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Abstract
Full Text
MATHEMATICS

I. F. SHARYGIN

ON THE APPLICATION OF NUMBER-
THEORETIC METHODS OF INTEGRATION
IN THE CASE OF NONPERIODIC FUNC-
TIONS
(Presented by Academician S. L. Sobolev, 3 XII 1959)

1. In numerous works devoted to the approximate computation of multiple
integrals that have appeared recently, quadrature formulas have been con-
structed, in particular, for functions 𝑓(𝑥1, … , 𝑥𝑠) belonging to the class
𝐸𝑠(𝛼), defined by the conditions:

𝑓(𝑥1, … , 𝑥𝑠) =
∞

∑
𝑚1,…,𝑚𝑠=−∞

𝑐(𝑚1, … , 𝑚𝑠)𝑒2𝜋𝑖(𝑚1𝑥1+⋯+𝑚𝑠𝑥𝑠),

𝑐(𝑚1, … , 𝑚𝑠) = 𝑂 ((𝑚1 ⋯ 𝑚𝑠)−𝛼) , 𝑚𝑖 = max(1, |𝑚𝑖|), 𝛼 > 1.

Let us denote by 𝐻𝑠(𝛼, 𝑐) the class of functions defined by the conditions

∣𝜕
𝑛𝑓(𝑥1, … , 𝑥𝑠)
𝜕𝑥𝛾1

1 ⋯ 𝜕𝑥𝛾𝑠𝑠
∣ < 𝑐, 0 ≤ 𝑛 ≤ 𝛼𝑠, 0 ≤ 𝛾𝑖 ≤ 𝛼, 𝛾1 + ⋯ + 𝛾𝑠 = 𝑛.

Periodic functions from 𝐻𝑠(𝛼, 𝑐) also belong to 𝐸𝑠(𝛼). However, it is possible
to construct quadrature formulas acting on the whole class 𝐻𝑠(𝛼, 𝑐).
Theorem 1. Let 𝑓(𝑥1, … , 𝑥𝑠) belong to 𝐻𝑠(𝛼, 𝑐), 𝛼 > 1; let 𝜏𝛼(𝑧) be a certain
function satisfying the conditions:

1)
0 = 𝜏𝛼(0) < 𝜏𝛼(𝑧′) < 𝜏𝛼(𝑧″) < 𝜏𝛼(1) = 1, 0 < 𝑧′ < 𝑧″ < 1;

2)
∣𝜏 (𝑘)

𝛼 (𝑧)∣ < 𝐴, 0 ≤ 𝑘 ≤ 𝛼 + 1;

3)
𝜏 (𝑘)

𝛼 (0) = 𝜏 (𝑘)
𝛼 (1) = 0, 1 ≤ 𝑘 ≤ 𝛼.
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Then there exist integers 𝑎1, … , 𝑎𝑠, 𝑎𝑖 = 𝑎𝑖(𝑁), such that

𝑅 = ∣ 1
𝑁

𝑁
∑
𝑘=1

𝑓 [𝜏𝛼 ({𝑘𝑎1
𝑁 }) , … , 𝜏𝛼 ({𝑘𝑎𝑠

𝑁 })] 𝜏 ′
𝛼 ({𝑘𝑎1

𝑁 }) ⋯ 𝜏 ′
𝛼 ({𝑘𝑎𝑠

𝑁 }) − ∫
1

0
⋯ ∫

1

0
𝑓(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠∣ = 𝑂 ( ln𝛼𝑠 𝑁

𝑁𝛼 )
∗

.

Proof. In the integral

∫
1

0
⋯ ∫

1

0
𝑓(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠

we make the substitution 𝑥𝑖 = 𝜏𝛼(𝑧𝑖). The integrand after this substitution
obviously turns out to belong to the class 𝐸𝑠(𝛼), and therefore the result being
proved follows from the corresponding theorems (1,2 ).

∗ {𝑥} is the fractional part of 𝑥.
Remark. Let 𝑓(𝑥1, … , 𝑥𝑠) have a singularity on the hyperplane 𝑥1 =
𝑥0

1, … , 𝑥𝜈 = 𝑥0
𝜈; 1 ⩽ 𝜈 ⩽ 𝑠;

𝜕𝛼𝜈𝑓(𝑥1, … , 𝑥𝑠)
𝜕𝑥𝛼

1 ⋯ 𝜕𝑥𝛼𝜈
= 𝑂 ( 1

𝑟𝛽+𝛼𝜈 ) , 0 < 𝛽 < 𝜈,

𝑟 = √(𝑥1 − 𝑥0
1)2 + ⋯ + (𝑥𝜈 − 𝑥0𝜈)2.

Suppose that 𝑓 has the mixed derivatives occurring in the definition of the
class 𝐻𝑠(𝛼, 𝑐), continuous in the remaining part of the unit cube. Then one
can compute integrals of such functions by introducing 𝜏𝛼,𝑖(𝑧) satisfying the
condition

𝜏 (𝑘)
𝛼,𝑖(𝑧0

𝑖 ) = 0, 1 ⩽ 𝑘 ⩽ 𝛼;

𝜏 (𝛼)
𝛼,𝑖 (𝑧𝑖) = 𝑂((𝑧𝑖 − 𝑧0

𝑖 )𝑏−𝛼), 𝑏 = 𝛼𝜈
𝜈 − 𝛽 , 𝜏𝛼,𝑖(𝑧0

𝑖 ) = 𝑥0
𝑖 , 1 ⩽ 𝑖 ⩽ 𝜈 ∗ .

2. Let 𝑓(𝑥1, … , 𝑥𝑠) be given on the unit cube and be different from zero
on some parallelepiped whose faces are parallel to the coordinate planes.
Suppose that 𝑓(𝑥1, … , 𝑥𝑠) on this parallelepiped satisfies the conditions
defining the function class 𝐻𝑠(1, 𝑐). Extend 𝑓(𝑥1, … , 𝑥𝑠) to the whole
space by setting

𝑓(𝑥1, … , 𝑥𝑠) = 𝑓({𝑥1}, … , {𝑥𝑠}).

Introduce
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𝑓Δ(𝑥1, … , 𝑥𝑠) = ∫
Δ

−Δ
⋯ ∫

Δ

−Δ
𝑓[(𝑥1 + 𝜉1), … , (𝑥𝑠 + 𝜉𝑠)] 𝑑𝜉1 ⋯ 𝑑𝜉𝑠,

∫
1

0
⋯ ∫

1

0
𝑓Δ(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠 = ∫

1

0
⋯ ∫

1

0
𝑓(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠. (1)

If 𝑐(𝑚1, … , 𝑚𝑠) and 𝑐Δ(𝑚1, … , 𝑚𝑠) are the Fourier coefficients of the functions
𝑓(𝑥1, … , 𝑥𝑠) and 𝑓Δ(𝑥1, … , 𝑥𝑠), then, obviously,

|𝑐(𝑚1, … , 𝑚𝑠)| ⩽ 𝑐′

𝑚1 ⋯ 𝑚𝑠
, (2)

|𝑐Δ(𝑚1, … , 𝑚𝑠)| ⩽ 𝑐′

𝑚1 ⋯ 𝑚𝑠
∣ sin 2𝜋𝑚1Δ

2𝜋𝑚1Δ ∣ ⋯ ∣ sin 2𝜋𝑚𝑠Δ
2𝜋𝑚𝑠Δ ∣ , (3)

𝑐′ = 𝑐′(𝑐, 𝑠).

Consider

𝑅𝑁(𝑧, 𝑓) = ∣ 1
𝑁

𝑁
∑
𝑘=1

𝑓 ( 𝑘
𝑁 , 𝑘𝑧

𝑁 , … , 𝑘𝑧𝑠−1

𝑁 ) − ∫
1

0
⋯ ∫

1

0
𝑓(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠∣ ;

(4)

𝑅𝑁
Δ(𝑧, 𝑓) = ∣ 1

𝑁
𝑁

∑
𝑘=1

𝑓Δ ( 𝑘
𝑁 , 𝑘𝑧

𝑁 , … , 𝑘𝑧𝑠−1

𝑁 ) −

− ∫
1

0
⋯ ∫

1

0
𝑓Δ(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠∣ ; (5)

𝑟Δ(𝑧, 𝑓) = ∣ 1
𝑁

𝑁
∑
𝑘=1

𝑓 ( 𝑘
𝑁 , 𝑘𝑧

𝑁 , … , 𝑘𝑧𝑠−1

𝑁 ) − 1
𝑁

𝑁
∑
𝑘=1

𝑓Δ ( 𝑘
𝑁 , 𝑘𝑧

𝑁 , … , 𝑘𝑧𝑠−1

𝑁 )∣ .

(6)

* The possibility of computing integrals of functions having singularities by
means of 𝜏𝛼(𝑧) was indicated by participants in the seminar on the number-
theoretic Monte Carlo method at the V. A. Steklov Mathematical Institute of
the Academy of Sciences of the USSR.
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Theorem 2. If 𝑁 = 𝑝 > 𝑠 is prime, then there exists an integer 𝑎 = 𝑎(𝑝),
1 ≤ 𝑎 ≤ 𝑝 − 1, such that

𝑅𝑁(𝑎, 𝑓) = 𝑂 ( ln𝑠 𝑁
𝑁 ) .

Proof. From (1), (4), (5), and (6) we obtain

𝑅𝑁(𝑧, 𝑓) ≤ 𝑅𝑁
Δ(𝑧, 𝑓) + 𝑟Δ(𝑧, 𝑓). (7)

Let us estimate
min

1≤𝑧≤𝑝−1
max

𝑓∈𝐻𝑠(𝛼,𝑐)
𝑅𝑝

Δ(𝑧, 𝑓).

Using the known estimates (4) and (3), we obtain

min
1≤𝑧≤𝑝−1

max
𝑓∈𝐻𝑠(𝛼,𝑐)

𝑅𝑝
Δ(𝑧, 𝑓) ≤ max

𝑓∈𝐻𝑠(𝛼,𝑐)
1

𝑝 − 1
𝑝−1
∑
𝑧=1

𝑅𝑝
Δ(𝑧, 𝑓) ≤

≤ 𝑐′

𝑝 − 1
∞

∑
𝑚1,…,𝑚𝑠=−∞

′ 1
𝑚1 ⋯ 𝑚𝑠

∣ sin 2𝜋𝑚1Δ
2𝜋𝑚1Δ ∣ ⋯ ∣ sin 2𝜋𝑚𝑠Δ

2𝜋𝑚𝑠Δ ∣ 𝐴(𝑚1, … , 𝑚𝑠),

where

0 ≤ 𝐴(𝑚1, … , 𝑚𝑠) {= 𝑝 − 1 if 𝑑 ≡ 0 (mod 𝑝),
≤ 𝑠 − 1 if 𝑑 ≢ 0 (mod 𝑝);

𝑑 is the greatest common divisor of 𝑚1, … , 𝑚𝑠. The prime on the summation
sign means that the value 𝑚1 = ⋯ = 𝑚𝑠 = 0 is excluded. Take Δ = 1

𝑝 .
Then the terms corresponding to tuples 𝑚1, … , 𝑚𝑠 for which 𝑑 ≡ 0 (mod 𝑝)
vanish if at least one 𝑚𝑖 ≠ 0. Consequently, for all terms different from zero,
𝐴(𝑚1, … , 𝑚𝑠) ≤ 𝑠 − 1. Thus,

min
1≤𝑧≤𝑝−1

max
𝑓∈𝐻𝑠(𝛼,𝑐)

𝑅𝑝
Δ(𝑧, 𝑓) ≤ (𝑠 − 1)𝑐′

𝑝 − 1 (1 + 2
∞

∑
𝑚=1

1
𝑚 ∣ sin 2𝜋𝑚Δ

2𝜋𝑚Δ ∣)
𝑠

;

∣ sin 2𝜋𝑚Δ
2𝜋𝑚Δ ∣ ≤

⎧{
⎨{⎩

1, if 𝑚 < 1
Δ = 𝑝,

1
𝑚Δ, if 𝑚 ≥ 1

Δ = 𝑝.

Consequently,
min

1≤𝑧≤𝑝−1
max

𝑓∈𝐻𝑠(𝛼,𝑐)
𝑅𝑝

Δ(𝑧, 𝑓) ≤

≤ (𝑠 − 1)𝑐′

𝑝 − 1 (1 + 2
𝑝−1
∑
𝑚=1

1
𝑚 + 2

∞
∑
𝑚=𝑝

1
𝑚2Δ)

𝑠

= 𝑂 ( ln𝑠 𝑝
𝑝 ) . (8)
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Let us now estimate 𝑟Δ(𝑧, 𝑓). If the point

(𝑘
𝑝 , {𝑘𝑧

𝑝 } , … , {𝑘𝑧𝑠−1

𝑝 })

is at a distance greater than Δ from the surface of the parallelepiped, then

∣𝑓 (𝑘
𝑝 , 𝑘𝑧

𝑝 , … , 𝑘𝑧𝑠−1

𝑝 ) − 𝑓Δ (𝑘
𝑝 , 𝑘𝑧

𝑝 , … , 𝑘𝑧𝑠−1

𝑝 )∣ ≤ 𝑐𝑠Δ.

The number of points

(𝑘
𝑝 , {𝑘𝑧

𝑝 } , … , {𝑘𝑧𝑠−1

𝑝 })

that are at a distance not exceeding Δ from the surface of the parallelepiped,
for each 𝑧, does not exceed Δ𝑝 ⋅ 2𝑠. From what has been said there follows the
following estimate for 𝑟Δ(𝑧, 𝑓):

𝑟Δ(𝑧, 𝑓) ≤ Δ(𝑐𝑠 + 2𝑠). (9)

From (7), (8), (9) we obtain

min
1≤𝑧≤𝑝−1

max
𝑓∈𝐻𝑠(𝛼,𝑐)

𝑅𝑝(𝑧, 𝑓) = 𝑂 ( ln𝑠 𝑝
𝑝 ) ,

which proves Theorem 2.

Remark. It is not difficult to show that

𝑅𝑝(𝑎1, … , 𝑎𝑠) = ∣1𝑝
𝑝

∑
𝑘=1

𝑓 (𝑘𝑎1
𝑝 , … , 𝑘𝑎𝑠

𝑝 ) −

− ∫
1

0
⋯ ∫

1

0
𝑓(𝑥1, … , 𝑥𝑠) 𝑑𝑥1 ⋯ 𝑑𝑥𝑠∣ = 𝑂 ( ln𝑠 𝑝

𝑝 ) ,

where 𝑎1, … , 𝑎𝑠 are the optimal coefficients determined in [2].

3. Let the equation be given

𝜑(𝑥1, … , 𝑥𝑠) = ∫
𝑥1

0
⋯ ∫

𝑥𝑙

0
∫

1

0
⋯ ∫

1

0
𝐾(𝑦1, … , 𝑦𝑠, 𝑥1, … , 𝑥𝑠) 𝜑(𝑦1, … , 𝑦𝑠)×

× 𝑑𝑥1 ⋯ 𝑑𝑦𝑠 + 𝑓(𝑥1, … , 𝑥𝑠), 𝑙 ≥ 1, (10)
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where 𝐾(𝑦1, … , 𝑦𝑠, 𝑥1, … , 𝑥𝑠) ∈ 𝐻2𝑠(𝛼, 𝑐1), 𝑓(𝑥1, … , 𝑥𝑠) ∈ 𝐻𝑠(𝛼, 𝑐2). It is obvi-
ous that 𝜑(𝑥1, … , 𝑥𝑠) ∈ 𝐻𝑠(𝛼, 𝑐3), 𝑐3 = 𝑐3(𝑐1, 𝑐2, 𝑠).
If 𝐾1(𝑦1, … , 𝑦𝑠, 𝑥1, … , 𝑥𝑠) = 𝐾(𝑦1, … , 𝑦𝑠, 𝑥1, … , 𝑥𝑠) for 0 ≤ 𝑦𝑖 ≤ 𝑥𝑖, 1 ≤ 𝑖 ≤ 𝑙,
and 𝐾1(𝑦1, … , 𝑦𝑠, 𝑥1, … , 𝑥𝑠) = 0 at the remaining points of the unit cube, then
(in the notation adopted) equation (10) can be rewritten in the form

𝜑(𝑃) = ∫
𝐺𝑠

𝐾1(𝑄, 𝑃 )𝜑(𝑄) 𝑑𝑄 + 𝑓(𝑃). (11)

Take in the unit 𝑠-dimensional cube 𝐺𝑠 the points

𝑀𝑖 = 𝑀 ( 𝑖
𝑁 , {𝑖𝑎

𝑁 } , … , {𝑖𝑎𝑠−1

𝑁 }) ,

where 𝑎 is defined in Theorem 2.

Theorem 3. If the quantities 𝜑(𝑀𝑗) satisfy the system of linear equations

𝜑(𝑀𝑗) = 1
𝑁

𝑁
∑
𝑖=1

𝐾1(𝑀𝑖, 𝑀𝑗) 𝜑(𝑀𝑖) + 𝑓(𝑀𝑗) (𝑗 = 1, 2, … , 𝑁),

then the equality

𝜑(𝑀𝑗) = 𝜑(𝑀𝑗) + 𝑂 ( ln𝑠 𝑁
𝑁 )

holds.

The proof of this theorem follows obviously from Theorem 2 and from [3].

The questions of the approximate solution of Volterra-type integral equations
were also studied by Yu. N. Shakhov [5].

Moscow State University
named after M. V. Lomonosov
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