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Abstract
Full Text

L. R. Rukhadze

On Local Duality Theorems
(Presented by Academician P. S. Aleksandrov on December 26, 1959)

1. Local groups of a space.

Let S™ be an m-dimensional spherical space; A an arbitrary subset of it; x
an arbitrary point of the set A; {U,} a decreasing directed set of spherical
neighborhoods of the point z; {F,} an increasing directed set of all compact
subsets of the set A. The relative homology groups

HT(Fav Fa - U)\; C)

of compact pairs of sets (F,, F, — U,) over the compact coefficient group C,
with inclusion homomorphisms

Pay s H'(Fy, F, —Uy; C) = H"(Fy, F, —Uy; C),
which occur for a < b, generate a direct spectrum of compact groups
{H"(F,, Fy, —=Uy; ©); pap}
whose limiting group in the sense of Chogoshvili (see (1,%)) we shall denote by
H"(A, A-U,; O).

Here the group H"(F,, F, — U,; C) is defined as follows (cf. (*°7)). To each
finite open covering O, of the compactum F, there is put in correspondence a
complex K, the so-called Vietoris complex, whose vertices are the points of F,,
and a finite subset of them forms a simplex if this subset is contained in one and
the same element of the covering O, ; the set of such simplices whose vertices
belong to F, — U, forms a subcomplex L, of the complex K,. Consider the
increasing directed system of all finite subcomplexes K, of the complex K,
and the relative homology group

H'(K,., L

T

@),

aT)

where L. = K, N L,. The limiting group of the direct spectrum of compact
groups
H" (K,

T

L,.;O)

with inclusion homomorphisms, taken in the sense indicated above, is, by defi-
nition, the group

aT)

H"(Ky, Ly C©).
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The groups H" (K, L,; C) and the homomorphisms generated by inclusions
(Kﬁv Lﬁ) c (Ka’ La)v

which occur when Op is inscribed in O,,
whose limiting group is precisely the group

a < 3, form an inverse spectrum,

H"(F,, F,—U,; C).

The neighborhoods U, may be either spherical or arbitrary (by virtue of the
cofinality of the subsystem of spherical neighborhoods in the system of all neigh-
borhoods), which ensures the invariance of this definition and its suitability for
arbitrary Hausdorff compact spaces F,.

If A < p, then the inclusion
(Fyy F, —Uy) C(F,, F,=U,)
generates a homomorphism
oau t H'(Fyy Fy=Uy; C) = H'(F,, F, —=U,; O),
which, in turn, generates a homomorphism
®,,:H' (A, A=-U,; C) = H"(A, A-U,; C)

of the limiting groups of the corresponding spectra.

The groups H"(A, A—U,; C), with the homomorphisms @, , just defined, form
a direct spectrum of compact groups

{H"(A, A=Uy; C), @y},
whose limiting group, taken in the same sense, is the homology group
H"(A, z; C)
of the space A at the point x over C.

Let now B*(U, — F,; D) denote the Betti group of the open set U, — F, over
the discrete coefficient group D. The groups

B*(U, — F,; D)
with homomorphisms
Qo : B*(Uy — Fy; D) — B*(Uy — F,;; D),
generated for a < b by the inclusions

(Uy—F,) C(Uy—F,),

a
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form an inverse spectrum of discrete groups
{BS(U)\ - Fa; D)a Qba}7
whose limiting group, taken with the discrete topology, we shall denote by
B#*(U, — A; D).

If A < p, then the inclusion (U, — F,) C (U, — F,) induces a homomorphism
fux : B*(U,—F,; D) = B*(U\—F,; D), and the latter induces a homomorphism
F,\: B (U, — A; D) = B*(U, — 4; D).

The groups B*(Uy — A; D), with the homomorphisms F),,, form an inverse
spectrum {B*(U, — A; D), F,,}, whose limit group with the discrete topology
is the group B*(S™ — A, z; D).

2. The product of the groups H"(A, z; C) and B*(S™ — A, z; D).
Let 7 and s be nonnegative integers such that r+s=n—1, let z° be an
s-dimensional cycle of the domain U, — F', where F' is a compact subset of
S™, and let 2" = {2} } be an r-dimensional cycle of the set F' mod F —U,,
i.e., a cycle of some element of the group H”(F, F — U,; C).

We define the linking coefficient v(z°, z],) of the cycles z® and zJ, as the intersec-
tion index I(f*1,2"), where ! is a chain of the set U, such that Afsl = 25,
It is proved that v(z%, 2") does not depend on the choice of the chain 5™ and
also that for any «, 8 the equality v(2°,2]) = Z/(ZS,ZE) holds. After this, the
linking coefficient of the cycles z° and 2" may be defined as v(z°, 2") = v(z%, 2%)

for any a.

Let by, € B*(Uy,—F; D) and h, € H"(F, F—U,; C). We shall call the product
of these classes the number, independent of the choice of the cycles 2%, 2",

by -hy =v(z%2"), where z° €b,, 2" ={zL}€h,. (1)

Lemma 1. The homomorphisms ¢y, and f,5, A < u, are conjugate under the
multiplication (1).

Let z* be an arbitrary cycle from the homology class b,, b, € B*(U, — F; D).
By the definition of the homomorphism f,,, the class f,,(b,) contains the
cycle z°. Similarly, if 2" is an arbitrary cycle from the homology class h,,
hy € H"(F, F —Uy; C), then ¢, ,(h,) also contains the cycle z".

By the definition of the product of the groups BS(UM —F; D) and H"(F,F —
U, C)
/L’ )

bu ’ QDAu(h)\) = V(ZS7ZT)7 (2)

and by the definition of the product of the groups B*(U, —F; D) and H" (F, F —
U)\; C)a
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Fur(by) - hy = v(z*,27). 3)
(2) and (3) give

bu ) %\u(hx) = fu,\(bu) “hy,

which was required to prove.

Let us now consider an arbitrary subset A of S™. Let {F,} be the directed set
of all compact subsets of the set A; let by = {b$} be an arbitrary element of the
group B*(Uy — A; D); and let hy = {h{} be an arbitrary element of the group
H"(A,A—U,; C). It is proved that the product b$ - h§ introduced above does
not depend on the choice of the index a, which gives grounds for defining the
product of the elements b, and h, by the equality

by -hy =04 -h§ for any a. (4)
Lemma 2. The homomorphisms ®,,, and F,5, A < u, are conjugate under the
multiplication (4).

Indeed, by the definition of the multiplication (4) we have b, - @, (hy) = b, -
Oxu(hS) = f1,(05) - b = F,5(b,,) - hy, which was required to prove.

Finally, let us define the product of elements b = {b,} and h = {h,} of the
groups B*(S™ — A,x; D) and H" (A, z; C) by means of the equality

b'h:b)\'h)\, (5)

where by, € B*(U, — A; D) and h, € H" (A, A—U,;C); the definition is mean-
ingful, for it is proved that the product b - h does not depend on the choice of
the index A.

3. Duality theorems. Let r and s be nonnegative integers such that r+s =
n —1, and let C' and D be dual groups, with C' compact and D discrete.

Theorem 1. The groups H"(F,F —U,;C) and B*(Uy — F; D) are dual under
the multiplication (1), defined as the linking coefficient of cycles taken from the
multiplied elements.

Proof. a) The product is continuous. Indeed, by definition,
by - hy =v(z%2"),
where

z* €by, € B5(U, — F; D), 2" ={z"}teh,e H(F,F—-U,;C).
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r—1
a

Consider Az" = 271 where 27! is an absolute cycle of the set F—U,, i.e. &

lies in S™ — U,. Consequently, there exists a chain X, such that
AXT =271,
Consider the chain
o — XI = 2T,
It is clear that Z7 is an absolute cycle; therefore
v(z8,2h) = v(z% 2, — X0) = v(z°, 2L).
But v(z%, 2) is continuous (see (3), p. 465), whence b, - h, is also continuous.

b) If
0% b, € B5(U, — F; D),

then there exists an element h, of the group H"(F, F — U,;C) such that
by - hy #0.
Consider z° € by and the set
F'=FU(S"-U,).
Since by # 0, we have
2200 in Uy—F=85"—F,

and, consequently, by Alexander-Pontryagin duality, there exists an absolute
cycle
Zr =4z,

of the set F’, linked with z°. Consider the part of the cycle Z%, consisting of
those simplexes which have at least one vertex in the set F'NU,. Let a be a
vertex of a simplex lying in F'NU,. Moving the remaining vertices along straight
lines connecting them with the point a, we can ensure that all the remaining
vertices lie on the boundary of the set F' — U,. Thus we obtain a cycle

z{, mod F' —U,.

The cycle z" = {20} is a relative r-dimensional cycle of the set F' mod F' — U,.
Indeed,
2o~ i F

therefore there exists a chain ¢! such that
Aprt =zr — Zg-

The boundary A" ! consists of the chain 27 — z and that part of the cycle

zn Zg whose simplexes do not meet F' N U,. Consequently,

o«

Zo ~ zgmod F' —U,.
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It is easily proved that the relative cycle 2" constructed by us remains linked
with 2°. Indeed, the film f**! stretched over z° may be taken in the open set
U,, where 2%, and Z%, coincide. Hence

I(fsth2n) = I(f*1,20) # 0.
Therefore, for the class h, containing the cycle
Z" = {erx}’

we have
by-hy#0,
as was required to prove.

c) If
04 hy € HY(F,F — Uy;C),

then there exists an element b, of the group B*(U, — F; D) such that

Consider the relative cycle
2" ={zL} € hy.

Since hy # 0, we have
2" 0 mod F — U,.

Consider
Azl = a7t
The boundary z”. ! is an absolute cycle of the set
Fn((S™—U,).
By virtue of this there exists a chain X[, in S™ — U, such that
AX! = ar L

Consider
' T _ Zr
zn— XL =20,

It is clear that Z7 is an absolute cycle of the set F’. It is proved that
EE

is an absolute r-dimensional cycle of the set F’. Since
o= )

is a relative cycle, we have

Zo ~ zgmod F' —U,.
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Consequently, there exists a chain cgfﬂl such that
Acylh! =25 — 25+ aip,

where ¢ 5 is a chain from S™ — U,. The right-hand side of our equality is an
absolute cycle; consequently, the boundary of the right-hand side is equal to
zero. Hence

—A(zg —25) = Mgy

or

—(xf 7t — :ngl) = qu;;a
ie.
—A(Xy — Xj) = Ag,

From the last equality we conclude that
Xo— X5+ 405
is a cycle of the set S™ — U,. Let A""! be a film,

stretched over X{, — X} + ¢, 5 in S™ — U,. Consider the boundary of the chain
cr+1 Ar+1: A<Cr+l Ar+1) — ZZ; _ ZE + qgﬁ _ XZ; + Xg _ qz;ﬁ — (Zr _

« (6% (o7
Xf) — (25 — X}) = Z, — Z;. Hence we conclude that Z, ~ Zj in F'. Thus we
have constructed in F’ a true cycle z". We shall show that this cycle is not
homologous to zero in F’. Suppose the contrary: let there exist in F” a chain
ém+1 such that Aéhtt = 27, Consider the chain /"1, consisting of that part of

(03
the chain é7,"! whose simplexes have at least one vertex in FNUY. Then Acit =

~r+1 ~r+1 r+1\ _ or ~r+1 r+1\ _ r zr T ~r+1 r+1
Aca _A(Ca —Cq ) _Za_A<ca —Cq ) _Za+(za_za)_A(Ca —Cq )’
i.e. Acht =2 mod F — U,, which contradicts the condition h, # 0.

Thus we have constructed in F” an absolute r-dimensional cycle 2" = {2/}, not
homologous to zero in F’. Consequently, by the Alexander-Pontryagin duality
theorem, in 8™ — F' = U, — F there exists an s-dimensional cycle z*° linked
with 2. Let by, € B*(U, — F; D) contain the cycle z°. Then byh, # 0, as was
required to prove. We note that this duality can also be proved by means of the
Eilenberg-Steenrod axioms and the Alexander-Pontryagin duality theorem.

Theorem 2. The groups H" (A, A—U,;C) and B*(U, — A; D) are dual under
the multiplication (4), defined as the linking coefficient of cycles arbitrarily
chosen from the factors.

Proof. By Theorem 1, the groups B*(U, — F,; D) and H"(F,,F, — U,;C)
are dual for each a, and the product of elements h§ € H"(F,,F, — U,;C)
and b € B*(U, — F,; D) is the linking coefficient b - h§ = v(23°, 21), where
23 € bg, 8% = {2L4} € h$; moreover, one can show that the homomorphisms
Dabs Bg € conjugate. Consequently, the spectra {H"(F,, F, —U,;C),p,,} and
{B*(Uy—F,; D), q,} are conjugate. But we have seen that H"(A, A—U,;C) =
lim_ {H" (F,. F, — Uy; C), puy}, B*(Uy — 4; D) = lim,_{B*(Uy — Fy; D), -

sovietrxiv.org/items/ru-196001.50554 Machine Translation


https://sovietrxiv.org/items/ru-196001.50554

Therefore the groups H"(A, A — U,;C) and B*(U, — A; D) are dual, as was
required to prove.

Theorem 3. The groups H"(A,x;C) and B*(S™ — A, x; D) are dual under
the multiplication (5), defined as the linking coefficient of cycles taken from the
factors.

Proof. By Theorem 2, the groups H" (A, A—U,;C) and B*(U,— A; D) are dual
for each A, and the product of elements h, € H"(A, A—U,;C) and b, € B*(U, —
A; D) is the linking coefficient by - hy = b% - h§ = v(23%, 28*), where b € by,
hS € hy. In addition, the homomorphisms @, ,, F,,, by Lemma 2, are conjugate;
consequently, the spectra {H"(A, A —U,;C),®,,} and {B*(Uy — A; D), F,,}
are conjugate. Since, by definition,

H"(A,z;C) = lln{HT(A, A=Uy;C),y,},

B*(S" — A, 25 D) = lim{B*(Uy — 4; D), F,,, },

it follows that H"(A,x;C) and B*(S™ — A, z; D) are dual, as was required to
prove.
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