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(Presented by Academician A. N. Kolmogorov, 4 VII 1960)

1. Let G be a bounded domain in n-dimensional Euclidean space with boundary
Y, divided by smooth (n — 1)-dimensional manifolds +,;, into subdomains G,
i=1,...,N. In the works of O. A. Oleinik, the existence and uniqueness of the
solution of the basic boundary-value problems for the equations

Au+cu = f,

— —Au—cu=f

were studied under

0 ou ou
Au=N" 9, 08y o0u
" ; a:cia”aa:j * ‘Ox;’

where ¢ < 0; Y a;;6& > ad & a > 0 a;j,b;, ¢, f are sufficiently smooth
functions everywhere except at the points 7,;,, where these coeflicients and their
derivatives may have discontinuities of the first kind. The solutions were ob-
tained as limits of classical solutions u” for smoothed coefficients and satisfied
on the lines v;;, the condition a;0u/0v, = a,,0u/0v,, where v, is the conormal to
;1 0 G5 a; is a positive function. In the theory of diffusion processes equations
with discontinuous coefficients arise naturally, and moreover

0%u ou
Au = ZZJ: a;;j 9,0, +b; e (1)

Repeating in its main features the methods of work (1), it is possible also in this
case to carry out the limiting passage along a sequence of solutions of equations
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of the form (1) with smoothed coefficients. The limiting function satisfies (1) in
Uij\il G, and on v,; the condition of continuity of the gradient.

We shall denote by C} the class of functions having k continuous derivatives
—0
in Uj\il G;, and by C}, the class of functions whose k-th derivatives extend
—0
continuously to each G,. By CO (C}.x) we shall denote the subclass of C}

(C k) consisting of functions whose k-th derivatives satisfy a Holder condition; C},
(C},) are functions whose k-th derivatives are continuous in G (G) In describing

the behavior of functions in a neighborhood of points of U we shall,

i,5=1 ’72]7
without special mention, assume that the corresponding piece v,; is given in a

local coordinate system by the equation =, = 0.
2. For the elliptic equation the following is proved.

Theorem 1. Let q; ¢, f belong to Cg , and be three times differentiable in a

7,], z?

neighborhood of U 7,5 everywhere except at points belonging to U 7> where
i,j—=1

these functions and their first derivatives may have jumps; let the surfaces vy, v;;

be three times differentiable; let ¢ have two derivatives along ~, satisfying the

Holder condition.

Then the equation

& 0%u c'?
a;; ———— cu = 2
D gy gy Thig, teu=t @)
1,j=1 ? J
has a unique solution from Cg A C, with the boundary condition u|,y = o,

satisfying (2) in each domain G This solution can be obtained as the limit of
solutions of equations of the form

o%uh ou
h. hi h, h _ rh X
lzd: azj 35618% Z a +cu f ( )

with the same boundary condition, where al,b?, ¢, f* are smooth functions

170 Vi

converging to the coefficients and the right-hand side of (2).

The proof is carried out according to the following scheme. Uniqueness follows
in an obvious way from the maximum principle, since, by continuity of the
gradient u (u € C}), the maximum cannot be attained on -;;.

To prove existence, choose aU, bl ch, f1 satisfying the Hélder condition in G,
N
having in some neighborhood of U 7;; derivatives, uniformly bounded with
i,=1

respect to h, up to the third order inclusive, not involving differentiation with
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respect to x,,, and such that the quadratic forms a?; are uniformly nondegenerate

ij
with respect to h, while the functions

), (2) = lafy(z) — a;;(2)] + b () — b (2) |+
+He (@) — e(@)] + [ (z) — f(2)]

as h — 0 tend to zero together with the Holder constants uniformly in any closed
N

subdomain of U G,;. From Schauder estimates (3) it follows that the family

=1
u", ou/dx;, 8%ul/dx;0x;, where u is the solution of (2) with boundary
condition ¢, is bounded and satisfies the Holder condition uniformly in A in any

N
closed subdomain of U G,.
i=1

The smoothness of the coefficients and of the right-hand side of (2) in a neighbor-
N
hood of U 7;; makes it possible to give in this neighborhood an estimate, uni-
ij=1
form in h, for the functions (Ou” /0z;)?, (8*u” /0x,,02,)%, (03u" )0z, 0x,02,)?, k1,7 +
n. From it and from equation (2") follow the uniform boundedness and equicon-
tinuity of the family du”/ox,,.

Relying on these estimates, we can, by Arzela’ s theorem, choose a subsequence
uls with the following properties: 1) u* and du”* /0z, converge uniformly in
N
G; 2) 82ul /0x;0x; converge uniformly in each closed subdomain of U G;; 3)
i=1
N
0?ulv |0z, 0z, for k,1 # n, converge uniformly on U 7,; and satisfy a Lipschitz
i,j=1
condition uniformly in h. Passing to the limit, we obtain the limiting function
u’ from C9 N CY, and since in each G, it satisfies equation (2) with smooth
boundary conditions, it follows, by virtue of the restrictions on a,;,b;, ¢, f, that

u? belongs to C_'S’A.

Remark 1. From the proof of the theorem it is clear that 8%u/dx,dx; for
k, 1 #+ n are continuous in G.

Remark 2. If the boundary function ¢ is only continuous, then u will belong
to the class C; N C,.

Remark 3. From Theorem 1 one can derive the existence and uniqueness of
the solution in the case of an unbounded domain when C < —a, a > 0, and
f(z) = 0 as |z| = oo, in the class of functions u tending to 0 as || — oco. The
construction is carried out by means of a passage to the limit over an expanding
sequence v}
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The case in which ~,; intersect 7, is of interest. An additional investigation
shows that the family du”/dx; will also be uniformly bounded in this case,
but equicontinuity can be proved only outside a neighborhood of the boundary.

Hence continuous differentiability follows everywhere in G, except at the points
of

N
U Yo M Vij-
i=1

3. For the parabolic equation the following holds:

Theorem 2. Let G = G x [0, T]; suppose that the coefficients of the operator
A do not depend on ¢ and satisfy the restrictions of Theorem 1; p(z,t) is a
smooth function on the base and lateral sides of the cylinder G,. Suppose that

0 02
Ak f(2,0), k= 0,1,2; Aa—{(x,O); 8T§; AFp(z,0), k = 0,1,2,3, are bounded
and continuous.
Then the equation
ou 0%u ou
gu e B Nt =
ot (ZJ Y oz,0x, T 0w, C“) / ®)

has a unique solution u from Cg 4, N Cy in z, continuously differentiable with
respect to t, and assuming on the base and lateral sides of G the values ¢; this
solution can be obtained as the limit of solutions of a sequence of equations of
the form (3) with smoothed coeflicients.

The proof is carried out by means of the construction described in item 2. The
difference is that first one obtains an a priori estimate for ou” /ot, *u" /0t Oz,
O3ul /ot Oy, Ox), O?ul/Ot?, k, | # n. At this point one has to use the additional
restrictions on f and .

To obtain the solution of the Cauchy problem one may either carry out a pas-
sage to the limit over an expanding sequence <, or perform an independent
construction, which is even somewhat simpler.

Theorem 3. Suppose that, for the coefficients of the operator A, the restrictions
of Theorem 2 are satisfied uniformly in space, and that the manifolds ~,; are at
distances greater than a positive constant.

Then the Cauchy problem with initial function o(x), for which Ak, k =
0,1,2,3, are continuous and uniformly bounded in z, has for equation (3) a
unique bounded solution u from CJ, N C,. This solution can be obtained as
the limit of solutions of a sequence of equations of the form (3) with smoothed
coeflicients.
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In conclusion I express my gratitude to O. A. Oleinik and A. M. II' in, who
provided substantial help in the writing of this work.
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