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Abstract

Full Text
GEOPHYSICS
O. S. BERLYAND

ON ONE CLOSED-FORM SOLUTION OF THE
TURBULENT DIFFUSION EQUATION

(Presented by Academician A. A. Dorodnitsyn on 12 X 1959)

The turbulent diffusion equation
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8t+ux8m+uz8278x kﬁax +8y kyay +8z kzﬁz (1)

under the assumption that u,, k,, k,, k

=z oy, K, = const,

z

u, = 2k,va tgzva, 0<z<H, u=const, H <z< oo,

is solved with the following initial and boundary conditions:

fort=0 ¢=Qd4(x)é(y)d(z—h);

for z=0 k,0q/0z — wq = 0; as Va2 +y?+22—>00 q=0

(xy is the ground plane; z is the vertical coordinate; u,, u, are the corresponding
components of wind velocity; k,,k,, k, are the corresponding coefficients of
turbulent diffusion; () is the amount of substance released at the initial instant

of time from the source x =y = 0, z = h; ¢ is the volume concentration).

Tt is known that the solution of equation (1), under the above initial and homo-
geneous boundary conditions, can be represented in the form

q=q,(z,t)q,(y,t)q,(2,1).

In this case we shall have

2
94 + 2k a tgzv/a 9q = k‘za qz,
ot 0z 022
9 9 0<z2<H; (2
ot Toxr T ox2’ ot Yoy’

sovietrxiv.org/items/ru-196001.49100 Machine Translation


https://sovietrxiv.org/items/ru-196001.49100

2
B g~k
H <z < o0. 3
%Jru aqmikaqu %7]{82(]?; SIS0 ()
ot Toxr T Qa2 ot Yoy’

The solution of the second and third equations with constant coefficients in
systems (2), (3) is trivial. In the article only the solution for g, is given. Thus,
the equations

941 941 ¢
2 2k t = =k Z <z< H; 4
p + 2k _va tgzva o TR 0<z<H, (4)

2
vt =k T <o ®)

are solved under the following initial and boundary conditions:

fort=0 qzlzé(z_h), quIZO, }LSI{7

or
2.1 =0, ¢ =6(z—h), h=H,
: 9q, 9q.; _ 04,
lim (kz 5‘21 — uzqz1>zzo =0, azl = 87;17 Gy =q,n for z=H;

for a2+ 42+ 22 = o0 ¢, =0.

Equations (4), (5) are solved by the operational method. We multiply both sides
of equations (4), (5) by e P! and integrate them, respectively, with respect to
t from 0 to oco. Taking the initial condition into account, we obtain:

d%q di;  py (z —h)
dZQ \/5 gz\/ﬁ dZ k'z q-1 kz ’ ( )
d2q dq. -
411 _“zﬂ_&q =0, h < H. (7)

dz2  k, dz kU

As a result of solving equations (6) and (7) and determining the corresponding
constants from the boundary conditions written above, we obtain that in the
lower layer
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Fig. 1

Figure 1: Fig. 1
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The integrand in (8) has a single pole at the point A/k, = 0, which leads
to the trivial solution ¢,; = const. A/k, = a is a removable singular point.
The required solution is obtained by evaluating integral (8) with respect to the
branch point A = —u?/4k,.

Fig. 1

(®)

To evaluate integral (8), it is sufficient to choose the contour shown in Fig. 1.
The integral will be equal to the sum of the integrals along the upper and lower
cuts.

In (8) let us make the change of variable A = (\* —u2)/4k,. Put \* = pe'™ for
the upper cut and A\* = pe™" for the lower cut. We multiply the numerator
and denominator of the integrand by

p+ u?
4k?2

cos H + a.

After a number of simple transformations, we obtain

cos hy/a exp [— 5; t}
= z X
a1 2k, cos zy/a

2
/00 /P €xp [—ﬁt] COS 24/ szléz +a cosh p;rk%z + a
X
o

p+ (u2 + 4k2a)sin® H p+uz +a

(9)

It is easy to show that the solution (9), obtained by the operational method,

0
satisfies equation (4) and the boundary condition (ka g“ — uzqzl> =0. In
Z 2=0

order to show that it also satisfies the initial condition, we write it in the form
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exp [—;; t] coshya .o \/pexp [—42 t] [COS(Z —h)\/ap+ B+ cos(z+ h)y/ap + 5]

4, = X dp.
! 4k, cos zv/a b p+ Asin® H\/ap + f8 g
(10)
Here a = 1/4k%, B = u?/4k? + a; A = u? + 4k%a; B = Aa.
. .. 1 /pt .
Making the substitution S\ =W we obtain

z

2
uz

—h h
L 1k, t] cos hy/a 1 X/OC e’ [cos 27 4ok u? + Bt + cos %‘ /dak u? + Bt ]
@ /k. Vi At H

m\/k, cos zy/a vVt b 1+ 7 Sin% /A ou® + Bt

2
k. u

exp [—

u.

In the limit, for ¢ = 0, we shall have

g = lim MV {exp [_@—W} - [_(HW] }

im
t=0 2, /7k t cos z /a 4kt

ie,fort=0,q,, =0(z—h), h < H.

Thus, we have established that expression (10) satisfies equation (4) in the layer
0 < z < H, as well as the boundary and initial conditions of the problem. Let
us note that, when u, = 0, and hence also a = 0, solution (10) passes into the
known solution of the equation

dq, d%q,

ot ? 022

with the boundary condition

. 9q.\ _
llg(l) (kz 0z ) =0,

2 71rkzt {exp [(24;};)2} e {(24;};)2] } '

An expression analogous to (12) can also be obtained for the layer H < z < co.
Of greatest interest in questions of impurity propagation is the calculation of
the concentration at the earth’ s surface z = 0. Setting z = 0 in (10) and making
the substitution ,/p = u, we obtain

4. =
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Fig. 2

Figure 2: Fig. 2
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exp [—Z]: } cos hy/a /Oo exp [—Zkt} cos hy/ou? + 8
A
mk, 0 1+ﬁsin2H\/au2+B

dz1 = du. (11)

To compute integral (11), we split it into two parts

g Uo exp [—%t] cos hy/au? + 8 oo eXp t] cos h\/au2
= + = Z
e /0 1+u—’4zsin2H\/au2+ /O 1—|—u2 sin? Hy/au? +

Let u, be such that for u > wu,

o0
Jzz/ exp{ 1 ]cosh\/omﬂ B du;

0

then

> 2 k i
max J, < /uo exp [Zkzt} du =2 [1erf§0{] . (A)

z

Thus, from inequality (A) one can determine such a u, that max J, < J;.

In the integrand, the quantity H enters mainly under the sine sign. Conse-
quently, the quantity H can affect only the choice of the value u,, while the
value of the integral J will depend only weakly on H; indeed, the calculations
confirm this (see Fig. 2).

Fig. 2

It follows from this that the profile u (%) chosen by us for H < z < 0o does not
substantially affect the distribution of concentration near the earth’ s surface
(z = 0). The function w,(z) chosen by us generally coincides with the wu,
observed in nature on the interval 0 < z < H.

By formula (11) two examples were calculated for h = 0:

1. H=1000 m; wu,=1m/sec; k, =10 m?/sec.
2. H=500m; u,=0.5m/sec; k, =10 m?/sec.
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The calculation was also carried out by the formula obtained from the solution
of the turbulent diffusion equation for the case u, = const for 0 < z < oo, with
the boundary condition

(kzaqz/az - U’zqz)z:O = 0;

it was assumed here that z=h =0, u, = u, = 0.5 and 1 m/sec.
The results of the calculation, shown in Fig. 2, indicate:

1) Even in the best case, when 4, = 1 m/sec, averaging the vertical compo-
nent of the wind velocity in the turbulent diffusion equation can lead to
a difference in the calculated concentrations by a factor of 2-3 compared
with the concentration calculated using the wind profile u,(z), which is
close to the actual one.

2) The distribution of concentration near the earth’ s surface is not substan-
tially affected by the form of the function u,(z) in the region H < z < 0.
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