
𝑝1+𝑝2+𝑘1+⋯+𝑘𝑞=1

𝑎𝑝1𝑝2𝑘1…𝑘𝑞
(𝑛) ( 1

𝑒𝛼𝑛 )
𝑝1

( ln 𝑛
𝑛𝑖

)
𝑝2

( 1
𝑛𝛽1

)
𝑘1

⋯ ( 1
𝑛𝛽𝑞

)
𝑘𝑞

(𝑗 = 1, 2, … , 𝑗0), 𝛼 > 0, 𝛽𝑠 > 0 (𝑠 = 1, 2, … , 𝑞).

Received
27 VI 1960
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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