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RESTRICTION OF A SELF-ADJOINT OPER-
ATOR

(Presented by Academician A. N. Kolmogorov on 21 I 1960)

In the present paper a description is given of closed operators with domain dense
in a Hilbert space and contained in a given self-adjoint operator. For simplicity
of exposition we shall restrict ourselves to the case of a simple spectrum. How-
ever, the method of description presented is applicable to closed restrictions
of any self-adjoint, or, more generally, normal operator with finite-multiplicity
spectrum.

As is known, a self-adjoint operator with simple spectrum is unitarily equivalent
to the operator A, of multiplication by the independent variable in a certain
space L2, where o is a nonnegative measure given on the real axis;

p-{of : eV do () < oo

0, = {x cwe I /: (V)2 do(\) < oo}, (A,2)(A) = Az(\).

Since closedness and density are invariant under unitary transformations, the
problem reduces to the description of operators A, acting from L2 into L2, such
that ® 4 = L2, A** = A, and A C A,.

For stating the results obtained, denote by M, the collection of all -measurable
and o-almost everywhere finite complex-valued functions defined on the real axis.
We have L2 C M. Introduce the operation *, assigning to each subset U C M,
the linear manifold U+ C L2 by the formula
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Ut = {v cv € L2, /u()\)v()\) do()) exists and is equal to 0 for all u € U} .

Theorem 1. For every operator A C A, D, = L2, A* = A, there exists a
linear manifold U C M, such that

@AZQAUQUL; (1)
moreover, U contains no functions from L2 (except the zero function), i.e.
[ mrdey = uto. wew. 2

but for each function u € U

/_ N ‘I“ELA)AL do(\) < co. (3)

It is unknown to the author whether, for a given A, formula (1) determines the
linear manifold U C M, uniquely. Therefore, it may be that relations (2) and
(3) are not necessary. Moreover, it is unknown whether relations (2) and (3) are
sufficient in order that the relations D, = L2, A** = A should hold, if ® , is

given by formula (1) and A C A,. However, under certain sufficiently general
assumptions, relations (2) and (3) are necessary and sufficient.

In order to formulate these assumptions, introduce the operation! which assigns
to a set V C L2 the linear manifold V+ C M, by the formula

Vi = {u cu€ Mg, /u(/\)mda()\) exists and is equal to 0 for all v € V} .
We shall call a manifold U C M, L-closed if

(D, NUH =D, (4)
and strongly 1-closed if

(D, NUL)T =1 ()

for every linear manifold U; C U.
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Lemma 1. Every finite-dimensional linear manifold is strongly |-closed and,
a fortiori, L-closed.

Lemma 2. Let a linear manifold U C M, have the following properties:

«) if, for some function y, there exists an increasing sequence of o-measurable
sets &1, &, ... with union [ J&,, of full o-measure, on each of which the function
y is equal to some function from U, then y € U;

B) there exists an increasing sequence of o-measurable sets &7, &5, ..., whose
union has full o-measure and on each of which every function u € U is square-
integrable with respect to the measure o.

Then the manifold U is L-closed.*

Example of an infinite-dimensional manifold U, strongly |-closed: the set of
(finite) linear combinations of the functions u,(A\) = A%, —1/2 < a < 1/2; 0 is
Lebesgue measure.

Theorem 2. Let a linear manifold U C M, be L-closed. Let A C A,, D4 =
), NU*. If every function u € U, u # 0, satisfies relation (2), then D 4 = L2.
If, in addition, every function u € U satisfies condition (3), then A** = A.

Theorem 3. Let a linear manifold U C M,, be strongly L-closed. Let A C A,
and D4 =D, N UL . IfD, = L2, A* = A, then every function u € U satisfies
relations (2) and (3).

* Under the conditions of Lemmas 1 and 2, (D N U*)* = U, where D is the
domain of definition of any function of the operator A, .

Proof of Theorem 1. Let ®, = L2 and A C A,. Then A is a symmetric
operator: A C A*, ® 4. = L2, and therefore A** exists. It is not hard to verify
that

D =Dy N[ -KD,] (1)

where (Kx)()\) = Az(\), by definition, for every function z € M_. Therefore, if
A*™ = A, then, putting

~

U=(A—N)D ., (6)

we obtain formula (1): D, =D, N Ut

If at least one u # 0 from U belongs to L2, then U~ is not dense in LZ. Therefore
relation (2) holds. In accordance with (6), for every u € U there exists such a

y € D 4. that Ky +u = A*y. Since A*y € L2, it follows that

o
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/ YO + w2 do(\) < oo, (7)

From y € L2 it follows that
/m MgV 0(dA) < 00, &> 0. (8)

From (7) and (8) we derive
/A B ()2 do(A) < 0. ©)

Moreover, from (7) we obtain

whence, since y € L2,

2

YN 00 < oo, (10)

/)\>s

Relations (9) and (10), taken together, are equivalent to relation (3).

Proof of Theorem 2. Suppose that U is L-closed. If some element z € L2 is
orthogonal to all elements of ®, NU™, then z € (D, NUT) = U (see (4)),

ie. z € L2NU. If condition (2) is satisfied, then z =0 and D 4, = Dp, N Ut is
dense in L2. Let us verify that, under our assumptions:

7) the domain D 4. of the operator A* consists exactly of those y € L2 for which
there exists such a u € U that Ay +u € L2, and in this case Ay + u = A*y.

~

Let z € D4, y € D 4. Put u=(A* — A)y. The relation (Az,y) = (z, A*y) can
be rewritten in the form

/x(A)@da(A) =0.

Hence u € D3 = (D, NU)*T =U (see (4)). Conversely, suppose that for some
y€ L2 ueU, wehave Ay +u € L2. Since
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/x(A)@da(A) =0

for x € © 4, it follows that (x,Ky +u) = (Ka:,y) = (Az,y) for all z € D 4, and
assertion ) is proved.

From assertion ) it follows that

(A* —N)D ,. C U. (11)

Let us verify that from relation (3) the reverse inclusion follows:

UcC (A —N)D .. (12)

Let w € U. Put y(A) = 0 for |\| < € and y(A) = —u(A)/A for |A| = e, ¢ > 0.
Relation (3) is equivalent to (9) and (10). From (10) it follows that y € L2. We
have Ay 4+ u = v, where v(A) = 0 for [A| > € and v()) = u()) for |A| < . By
virtue of (9), v € L2. In accordance with assertion 7), y € D 4., Ny + p = A%y,
u=(A*— K)y € (A" — K)CDA*. Inclusion (12) is proved. From (11), (12), and
(1) it follows that

Dy =Dp N[(A =KD, =D, NUL =D,

Consequently, A* = A.
Proof of Theorem 3 is similar to the proof of Theorem 1.

Proof of Lemma 2. Obviously, U C (D, N UL)T, and therefore it is suffi-
cient to prove that the inclusion sign can be directed in the opposite direction.
Consider an arbitrary element

w e <©Aa n UL)T

and put

[w(N)|
s(A)
where &7, &5, ... is a sequence of sets possessing the property described in condi-
tion ), and s is some almost everywhere positive function from L2: s(\) > 0,
[1s(N)]?do(X) < co. Denote by x, the characteristic function of the set &, and
also the operator of multiplication by this function in M,. Put L2(&,) = x,L2:
all functions from L2(&,) are equal to zero outside &, and L2(&,) C L2. More-
over,

Ek{/\: Al < K, <k}m€;€,

XU C L3(E) €Dy, (13)
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for every function u € U is square integrable on each of the sets £, (see condition
B)) and |A| < k on &.. Therefore, as is not difficult to verify,

L&) NU*T = LZ(&) e x,U. (14)

Obviously, w € (L2(&,) N UL)T, since, by (13), L2(&,) N U* is contained in
Dp, N U*t. Consequently, also

xpw € (L3(E,) NUH) T

But, in accordance with the definition of the set &, x,w € L2(&}):

/ lw(N)[2 do(N) < k2 / [s(\)2 do(N).
Ek Ek

Therefore, by virtue of (14), x,w € x,U. This means that on each of the sets &,
the function w is equal to some function from U. Taking into account condition
«), we obtain w € U, since the complement of the set | J &, has o-measure zero.

Proof of Lemma 1. Every finite-dimensional linear manifold U C M, satisfies
the conditions of Lemma 2.
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