Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR

1960

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196001.47048

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196001.47048

Abstract
Full Text

Reports of the Academy of Sciences of the USSR

1960. Volume 133, No. 6

MATHEMATICS
V. G. Lemlein

ON THE GEOMETRIC MEANING OF THE
PROJECTIVE CURVATURE TENSOR IN
MANIFOLDS WITH AFFINE CONNECTION

(Presented by Academician P. S. Aleksandrov, 13 IV 1960)

1. Let an object of affine connection (F?k =17 j) be given on a differentiable

manifold {V"}; then in each local centro-projective space {P"} (*) there
arises an invariant hyperquadric (°)
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where d,;(z) is the symmetric part of the Ricci tensor.

Each {P"} may be regarded as a symmetric projective-Euclidean space (3), and
under the additional condition det ||§;;(z)|| # 0—as a space of constant curvature.

2. The connection I‘?k(om u) arising in each {P™} can be naturally defined by
the polar correlative correspondence with respect to the hyperquadric (1)

().

Indeed, taking (%', 42, ..., 4", 4°) as homogeneous coordinates of a point in { P™}
and considering them as functions of the parameters (t!,¢2,...,"), we can asso-
ciate with each point of {P"} n points

8"'@ »
v = at;' Fuac (a=0,1,2,...,n; i=12,..,n).

If we now require that these points lie in the polar hyperplane of the point (2%)
with respect to the hyperquadric (1), then we obtain
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Normalizing the homogeneous coordinates so that @’ = 1, and taking

(ul,u?,...,u™) as parameters, we obtain

Further, to each point (v¢), in turn, there will correspond n points
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Representing them in the form wfl = Filvf + I‘gluﬁ and taking account of
relations (2), we shall have
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Hence we find the connection

; zc’)ln\f 18111\/»
I, (z,u) = =0} 5ul — 4 Sk (3)

of the symmetric projective-Euclidean space.

3. Substituting into (3) the value of ¢ from (1), we obtain
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Hence, for u* = 0, we have

1

0T () +

(n+ 1)6lrak('r)7
0% (2, 0) = 115, ().

The curvature tensor and the Ricci tensor in {P"} take, respectively, the form

Tz,ji(xau) = (1 i n) [é?rik(wau) - 6?rj (l’,u)] )
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where, for u’ = 0, we have r;,(x,0) = 0, (z) and, consequently,

ho(,0) = ﬁ%k(x) - ﬁa?ojm). (4)

4. Let us now consider the projective curvature tensor of the original affine-
connection space

Tk, ji

p}?gz@) = R’lzgz(@ - 2P[ij](m>5z + 26[};Pj]k<x)a
where

Py(x) = ﬁ [(n+ DR, + V]

The vanishing of this tensor for n > 2 gives the necessary and sufficient condition
that the space be projective-Euclidean (1).

Expressing the Ricci tensor through its symmetric part and the tensor of
equiaffinity

V.. (x
R;(z) = 312( ) +0,(z),
we shall have
1 1
P,;() __2(n+1) () + (1_n)‘7¢j<33)

and, consequently,

sovietrxiv.org/items/ru-196001.47048 Machine Translation


https://sovietrxiv.org/items/ru-196001.47048

1
Phk,ji(m) =R" (z) — @

k,ji (5?%‘1@(33) - 5;’0%(55)) +

3
Ry [0 V(@) — Vyi(2)l]
Introducing the tensor
3
Q"15s(2) = 3y [0Vor(®) = V@) (6)

and taking (4) into account, relation (5) can be rewritten in the form

Phk,ji(x) - Qhk,ji(m> = th,ji(x) - Thk,ji(x>0)- (7)
Hence we obtain the theorem:

Theorem. The difference between the projective-curvature tensor and the tensor
(6), which depends only on the equiaffinity tensor, at each point of the manifold
under consideration is equal to the difference between the curvature tensor of the
original affine connection and the curvature tensor of the local space computed
at the corresponding point.

5. The tensor (6) vanishes if and only if the space is equiaffine. In this case
(7) takes the form

Phk,ji(x) = th,ji(ff) - Thk,ji(xa 0).
Further, for projective-Euclidean spaces we have

*Qhk,ji(z) = th,ji<x) - Thk,ji(l’; 0), (8)
and for equiaffine projective-Euclidean spaces

th,ji(x) = Thk,ji(x> 0). 9)

If, in the last case, one further assumes the nondegeneracy of the Ricci tensor of
the original affine connection, then it becomes possible to introduce the scalar

€ . det HRU(QC)”
(n—1) a?(x) '

K(z) =

where € is an n-th root of unity, and a(x) is a relative scalar of unit weight,
determined up to a constant factor from the condition
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ra ~ Olna(x)
wi(T) = Tor

The local spaces now become spaces of constant curvature K (x) with metric
tensors

a*(x)

gii(zyu) =erg(z,u) | —————.
Y Y det | R, ()]

If in an equiaffine projective-Euclidean space with nondegenerate Ricci tensor

one takes as the metric tensor the

tensor

a?(x)

9:i(x,0) = eRyj(@) { | —o 7>
N N det | R, ()|

which, generally speaking, is not covariantly constant in the affine connection
under consideration; then the scalar K(z) can be defined in the same way as

the curvature in a two-dimensional direction.

It is expedient to study the distinguished type of spaces of affine connection,
which are closest to spaces of constant curvature, in special coordinates (6).

For two-dimensional spaces the tensor of projective curvature (5) vanishes iden-
tically, and, consequently, relation (7) takes the form (8), and in the case of an
equiaffine connection, (9).

6. The tensor of projective curvature (5) and the tensor (6) may be expressed
through the components of the connecting object (7) and their first deriva-
tives by the formulas

1
3 N N N .,
+m [Ga,w(x)‘sk) - Ga,ji($)5k] ; (10)
3
h _ o h o L
Qi) = 20n+1) [Gm(ji(x)ak) - Ga,ji(x)(sk] ) (11)

despite the fact that the quantities

_ 0Gh(x)  OGH()

oI ozt

ngz@) + G?k(z>G?a(z) - G?k(m)ng(@
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do not form a tensor.

Rewriting now relation (7) in the form

o
(1—=mn)

Gl i(x) — O8G0 (2) = 61GE | (2)] = RE (@) =1} i(2,0),

k,ji

we note that the difference between the curvature tensor of the affine connection
under consideration and the curvature tensor of the local space, calculated at the
corresponding point, is also expressed through the components of the connecting
object and their first derivatives; moreover, the tensors (10) and (11), and hence
also their difference, do not depend on the choice of the fundamental relative
scalar a(z) of weight N = 1, which determines the decomposition of the affine
connection (7):

Fé‘k(@") = ’Y]i'k(x) + G;‘ky(w)a

1 2.alna_'_ 1 ;0lna
n+1)7 9zk " (n+1) " oxd

’Y;k(l") = (
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